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Topological lattice model from a simple matrix

2D: Graphene, Honeycomb lattice

Quantum Hall Effect JBJ_J»(;M ?
Haldane Model wibh  dam 1 !
Quantum Spin Hall effect G—(;W';‘af

Interactions
One-dimensional Model : Su-Schrieffer-Heeger model

Superconductor and Majorana fermions

JAYFF'&C.a/taﬂA



sp2 hybridization in graphene e
Ilig: tpeenn r:: iIlSRackets
For bicycles...

For photo-synthesis

SN oxygen

Within graphite, 2s and 2p orbitals
undergo a sp2 hybridization

. Yet be careful
The geometry of the hybridized it “gas” emission

orbital is trigonal planar: For the planet
3 nearest neighbors |

The last pz;orbital forms the m-orbital t/b%b‘ o

Diamond : sp3 hybridization



Picture from

Special about honeycomb lattice

1 plane of graphene (3D graphite; present research 2 planes and Moire magic angles...)

81

2 Triangular lattices from Translation Operators in two dimensions
defined through the Bravais lattice vectors a; and equivalently b.: 2 sublattices’

o E(5), S=(n-I3), 5= (-0

Within these definitions: I~

>



Special honeycomb lattice: 2*2 Matrix Model i = Lzeik.am@(r _R,)

The restricted Bloch wave is

1 )
i = \/—NZ ezk.ngpj(r -R,,). , )

m ¥ 1 K
From Bloch theorem, ¥(k) = e®Tu(r) with u(r) = 3. ¢;®;(r). The functions @ are centered at a o r:¢ - -
site R,, — meaning that @;(r — R,,) refers to an electronic wave-function around the site R,,, — ) " Ay
and periodic if we apply the translation operator of vector b;. From symmetries, the honeycomb K
lattice can be viewed as formed with two triangular lattices made of A and B sites respectively. In
this description, N represents the number of A or B sites and a particle has equal probabilities to

. )

occupy a site such that ¢; =1/ VN. g,

Y KR = Nk — K).

From the definitions, the Hamiltonian takes the form!

1=Aor Bsites
H=-t> " |0R)(P(Ry + ;)| + h.c.
Rm &;
After Fourier transform, the Hamiltonian takes the form H =}, H (k) with 0 —t3 e—ik-0;
| H(k) = k-5, y
Hy = —t) e *% |y z) (¥pk| + h.c. —t) 5 e 0
d;




Close to the Dirac points

B2 _ 2 (Z eik-a,) _ (Z o—ik:5;
d;

Wallace, 1947

A. Bostwick et al.

implying
E(p) = thvr|p|
” 1 OF 3 i .
F — = — . : 1
holp| 2h g T e Wi
6 <bx b; | > ,
~ |O /W/ A << C o> M > " *K
a, ~\ 3 + T
¢ > “w
e
B3 -~
.

e Nature Physics 3 36 (2007)
Photoemission

Similar Dirac points in high-Tc Superconductors



Linear energy dispersion

0 Pz — P :jl
H=h . Y |
or (pw + 1Py 0 ) =

H(p)[4(p)) = hvr|p||¥(p))

—”__=(|’x+ 4F?)=|?,{lf
H=f(p=tet gpy)
= Pads mabucen —ivphV - o|®(r)) = E|®(r)).

Relation with Dirac Equation in 2D:

The isospin o (helicity) acts on each branch (sublattice)

Useful Review:
Rev. Mod. Phys. 81, 109 (2009).

6 electrons in carbon:
2insl,3insp2,1inp,

Question:
Where is E; for graphene?

Graphene is a semimetal



K. Von Klitzing, G. Dorda, M. Pepper  QUanNtum Hall Effect McClure 1954

fiv(v ?':E) _ihV — —ihV—qA, A - - 57—

Y NN NN

. 0 ~ihvpdy + vpqBy - Chupd, ‘f _ g 4} K
~ihpdy +vpqBy + (hvpd, 0

The solutions take the form |
&(r) = " d(y),

where ®(y) associated to the spinor |@4(y),®p(y)). Therefore,

H= 0 hwpk + vpqBy — Chvpay
- \hvpk +vpqBy + (hpd, 0 '

' R
>




- i ( 0 150y + (Kl - ;;))
150y + (kis — ) 0

e _ll + klp —4h0, = lg(ih0,) such that |7, —ih0,] = ih
B
O = (7+8,)=0x=0!
— \/5 r) — VK K
1
of = —(7-6,)=0L =0
\/i( ) K K
(0,01 =1
1.
H:hw:(g %)zhcu:(OT0++(’)a_). LAZF-= \/_9:“)(.

It is also useful to introduce N =0OT0O



E? EL(N) = +hw*V/N.
hw*@A(T) i( ) MC\/_

C

hwfOTOd 4 (r) = EOTdp(r) =

2

E
hw OO ®p = EL(N)O®4(N) = mﬁqu

C

_ (y=k)?

&L (K)=12Pp(N—-1)R B+ P4(N)® A. B 4(y) = c.e 212,

DL (K')=+Pp(N)®@ B+ P4(N —1) ® A.




Analogy charged particle in GaAs and drift velocity

010 = (7~ 8 +[7,8,]) = (7~ 82— 1).

2 a2 _ E?
(7% — 02 — 1) Pa(y) = M*@A(y)

hwe

M*
22 (72— 02 + [7, 0,]) Baly) =

X E?  hwt . 1
Hef]@A(r) = (hw* wts 20) @A(T) = hw, (N+ 5) @A('r)‘
—eV(y) =eEy ) 2 L . L o
m=ls Heis = o T eB0+ gmese (v = 15k) sl
hk )

This velocity can be justified from physical arguments. If we include both a Coulomb and Lorentz
force for a charge g, g(E+4v x B) then this is equivalent to modify the electric field along y direction

such that £y, — E, — v, B. (Karyn Le Hur, Review ArXiv:2209.15381 )



Simple estimation of quantum Hall conductivity

gx = m,£|<’V'_z;>|= neE =_N;-CE_
B B A

. . @2N + O)N E
We assume (2N+1) filled energy Landau levels JL =)z = A Ee
c)f: e ?/m//zao? 0‘9 Addron bl
. . 0 [klmaz | k|
cyclotron orbits coordinate yo = kl%. N =1L, o
0 s
N — ABe _ (7 |
2mh Spo
JL=Jz = 2(2N + I)NEe — 2(2N + 1)82E K. Novoseloy, A. K. Geim
’ A B h ’ Ph. Kim

Agrees with lattice calculations and Hofstadter model (Rev. Mod. Phys. 81, 109 (2009))

N, = nA with A = L, L,

62

Pxx (KQ)

0,y (4€2lh)

10

4K —H+1/2
14T




¥+D¥ ,»  Correspondence Bloch sphere (k, k) (6, p)

— —_ Nam T
—d(cos ¢ sin @, sin g sin @, cos §) = (vp|p| cos @, vr|p|sin({p), —(m).

Kyl .
. cosf sinfe "
K H k —_— —d g = d : .
L (k) d (sm fe'¥  —cosf )
e x
[ — 2 i B — 2
o= (g ), - (2857)
S1n 58 2 COS §6 2
+
tanf = “ELP!
Oo=pxm Eigenstates/\i/i associated to energy -/+ |d|

Topology from Electromagnetism on the Sphere & quantum physics
Related to quest of Dirac monopoles and Skyrmions (P. Curie, 1894 ; P. Dirac 1931)

Relation with physics of planets C = A"f f'lT) - /Aﬂf’ ( 0)




Haldane Model 4383

Realized in quantum materials, graphene, ultra-cold atoms, light systems

))-

81
y
H(k)=—-d- o T
K E= ?_
| ‘:'_ Ky = thosk (SJ tZsmk (SJ -|-t2§:sm -b;)
)
> +d.(K) = 2t2 » sin(K - bj) = 3v3ty =m

b;
+d,(K') = 2t, Zsm (K" - bj) = —3V/3ty = —m.
b]

The non-trivial topology of the Bloch bands translates

to a nonzero winding number of the map d = d/|d| from

0.00 0.25 0.50 0.75 1.00 the torus (the first Brillouin zone) to the unit sphere.

http://www.physics.rutgers.edu/pythtb/ F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988)



don T Driving in cold atoms s o

T. Li et al. Science 2016, arXiv:1509.02185

q(t) = q(0) + Ft/h

------
--------

§hq = (P4 1TV F|D) = (ug |udy).

|uy) = cos —|1) + sin 02 ei?a|2),

ﬁ

Increasing force




Other reviews

Haldane model of Light

Lu, Johannpoulos, Soljacic
T. Ozawa, H. Price, A. Amo
= v v etal. 2018

F. D. M. Haldane 1988 Vg
A. Petrescu, A. A. Houck and KLH, 2012

J. Koch, A. Houck, KLH, S. Girvin 2010

Wallace
Graphene

And then
McLure, theory

A. Geim >
K. Novoselov

Scotch realization
Ph. Kim

Realized with atoms
Jotzu et al, Zurich
Materials & light

Localization in
Hexagon rings

K M K

Figure from KLH, Henriet, Petrescu, Plekhanov, Roux, Schiro Académie of Sciences 2016



Karyn Le Hur,
Review ArXiv:2209.15381

Interaction Effects : Simple Understanding

San - [l d
ArrmcL

Hy =V'Y iy Hy =V ) [=(¢o+ ¢:)cl ycirp — (do — ¢2)ces
i,p 1,p
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b = — o (T o) — (40— 62— 42— &)1
cos 6(p) = €(p) ()~ 3V2)
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. 96, = (cles — clci) = BN 2ok BVS)

g(k) = (t1 = V(¢ +igy)) (Zcoské zsmké))

4 1 1
3V = N 2 i)



Path-Integral Approach

Hy = VZ (ni _ l) (ni+p _ %) Generalization of H. J. Schulz, Phys. Rev. Lett. 65, 2462 (1990)
Choice of parameters | matter when applying a variational approach

2
=V Z Tr ( Ci0; z+pct+P)

1,p,T

1

v 1 — S
D) (CICi+CI+pCi+P_§), M ="Mz ="Ty ="1=z= ]

SU(2) imvoniamie 2= [ D166, 0%, 67) %,

B
S=/ dTZ Ul (8, + ho(k) - o) Up + Z Ul hy (k, q,p)\I'k+ZGV¢ “ ks
0 k.q,p k.r

where the interaction density matrix reads

e—%(k+q)-ap( g_q+i¢g_q) os(k-q)a, (zd)O_ — 7 q)

Y/ | a/ﬂmoa—f.p» o ound stake
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S. Capponi, ED 9{4&4 w v
(Y ‘ ol Mo + Vtp
Ve S

/Cg_ﬁ 0 J

(k) —3V(6° + 1) —g(k)
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' i B Bo7
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- : : Agree with ED calculations at Maryland (V. Galitski
Philipp Klein, Adolfo Grushin, Karyn Le Hur, Phys. Rev. B 2021 s @ollElserE oS, DO




Topological Insulators (T1) & Quantum Spin Hall Effect (QSH)

| o | Meen g, WA
+ Time-reversal invariant band insulator Bl By ol
+ Strong spin-orbit interaction AL -G v b0
+ Gapless helical edge mode (Kramers pair) A L} 5,
7 1kl L’S%—Lzl@_)'(’-jf
(e " KoneMele Model

Kane-Mele Model 2005, 2006

3
.
; B. A. Bernevig & T. Hughes, S.C. Zhang
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W _B L{S/ A Magnetism 7\7

a/ — Vasiational [*%*] (CPHT)
- i *
Measurable with light from Dirac points 5 TI &QSH ooMFT  [*] (Yale)

%k %k
Relation with zeros of Kane-Mele Pfaffian J -que  [**] Wurzburg
K. Le Hur, arXiv:2106.15665 apo]]I

down-spin electrons

N B O

02 " "oa o8 os 1o/t
Interaction Effects + Mott : S. Rachel and K. Le Hur (2010) [*]; W. Wu et al. (*, CDMFT, 2012); F. Assaad et al. (**. 2010, QMC) :
Analytical Solution of Mott Transition [***] J. Hutchinson, Ph. Klein, K. Le Hur, Phys. Rev. B 104, 075120 (2021) ( %ﬁqﬁ.ﬂb)




Proximity Effects with Graphene

Haldane layer

normalized Berry curvature

Graphene layer
r=0,C,=0 r=04, C;=-1

£ |0.75

¢ Joso

e e Graphene

£ oo e I A

2 1050

1 2D QY ey

= <ol L ih
Haldane

FIG. 1. Berry curvature in the Brillouin zone for the Haldane
and graphene layers at » = 0 and small r, showing the Berry Class IV
phase jump effect [35]. Here, t; = 1 and t» = 1/3. —_—

p— ° N
j_s«mg- Toltnadion 1 o:?'ﬂ; / .
M\t{}\ﬁk&m A ./9.—/_\1\&.01. &L 0‘ | "?
Peng Cheng, Philipp Klein, K. Plekhanov, K. Sengstock, M. Aidelsburger, C. Weitenberg and Karyn Le Hur,

Phys. Rev. B 100, 08110 (R) (2019). Collaboration with Munich and Hamburg.




T2P2C2ld1 2 3 45 6 7 8
Periodic Table of
Topological Invariants A g g o o7 o7 o7 o Z
Alll|l o © +| Z @ Z S 7 D 7 O
f,raeo?«i“y’e«-lAH—gz @ Zy7,7 @ O B L
AR . jreoutaca
DIl — + +| Zy2,Z @ & O L 2 B hinucrons
N(OF,VD?MA) D |¢o + @| Z2,Z @ @ @ Z @ 7,
F_wwg(s BDI|+ + +|(Z © @ @ Z @ Z,Z,
Al |+ 2 @| © @@L @ 7,72, 7 B
C |9 — 2| L 22,2,7 @ O
arXiv:1506.05805 Cll |— — +| Z 9Z2,2,7 @ & &



https://arxiv.org/abs/1506.05805

Topological states in one dimension?

Su-Schrieffer-Heeger (SSH) model of polyacetylene

Review:

J. K. Asboth, L. Oroszlany, and A. Palyi,
A Short Course on Topological Insulators
(Springer, 2016).

1 E(k) = £vVv? + w2 + 2vw cos kI = Fe(k)



20 v=0.0, w=1.0 v=0.5, w=1.0 v=1.0, w=1.0 v=1.0, w=0.5 v=1.0, w=0.0
15 ! X A 1 | J
1.0 L g I -
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ey \/ [ \/
18 L E . 3 Lk 4 Lk |
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HeP=d 5 1 F 3 =3e2-1d 123 =3=2-00 1 2 3 =3-2=-10 1Z 3 =3-2=10 1 Z 3
k k k k k
Hk) =dk) -3 |  Falb  Gu=i] oo
d.(k) = v 4+ wcos(kl) o —n/l S
\ | J -0 fﬁ,a/) . N
d,(k) = wsin(kl) v=1, w=0.5 v=1, w=1 v=0.5 w=1
d,(k) =0
= A=, 2 AN
M(k) = 0 h (k) e~ ie(k) A A h Al \»/A | h ) \\»-/A
B = \hgyer® o
h(k)e?? (k) = 4 we k! d (k) d, (k)  da (k)
(a) (b) (c)

Winding number defined in the xy-plane



Su-Schrieffer-Heeger Model: Strong-Coupling Limit of Polyacetylene
T. Goren, K. Plekhanov, F. Appas, KLH arXiv:1711.02034 and PRB RC 2018

H = z €o (anTan + bnTbn)
n

Counter-rotating
terms indicate
strong coupling,

+ Z v(anT + an)(bnT +bn) + W(an+1.|. + an+1)(bn-r +bn) Dicke model
k

Various measurements of LDOS and edge wave functions : weak-coupling
P. St Jean et al. 2017 (Jacqueline Bloch & Alberto Amo)

C. Poli, M. Bellec et al. Nature 2015 (Lancaster and Nice)

E. J. Meier et al. (Brice Gadway’s group), Nature comm. 2016

Momentum K (11/a)

Similar implementations at Wurzburg, L. Molenkamp’s group, Impedance measurements in circuits
And Zurich, S. Huber, T. Neupert;



Zak Phase

Berry phase

vE=E - (a,a by, bt )

1 T
”‘X”"_ﬁ(ie”o(k)"k*"'f) f t v 0,0, dk
= — *
e bt k) brax == | W * Ouctb
—T1T

Symmetries (inversion, sub-lattice) and « symplectic » properties of Bogoliubov
transformation (similar to measurements in cold atoms, M. Atala et al. (2013))

1 (m (1 v<w topological
Pzak = 21T f_” Irep(fe)dle = {0 v>w trivial

cos (k)
h(k)eiqo(k) = v+ W—ikl IJmAd —v<w 1.0
h(k) 05
v=10, w=06 ¢ =5 V=06 w=10, & =5 of /7 8|} 0.0
© @
— — 05
3 3
£ = 1.0
= = 00 02 04 06 08 10
| NI | k/2m

30 35 40 45 50 55 60 65 30 35 40 45 50 55 60 65
w/w w/w



Bogoliubov Transformation: Vacuum is not the Vacuum...

Squeezing (capacitance model below the super-radiant transition)...

165) = | | exp(—tanh e, ta_ ! — tanh 5, A, )l0)
k

1 .
ak/ﬁkzﬁ (e?®a; + by)

(ala,) = (b]b,) =N Z sinh? i + sinh? n;,

v,w KL € 2 + w?
=

2
2€;

T. Karzig, C.-E. Bardyn, N. Lindner, G. Refael PRX 2015

“Resolving photon number states in a superconducting circuit”

Schuster, Houck et al Nature 2007
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H= e (i +e iy
k
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h(k)e?F) = p + wikl

p(k) = arg(v + w‘ikl)

h(k)
tanh2n;f = + o £ (k)
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Ve =+ —— (cosh M. a +sinhnta_,T) +
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Topological Measurement with Light

1 €o 1 1 _ €0 1
1n(@) =7 Z“ Fest ) e | NZ“ RN PR

[y S— Y "5 Q)
v=1.0, w=0.6, ¢g =95 v=206, w=1.0, g =5 | I

— X(w) A\ A
== Envelope
3 5
= N
< >
m
3.0 35 40 45 50 55 6.0 65 30 35 40 45 50 55 6.0 6.5
w/w w/w
trivial topological

Measurements of impedance at Wurzburg, L. Molenkamp’s group on LC devices (theory Ronny Thomale’s group)



Colorado Boulder: K. Lehnert’s group

Eric Rosenthal et al. arXiv:1802.02243
oscilloscope O voltageo
) n C. I,

Measurement of energy or

m+18

Potential
(€) 1 fromreees X .
i displacement

—e-(expt) | £
displacement §
:E:O.s- - (sim.) _05?
winding num. z
\ == (expt) 5

(m) ]{dkaek 1 ifa<1/2 | N |

e 2m - 0 0.5 1

2m Ok . :
0 ifa>1/2 a = la/(lga + )



20041 Kitaev p-wave Superconductor

1 .
H = —[J,Z ey — ) Z(tc_]:,cmﬂ + Ae®cpcprq + h.c),
* * Hir =h(k)-o

+ <
£&=(C1,C_‘g) Hz%ZCIinCk, Hk=(£kk _AEI:C),

ke BZ

with € = —tcosk — p the kinetic energy and Ar =
—iAe*? sin k the Fourier-transformed pairing potential. The

e—z'd>/2
Cx = 2 ('YB,J: + Z’)’A,:z:)-
(a)
@9 @O @@ e P
493 QABY QA2 EIBEY QA3 B3 YA,N VB,N
Majorana fermions (b)
J'am\\/ Q ¢ @@ @umeocoeQP @
QALENBAY QAR \GASLYB S YA,N 7B,N

Review: J. Alicea, arXiv:1202.1293



Majorana Fermion at an edge stabilized from an impurity

Cﬂd/w I Emery-Kivelson solution of the “2-channel” Kondo model (1992): simple view |§x /N
+ Nozieres & Blandin 1980 N - ﬂ"
A /N '] N 2,
a = a H = H/{M + T[“l’(o)+"|’(o) a 3 [2
(R i

Karyn Le Hur, Europhys. Lett., 49 (6), pp. 768-774 (2000)



