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The one-dimensional hard-rod model describes impenetrable bosons with finite diameter, extending the
Lieb-Liniger model to systems with excluded volume interactions. Here, we investigate the thermodynamics
of quantum hard rods using Yang-Yang theory, path integral quantum Monte Carlo calculations, and Tomonaga-
Luttinger liquid theory. We first discuss the behavior of characteristic thermodynamic quantities, exhibiting
deviations to the Lieb-Liniger model for sufficiently high densities, with excellent agreement between analytical
and numerical results. We then show that the hard-rod model exhibits Tomonaga-Luttinger liquid behavior across
a wide range of parameters, at zero and finite temperature, as unveiled by correlation functions. The Luttinger
parameter and thermal length can be extracted by fitting correlation functions to Tomonaga-Luttinger liquid
theory, hence demonstrating a robust method for thermometry. This work provides a comprehensive study of
strongly correlated hard-rod systems at finite temperatures, with applications to quantum wires, spin chains, and

ultracold atoms.

DOLI: 10.1103/8gzt-v52y

I. INTRODUCTION

Hard-sphere models describe hard-core particles with a
finite diameter. They form a central class of classical statisti-
cal models for modeling universal thermodynamic properties
of repulsive particle gases, with applications to liquid-gas
transitions and fluid dynamics [1-6], as well as generalized
hydrodynamics [7-11]. Classical models, as well as their
quantum counterparts, have been extensively studied with
direct applications to rigid molecules and colloidal systems
[12], strongly repulsive particles in gaseous helium on car-
bon nanotubes [13,14], spin-ion compounds [15], polarized
hydrogenoids [16], and ultracold atoms [17-22]. Notably,
hard spheres are also reminiscent of the excluded volume
associated with Rydberg blockade in atomic systems [23]. In
one dimension (1D), the hard-rod (HR) model is a natural
extension of the Lieb-Liniger model, which describes one-
dimensional bosons with contact interactions [24,25].

In quantum systems, the reduced dimensionality exag-
gerates quantum correlations, leading to unique phenomena
in 1D, such as the absence of Bose-Einstein condensation,
fermionization of interacting Bose gases, and the breakdown
of quasiparticle excitations [26,27]. Quantum systems in 1D
are also highly susceptible to perturbations with characteristic
lengths commensurate with the average interparticle dis-
tance, leading to the celebrated pinning transition in arbitrary
weak periodic potentials [28-30] and Bose glass transitions
in disordered or quasiperiodic systems [31-37]. Unlike in
three dimensions, quantum correlations in one-dimensional
bosonic systems increase with decreasing particle density,
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making them an ideal test bed for studying strongly corre-
lated regimes in dilute systems. This applies to a variety of
physical systems, including electronic quantum wires, spin
chains, organic conductors, and tightly confined ultracold
atoms [26,27]. Recent experimental observations have con-
firmed a number of phenomena, such as Tonks-Girardeau
(TG) physics [38,39], absence of thermalization in integrable
systems [40], spin-charge separation [41,42], Mott transitions
in shallow periodic potentials [43,44], disorder-induced en-
hancement of coherence [45], and the observation of the Tan
contact [46,47].

Another asset of quantum one-dimensional systems is that
they are particularly suited to exact or quasiexact theoretical
approaches. Most of their properties are captured by the uni-
versal harmonic fluid theory, known as Tomonaga-Luttinger
liquids (TLL) [48-50]. The latter predicts algebraically de-
caying correlation functions with exponents determined by
the sole TLL parameter, which is, however, model dependent.
Moreover, quantum one-dimensional systems are amenable
to quasiexact numerical approaches based on tensor-network
representations [51-53]. Last but not least, 1D offers a vari-
ety of exactly solvable strongly correlated quantum models,
including the celebrated Lieb-Liniger (LL) model [24,25] and
a number of descendents [54].

The HR model has been previously studied in several
works. The standard approach for the ground state involves
mapping onto the LL. model with infinite repulsive interac-
tions (TG gas) by excluding the volume occupied by the
HRs and shifting the ordered coordinates of the particles
accordingly [55]. Beyond the ground state, more advanced
approaches are required. The Bethe ansatz (BA) and thermo-
dynamic Bethe ansatz (TBA) solutions have been derived in
Refs. [56-59]. Moreover, the dynamical structure factor and
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TLL behavior of HRs have been studied at zero temperature
using variational Monte Carlo [18,60].

In this work, we extend these studies to finite temperatures.
We first briefly review the BA and TBA solutions for the HRs.
Then, we perform quantum Monte Carlo (QMC) calculations
at finite temperatures, finding excellent agreement with the
exact TBA solutions. We also compute one- and two-body
correlation functions and find results in excellent agreement
with TLL behavior. The unknown coefficients from the TLL
theory are then extracted from fits to the QMC results. We
show that using these fits, the universal properties of TLL al-
low for a thermometry of one-dimensional systems described
by HRs. In addition, we discuss the behavior of the static
structure factor, which displays nonanalytical peaks at zero
temperature and power-law scaling of the peaks as a function
of temperature. Finally, possible applications to Rydberg atom
systems are outlined.

II. BETHE ANSATZ SOLUTION

We first briefly review the BA solution for the ground state
(GS) and excitations. Similar derivations were first presented
in Refs. [56-59] (see also Ref. [60]). The Hamiltonian for one-
dimensional bosons with pairwise interactions is given by

R X 92
A== 4+ 3 Vix —x). 1
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where m is the particle mass, N is the total number of particles,
and x; denotes the center position of particle j. Equation (1)
describes a family of models determined by the scattering
potential V (x). For HRs, it reads as V (x) = oo for |x| < a and
V(x) = 0 for |x| > a, which describes impenetrable particles
with finite diameter a.

The BA wave function is written as

> Apexp ( Z kp, x,) )

PeSy

U(x) =

for |xj41 —x;| > a, and W(x) =0 otherwise. The latter
guarantees the HR impenetrability condition, which forces
the distance between consecutive particles to exceed a.
Here, Sy is the symmetric group over {l,...,N}, and
X = (x1,...,xy) represents the ordered particle coordi-
nates. Since W(x) vanishes for x;,; —x; < a, the energy
is fully kinetic and reads as E = Z h2k2/2m To de-
termine the coefficients Ap and quasmlomenta ki, the
continuity condition requires the wave function to vanish
at the HR boundaries, i.e,W(x, ..., xj,x; +a,....,xy) =
0, for all j € {1,...,N}. It yields the relations A(; j41yp =
—e 0P _kp/)Ap, for any j, where ®(k) = ka is the phase
shift of two-body scattering, defined in the same way as the
Lieb-Liniger model. These equations are solved by

p=(—1>7’Aexp[—i2kp,<j—1>a}. 3)

J

Periodic boundary conditions (PBCs) then yield the BA equa-
tion

kL =2l + Y Ok; — k) 4)
t£j

for any j € {1, ..., N}, where the quantum numbers /; take
integer or half-integer values for odd or even N, respectively.
The parity of N contributes since the PBCs involve (N — 1)
interchanging of momenta, leading to a phase of (N — 1)m.
The set of N quantum numbers {/;} characterizes the eigen-
state uniquely. For HRs, the linear form of ® (k) allows for an
explicit solution. By summing all Egs. (4) for all j’s, one finds
the total momentum Q =} k; = 27I/L, with [ =}, I;.
Then, inserting this formula for Q and ©(k) = ka into Eq. (4)
one finds

2nl; —2mla/L
s 7R D DU
Note that the dimensionless quantities k;a and E a*m/h? are
universal functions of a/L and N. The TG gas, which de-
scribes infinitely repulsive, pointlike particles, is found in
the limit @ — 0, and we recover the known solution ijG =
2ml;/L [61].

A. Ground state

The ground state is obtained by minimizing the energy.
The quadratic form of the latter implies that the set of quasi-
momenta k; should be symmetric, and the total momentum
Q= Zj kj = 2mI/L should vanish, i.e., Q =0 and I = 0.
The quantum numbers /; take all integer or half-integer val-
ues in the set _1va1’ el NT’l}, hence creating a Fermi-like
sea with maximum momentum ky.x = 7n/(1 — na), where
n = N/L is the particle density, in the thermodynamic limit.
The energy per particle is then

Ey _ R r2n?

N~ em(l —nap
Compared to the TG gas, the quasimomenta are rescaled as
ki = kTG/(l na) and the energy as Eg = EJ¢/(1 — na)®.
The energy divergence at na =1 is due to the complete
impenetrability of HRs, which implies the condition Na <
L, i.e.,na < 1 in the thermodynamic limit. Note, however,
that the zero-temperature chemical potential, u = dEy/9N,
is rescaled differently, due to the dependence of the energy
rescaling on the total particle number N. One finds

Pn?n?® 1 —na/3
2m (1 —na)®’

e, =u"(1 —na/3)/(1 —na)® with u'S = B*n2n%/2m,
the chemical potential of the TG gas.

(6)

w= (7

B. Excitation spectrum

As usual in BA, elementary excitations are generated
by changing one of the I;’s, creating two distinct branches
[24,25]. Particle-type excitations (p, upper branch) are cre-
ated by promoting a particle from the highest populated
momentum ky = kmax to a larger value g > knax while hole-
type excitations (h, lower branch) involve moving a particle
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from within the range of populated momenta to just above
the largest quasimomentum. In both cases, although a single
quantum number /; is changed, all quasimomenta are shifted
since / turns from 0 to # O [see Eq. (5)]. Although the shift
is infinitesimal in the thermodynamic limit, it plays a crucial
role because it affects all the momenta and has a macroscopic
impact [60].

Adding a particle or a hole implies adding or removing a
quasimomentum ¢ and shifting the other quasimomenta so
that &’ — k' 4 f, n(k"). The total momentum for a particle or
hole excitation then reads as

kmax

g=a+ [ Sk, ®)
_kmax

where the plus and minus signs correspond to the particle and

hole types, respectively, and the energy as

hzqz hz Kmax
epn(q) =+ — )+ = / 2kJpn(KHdK',  (9)
2m 2m J_

Kinax

where the chemical potential © compensates the energy of
adding or removing a particle and J, (k) = p(k)fpn (k)L is
the density of quasimomentum shift, where p(k) is the density
of quasimomenta in the ground state. The latter is determined
using Eq. (4), which yields the self-consistent equation

Kimax
2 Jyn (k) =— Kk — K)o p (K YdK
7kmax
F [r + O(gq0 — k)1, 10)

with KC(k) = d®/dk. For HRs, the constant kernel, (k) = q,
allows again for an analytical solution,
(1 —na)(goa+ ) —ka

Jonk) =F o . (11)

Inserting this result into Egs. (8) and (9), we find the analytic
expressions

g = £(1 — na)(qo — kmax) (12)
and
_ W*qQmn £ q)
Sp,h(CI) = mv (13)

for the momentum and energy, respectively. We hence recover
the results in Refs. [59,60]. The dispersion relations of the
elementary excitations for the HR and TG models at na = 0.2
are shown in Fig. 1. Both models exhibit qualitatively simi-
lar behaviors but significant quantitative differences. The TG
model is recovered from Eq. (13) for a — 0, and, for HRs, the
same energy rescaling &, n(¢) = £15(q)/(1 — na)* as for the
ground state. In particular, the hole branch has a momentum
cutoff at the Fermi momentum kg = 7 n, for both HR and TG
models.

III. THERMODYNAMICS

We now turn to the thermodynamics of the HR model at
finite temperature. The different rescalings of the elementary
excitation energies and chemical potential with na implies that
no such simple rescaling can be applied here and a complete
TBA approach must be derived [56—59]. This will allow one to

q/kr

FIG. 1. Dispersion relation of elementary particle (upper branch)
and hole (lower branch) excitations for the HR (solid red line) and the
TG (dashed purple line) models at na = 0.2. Here Er = w2i*n*/2m
is the Fermi energy.

determine the thermodynamics of the model and benchmark
QMC calculations.

To write the TBA of the HR model, we work along the lines
of Yang and Yang [62]. In brief, we define p(k) as the density
of filled quasimomenta and p;, (k) the density of holes, subject
to the normalization condition

1 1 o0
p(k) + pn(k) = T —/ Kk — KpkHdk',  (14)
T 2 J_s

where (k) = dO®/dk = a. Minimizing the free energy writ-
ten in terms of the dressed energy,

€(k) = kgT In[py(k)/p(k)], 15)
one finds the self-consistent Yang-Yang equation [58,59]

R2k2 di/
) =—p+ kBT/ Kk — k)
2m 27

x In[1 + e~ €*)/ksT], (16)

This equation is solved numerically for €(k) using an iter-
ative method. The latter is significantly simplified for HRs
compared to the Lieb-Liniger model by the fact that IC is
a constant, which lifts the k dependence of the integral in
Eq. (16) (see Appendix A for details). Then, using the nu-
merical result for € (k) in Egs. (14) and (15), we find p(k) and
pn(k), as well as the free energy

dk
F=Nu— L/ > In[1 + ¢~ <®/keT (17)
T

The particle density n = [ dk p(k) is found from Eq. (14),
which reduces to p(k) + pp(k) = (1 — na)/2m, leading to

_ x2(w, T)
1+ xo(u, T)'

with yo(u, T)=a [ %W This formula may be
used to compute the compressibility using the standard ther-

modynamic relation,

() (1 —nalxp.T)
= (8), -

(18)
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FIG. 2. Thermodynamics of HRs. (a) Rescaled density, na,
and (b) compressibility, & = h*« /ma, vs chemical potential, i =
wma®/R*, for the HR and TG models. For HRs, we show TBA
predictions (solid red line) and QMC results (purple disks) at
(masz/hz)T =0.05, 0.1, and 0.2 from top to bottom, as well as
BA predictions at 7 = 0 (dashed black line). For TG gas, we show
TBA predictions (dashed purple line). Error bars are smaller than the
size of markers and the width of lines.

with xa(u, T) = a [°2, & —“orrs. Both Egs. (18) and
(19) are explicitly derived in Appendix B. They provide char-
acteristic quantities of the HR gas, namely, the equation of
state and the compressibility, respectively. Other thermody-
namic quantities, not discussed hereafter, are similarly found
from derivatives of the free energy.

Then we turn to QMC simulations, as these provide us with
more information than BA does, such as correlation functions.
First of all, we benchmark the QMC against the exact TBA
results. Our implementation works in the grand canonical
ensemble with fixed temperature and chemical potential, and
worm-algorithm updates [63]. The specific propagator for the
HR interaction is given in Appendix C. Figure 2 shows the
density na in the left column and the compressibility ¥ =
« h* /ma in the right column versus chemical potential for vari-
ous temperatures. QMC results are shown for the HRs (purple
disks) while TBA predictions are shown for the HRs [solid red
lines, Egs. (18) and (19)] and for the TG model (dashed purple
line). The thermodynamics of the TG gas is obtained by plug-
ging a = 0 into the Yang-Yang equation (16), which directly
yields € (k) = —u + h*k?/2m. Then we compute the density
and the compressibility from Egs. (18) and (19), respectively.
To circumvent the singularity at @ = 0, we compute x,/a and
x3/a. Note that for the TG gas, the density 7 is finite but na
vanishes since a = 0. Hence, in Fig. 2, the plotted data for

the TG gas is na with a the radius of the HRs considered
in the same figure. The zero-temperature behavior, predicted
by BA, is also shown for the HR model [dashed black lines,
from Eq. (7)]. QMC results show excellent agreement with
TBA across all chemical potentials and finite temperatures,
confirming the TBA predictions. Moreover, the scaling of
QMC results for decreasing temperatures confirm the 7 = 0
behavior predicted by BA. Qualitatively similar results are
found for all temperatures except for 7 = 0.
At zero temperature, the density exhibits a sharp edge,
, consistent with Eq. (7) in the limit n — 0. This
yields a diverging compressibility x o 1/,/u around p >~ 0.
The latter is associated to a vacuum to TLL quantum phase
transition [64]. Using Bose-Fermi mapping for the dilute gas,
it may be understood as a van Hove singularity, which is
induced by a diverging density of states at zero energy [65].
Finite-temperature effects smooth out this sharp edge of the
density curves and eliminate the compressibility divergence.
The latter is replaced at finite temperature by a maximum
at finite chemical potential, which gets sharper as the tem-
perature decreases. Comparing these results with those for
the TG model, we find that both models exhibit qualitatively
similar behaviors but significant quantitative differences. As
expected, the TG and HR models agree in the low-density
limit na < 1. However, significant deviations occur as the
chemical potential increases due to the finite-separation im-
penetrability of the HR model. As a result, the compressibility
of HRs is generically lower than that of the TG gas. More-
over, results not shown here indicate that these deviations are
stronger when the temperature increases owing to the different
excitation spectra of the HR and TG models. Note that, as
anticipated, no simple proportional relation between the HR
and TG models exists because the rescaling of energies and
chemical potentials are different and depend on density and
temperature.

IV. CORRELATION FUNCTIONS

Our results allow us to predict (up to numerical pref-
actors) the behavior of correlation functions assuming TLL
behavior. For instance, using mode expansions of the TLL
fields, the asymptotic one-body correlation function g;(x) =
(¥T(x)¥ (0))/n may be written, for x > n~!, as [29]

Z cos(2mnmx)

m |nd(x)|2m2K+1/2K ? (20)

g1(x) =

m=0

where K is the TLL parameter and d(x) = LﬂT smh(’L”‘) is the
thermal chord distance, with Ly = hu/kgT the thermal length
and u the speed of sound. A similar formula is found for the
pair correlation function g (x) = (¥ " (0)y T (x)y (x)¥ (0)) /n?,
which reads as

Z cos(2mnmx)

Tndeoprr D

8200 = |2nnd(x)|2

For HRs, the speed of sound may be computed from the exact
dispersion relation (13), which yields

_de
~ hdq|,

whn

o m(—na)’ 22)
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FIG. 3. Correlations in the HR model. (a) One-body cor-
relation function g;(x) and (b) Pair correlation function g,(x)
for na = 0.5 and various temperatures, in semilogarithmic scale.
Solid lines are QMC results with temperatures (kgma?®/h*)T =
0.1,0.2,0.4,0.6,0.8, 1.0 from top (dark purple) to bottom (light
yellow), corresponding to nLy = 31.4,15.7,7.86,5.24,3.93, 3.15,
respectively. The insets show the same data as in the main panels but
plotted vs the thermal chord distance d(x) in a log-log scale, and the
dashed lines indicate the leading term of TLL predictions, Egs. (20)
and (21), where By and A, are fitted parameters and K is computed
using Eq. (23).

and the TLL parameter is given by [66]
K = hkg/mu = (1 — na)*. (23)

The nonuniversal (model-dependent) coefficients B,, and A,,
are, however, not determined by the TLL theory. Figure 3
shows the complete correlation functions g;(x) and |g,(x) —
1] as computed using QMC for na = 0.5 and increasing tem-
peratures (from top to bottom). We plot |g2(x) — 1] instead of
g2(x), to highlight the oscillations. The main panels show the
correlation functions plotted in semilogarithmic scale versus
the distance x and the insets show the same data plotted in
log-log scale versus the thermal chord distance d(x). The
plateau visible in the main panel of (b) for nx < na = 0.5,
where g>(x) =0 (]g2(x) — 1| = 1), is a result of the fully
impenetrable nature of HRs. The asymptotic behaviors are
consistent with Egs. (20) and (21). In particular, both g;(x)
and g»(x) exhibit oscillations versus x with period 1/n, irre-
spective of temperature, and decay stronger with increasing
temperature, consistently with Ly o< 1/7 (see main panels in
Fig. 3). For x <« Ly, we find power-law decay reminiscent
of the universal zero-temperature TLL behavior, while for

x > Ly, we have d(x) ~ exp(wx/Ly) and exponential decay
is found (the values of Ly are given in the caption of Fig. 3).
Such a crossover is found in both g;(x) and |g,(x) — 1|. Note
that due to a relative decay factor |nd(x)| 2K, the dominating
m = 1 oscillations of g;(x) are suppressed with respect to the
m = 0 term in Eq. (20) at large distance and high temperature.
More precisely, universal algebraic decay (up to oscillations)
with respect to d(x) is expected. This is verified in the inset of
Fig. 3(a), which shows g;(x) versus d(x) in log-log scale for
the same temperatures as in the main panel, and the dashed
line denotes the leading (m = 0) term of Eq. (20), with K
as given by Eq. (23) and By as a fitting parameter. We find
all curves collapse up to the oscillations, in agreement with
the TLL predictions. Similarly, the inset of Fig. 3(b) shows
|g2(x) — 1] versus d(x) in log-log scale. The dominating term
is the absolute value of the m = 1 oscillation. Since K < 1
for HRs, a universal power-law upper bound A |nd (x)| 2K is
observed in this case, as indicated by the dashed line, which
once again confirms the TLL predictions.

To further assess the TLL behavior, we now proceed with
fits of Eqgs. (20) and (21), up to the m = 1 terms, to the QMC
data for various values of na. This allows us to extract K, Lz,
and the coefficients By, B, and A;. Furthermore, for g,(x), we
fit the density n from the frequency of oscillations. We use a
Levenberg-Marquardt least-square approach [67] in two steps.
In the first step, we fit g;(x) and obtain estimates for K, By,
and Bj. The thermal length Ly is, however, poorly estimated
because thermal effects are only significant at large enough
distance, x 2 L7, where the value of the correlation function
is small and does not contribute much to the fit. To enhance the
weight of the tails, we perform a second fit, now of In[g; (x)],
using the previous estimates for K, By, and Bj, and fitting
the parameter Ly only. The speed of sound u can then be
extracted knowing the temperature, here T = ma’kgT /i =
0.01 forna < 0.1,T =0.1for0.13 < na < 0.6,and T = 0.9
for 0.5 < na < 0.7, respectively. These temperatures are cho-
sen so that the system always remains in the LL regime, i.e., in
aregime in which the nonlinear part of the excitation spectrum
can be neglected. This condition is fulfilled when kg7 does
not exceed A2mw2n%/2m(1 — na)?. Due to convergence issues,
the extension to na 2 0.6 is more feasible for the highest
temperature. A similar analysis is carried out for g,(x). In
the first step, we fit g>(x) to obtain estimates of K, n, and
Aq. For na > 0.5, we also include A, into the fits since this
term becomes significant. In the second step, we fit all local
maxima of In|g,(x) — 1| to extract Ly in order to exclude
the points with g,(x) = 1, which would otherwise yield large
values of In |g>(x) — 1| and strongly affect the fits. For all
cases, we find excellent agreement between the fitted curves
and the QMC data (see examples in Appendix D).

The results of the fits are shown in Fig. 4, with error bars
estimated by the residual sum of squares. Purple, blue, and
green data correspond to fits of g, for the three different
temperatures, while red and orange data correspond to fits
of g, for the higher two temperatures. We find very good
agreement with TLL theory for the parameter K obtained by
fitting g1(x), except for a few points with na < 0.2, where
the agreement is worse, but still fair with deviations less
than 13%. The deviation at small values of na is due to the
fact that dilute density leads to weak oscillations, which are
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FIG. 4. Results of correlation function fits. We fit the TLL pre-
dictions, Egs. (20) and (21), to QMC results, for T = ma*kpT /1> =
0.01 (purple triangles), 0.1 (blue squares and red diamonds), and
T = 0.9 (green triangles and orange circles). For g, (x), we take K,
Ly, By, and B, as fitting parameters, and for g,(x), K, Ly, n, and
A;. Error bars are found to be smaller than the markers. The black
dashed lines indicate TLL theory predictions. In (b) the three dashed
lines indicate the thermal lengths for the considered temperatures.

further suppressed exponentially by finite temperature. The
correlation function g;(x) approaches a pure exponential de-
cay proportional to exp(—mx/2KLy). The latter depends on
KLy, rather than K and L7 independently, leading to poor
fitting of K. For na < 0.1, the oscillations are actually in-
visible, and the exponential decay renders the contribution
of By negligible in the fitting. It results in large uncertainties
and the corresponding fits of By and B; /By are not shown.
Nevertheless, the behaviors of our results are consistent with
the TG limit for na — 0, with K — 1, nLy ~ (na)? [note the
semilogarithmic scale in Fig. 4(b)], and the exact coefficients
By ~ 0.52 and —B; /By ~ 1/8 = 0.125 [27]. Similarly, for g,
the weak amplitude and rapid decay of the oscillations allow
less than two oscillation periods to be resolved before they are
overwhelmed by statistical fluctuations, making a reliable fit
impossible for na < 0.2. In the range 0.2 < na, the estimates
for K from g;(x) show good agreement with TLL theory, con-
firming the TLL theory predictions. Moreover, in the overlap
region of T = 0.1 and 0.9, 0.5 < na < 0.6, all fits agree well,
confirming that the parameter K and all fitted coefficients are
independent of T, thus validating the TLL predictions again.
The fits for Ly, as obtained in the second fit step, are
also in good agreement with the TLL prediction, except for
na 2 0.5-0.6. In this regime, the small value of K leads to
fast decay of g; [see Eq. (20)], hiding the thermal effects

under statistical fluctuations. Then, we cannot fit g; (x) for Ly
although the fits for K obtained in the first fit still work well
in this regime since they are not affected by the large value of
Ly . In contrast, the oscillations of g, (x) decay slower because
the 2K exponent is smaller than the exponent 1/2K + 2K of
g1 form = 1, especially for large values of na. The valid range
is larger against the QMC statistical fluctuations. Thus, we are
able to fit Ly from g, in a larger range to obtain good estimates
of LT .

The quality of the fits for K and Ly, which yield results
in very good agreement with the theoretical predictions, val-
idates the reliability of the extracted coefficients By, By, Ay,
and A,. The increase in B;/By, A, and A, indicates an en-
hancement of HRs solidification-like behavior. Furthermore,
fits for n are shown in Fig. 4(f). We find that ng agrees
with n perfectly, validating the predicted period of oscilla-
tion. Finally, we turn to the static structure factor S(q) =
1(Pgo—q) — 1{pg)*] where p, = Z’}’:l e~% Tt is related to
the pair correlation function through a Fourier transform,

S(g)=1 +n/ dx[ga(x) — 1'%, (24)

For HRs at zero temperature, it was shown earlier that non-
analytical diverging peaks of S(q) appear at ¢ = 2mkgr when
2m*K < 1, arising from the mth summation term in Eq. (21)
[18,60,68]. At finite temperature, since the correlations turn to
exponential decay for x >> Ly, the behavior of the mth peak,
Sm = S(q ~ 2mkg), changes accordingly. Inserting Eq. (21)
into Eq. (24), we find power-law scaling with temperature,

1 2 2 1-2m>K
Sm_lemr(i—m K)I'(m K)(E) +e
N 7

(25)

where we collect the contributions of the terms other than
q = 2mkg into a constant C. This leads to the scaling with
thermal length S, — 1 LIT_Z’”2K . Note that, for a finite-size
system with size L, at zero temperature, the thermal length
is replaced by the system size L, which yields the scaling
Sn(T =0)—1«x Ll’z’"zK, consistent with the scaling with N
found in Ref. [18]. It shows that S, (T = 0) scales up with
increasing L for 1 —2m?K > 0. At finite temperature, the
nonanalytical peak present at zero temperature is replaced by
a local maximum as indicated by Eq. (25), the height of which
scales down with temperature as S,, — 1 o 1/7'72"K gince
Ly o 1/T. The mth peak emerges when na > 1 — 1/+/2m?2,
which corresponds to na > 0.293 for the first peak (m = 1)
and to na > 0.646 for the second peak (m = 2). Such peaks
indicate the existence of a quasi-solid regime at high densities.
The observed diverging S(gq) signals the onset of quasi-solid
behavior, implying the enhancement of zero-energy modes at
finite momentum. This is reminiscent of the supersolids in
higher dimensions [69,70], where the softened roton gives
rise to true long-range order. However, due to the reduced
dimensionality here, although the ordering is significantly en-
hanced, it does not develop into true long-range order, and the
system continues to fall within the TLL regime. In contrast,
such peaks do not appear in the Lieb-Liniger model.
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FIG. 5. Finite-temperature static structure factor S(g) obtained
from QMC computations at (a) na = 0.1 and temperatures 7 /T =
0.101, 0.203, and 0.608, and (b) at na = 0.7 and T /T¢ = 0.339,
1.24, 1.65, 3.31, and 6.20, plotted from light to dark colors, where
Tx = Eg/kg is the Fermi temperature. The lower panels show the
amplitude of the first peaks, (c) S,,—; for various values of na and (d)
S for na = 0.7, vs temperature in log-log scale. Dashed lines are
fitted power-law scalings, shifted by a constant C as given in Eq. (25),
with fitted parameters and corresponding na shown in Table I.

The static structure factors at na = 0.1 and na = 0.7 for
various temperatures are shown in Figs. 5(a) and 5(b), respec-
tively, where lighter colors indicate lower temperatures. For
na = 0.1, no peaks nor divergences are observed, consistently
with the fact that 1 — 2K < 0. In contrast, for na = 0.7, the
first and second sharp peaks around g = 2kp and g = 4k,
respectively, are clearly visible, consistently with the fact
that 1 — 2m*K > 0 for m = 1 and m = 2. The peaks exhibit
Lorentzian-like forms, with amplitudes that decrease with in-
creasing temperature, implying that the quasi-solid ordering
is weakened by thermal fluctuations. Meanwhile, the position
of the peak slightly shifts toward larger momenta. This is
consistent with the shift of the oscillating period of g,(x) ob-
served at these temperatures (not shown here). The power-law
scaling of the peak amplitudes S,,, Eq. (25), is confirmed in
Figs. 5(c) and 5(d) for m = 1 and m = 2, respectively. Both
clearly show linear scalings in log-log scale, consistent with
Eq. (25). More precisely, we fit Eq. (25) to the data, with
K, A,, and C as fitting parameters. The QMC data for S,
(dots), together with the fits (dashed lines) are shown for
various values of na, with fitted parameters given in Table I,
where Kgp = (1 — na)? is the BA prediction. We performed

TABLE 1. Fits for S,,(T).

na m KBA Kﬁt Am C
0.47 1 0.2844 0.28(2) 0.70(12) —1.1(5)
0.5 1 0.25 0.25(2) 0.76(14) -0.7(4)
0.53 1 0.2209 0.227(12) 0.89(10) —0.70(3)
0.6 1 0.16 0.15(3) 0.9(3) 0.1(4)
0.65 1 0.1225 0.09(4) 0.6(6) 0.509)
0.7 1 0.09 0.10(5) 1.6(17) —0.2(15)
0.7 2 0.09 0.06(2) 0.16(10) 0.3(2)

the fits in the range for na > 0.47, where the first peak is suf-
ficiently large. We find good agreement for the m = 1 peaks,
with relative discrepancy of Kg; less than 6% for na < 0.6.
Furthermore, the value of A; at na = 0.5 agrees with the result
of g2(x), and A; =~ 1 at na = 0.6 agrees with the result found
at zero temperature in Ref. [18]. For na 2 0.65, the large
density prevents QMC from converging at relatively lower
temperatures and thus it is difficult to reach larger values of
S, [71]. Finally, the m = 2 peak is identified at na = 0.7 and
the scaling relation is observed [see Fig. 5(d)]. Although the
fit is worse than those of S,,—1, it still has a correct order of
magnitude. In all simulations, the particle number is larger
than 200. These results further confirm the TLL behavior of
HRs at finite temperature.

V. CONCLUSION AND DISCUSSION

In conclusion, we reported the investigation of the thermo-
dynamics of the one-dimensional HR gas. This model shows
significant deviations compared to the Lieb-Liniger model,
which corresponds to contact interactions, in regimes with
relatively high density. By comparing the TBA solution and
universal TLL predictions with QMC calculations for ther-
modynamic properties and correlation functions, we found
excellent agreement. Our findings highlight the universal TLL
behavior of the HR model across a wide range of parameters,
as evidenced by correlation functions and static structure fac-
tors. We have shown that the parameters of the TLL model,
K and u, can be extracted from fits of correlation functions.
More precisely, we obtained the thermal length Ly = hu/kgT,
from which the speed of sound u can be deduced given the
temperature 7. Conversely, the same approach can be used to
infer the temperature from the analytical value of the speed
of sound. This makes the approach useful for thermometry
in experiments. Furthermore, the numerical coefficients By,
By, and A;, which are unknown in the TLL approach, can
also be extracted. An interesting direction for future studies
would be to compute the dynamical structure factor at finite
temperatures, which is of experimental relevance for instance
in ultracold-atom systems.

Rydberg atom systems [72,73] may offer a promising plat-
form to implement approximations of the HR model we have
discussed in this paper. The bare van der Waals interactions
already provide a sharp decay of interactions as the sixth
power of the interatomic distance r, showing hard-core be-
havior of correlation functions on lattices [74]. This can be
further improved using Rydberg dressing of the ground state,
with effective interactions showing a plateau with a sharp 1/r°
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decay [75-78] or even sharper via the electromagnetically
induced transparency [79,80], and controlling of the width and
height of the plateau controlled via the intensity and detuning
of the coupling lasers. The excitation spectrum could then be
measured using, for instance, quench spectroscopy [81-86]
as recently implemented in Rydberg atom experiments [87].
Furthermore, thermodynamic properties may be studied by
varying the interaction range a and/or the temperature by
controlling the cooling ramp. Further investigation is deserved
to assess the accuracy of such implementations in realizing the
HR model.
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APPENDIX A: NUMERICAL SOLUTION OF THE
YANG-YANG EQUATION

To solve the Yang-Yang equation, Eq. (16), for HRs, we
first rewrite it as

JRpe dK’ ,
ek =—u+ E + kBTCl/ Z In[1 + e )/kBT]’ (A1)

using K(k — k') = a. Note that the integral depends on the
yet unknown form of the function €(k) but, contrary to the
Lieb-Liniger case, is a constant, independent of k. It is then
fruitful to rewrite it as

272
elk)=—p+ P + kT x1 (1, T), (A2)
with
di’ —e(k)/ksT
x1(u, T)=a Zln[l—i—e B4, (A3)

which explicitly shows that €(k) is a quadratic function of
k. Inserting Eq. (A2) into Eq. (A3), we then find the self-
consistent equation

a _ . _
x(u,T) = —A—L13/2(—€“/kBT ), (A4)
T

where Lis; is the polylogarithm function and Ay =

V27 h? /mkgT is the thermal de Broglie wavelength. The
right-hand-side term is a strictly decreasing function of i,
from a positive value for x; = 0 to zero for x; — oo. Equa-
tion (A4) has thus a unique solution for each value of © and

(a2)
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Nﬁ
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FIG. 6. (a) Dressed energy and (b) density of quasimomenta.
Left: Various values of na for T = 0.1A*/ma*ks. Right: Various
temperatures for na = 0.5

T, which is easily found using an iterative Newton method.
Inserting the result into Eq. (A2), we then find € (k).

After solving the Yang-Yang equation for €(k), we can
compute a number of quantities, including the quasimomen-
tum density, given by p(k) = %W [see Eq. (B2)
in Appendix B]. Examples of the dressed energy e(k) and
the corresponding p(k) are shown in Fig. 6. As expected,
we find quadratic behavior of €(k) as a function of &, and
the Fermi-distribution-like density of quasimomenta. Note
that p(k) is not the momentum distribution, which equals
the Fourier transform of the off-diagonal one-body density
matrix.

APPENDIX B: DERIVATION OF THE DENSITY
AND COMPRESSIBILITY

To find the density, we first write
pu(k) = DT p(k), (B1)

using Eq. (15). Since K(k) =a and n = fdkp(k), Eq. (14)
reduces p(k) + pp(k) = 1=na and one finds

2
1 —na 1
o) = 27 1+ ec®/ksT (B2)
Then, integrating over k on both sides, one finds
, T
a

with xo(p. T) = a [, 32 oo
finds Eq. (18).

The compressibility is found by differentiating Eq. (18)
with respect to w, which yields

B 11 pwT
K:(_”> _1 i X, T) (B4)
ou/r a(l+x2) ou

Solving for n, one then
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FIG. 7. Fits of correlation functions. The solid lines are g;(x) in
panel (a) and g,(x) in panel (b) forna =0.5and T = 0.41> /ma’kg,
while the dashed lines are the fitted curves at step one (dashed green
line) and step two (dashed black line).

In addition, the definition of x»(w, T') leads to

Ix2(u,T)  a © dk e WMT  Je(k) =)
dw  keT J_oo 27 [1 + ec®/keT2 Gy
The Yang-Yang equation for HRs, Eq. (A2), yields
de(k 9
e( )=_1+kBTi, (B6)
8/,L 8//‘

which is thus independent of k. Using Eq. (A3), we then find

de(k) . /00 dk' e Wk He(k)
o 4 oo 2 1 + e €W)/ksT gy
de(k)
=—1—xa(u,T) (B7)
o

J

px,x', 7) =
0

/47;:%2 (e—[m(x—x’)2/4rh2] _ e—[m(|x+x’|—20)2/4th2]) for xx' > 0 and Ix], |x/| -~ a

and, solving for de(k)/du, we find

de(k) _ -1 (BS)
w1+ x(u, T)
Inserting Eq. (B8) into Eq. (BS), we get
I T) 1 xwT) (B9)
o ksT 1+ xo(u, T)’

with x3(u, T) =a [ %% Inserting this formula

unto Eq. (B4) and using Eq. (B3), we finally find Eq. (19).

APPENDIX C: PROPAGATOR FOR QUANTUM
MONTE CARLO

Here we derive the propagator for the QMC calculations.
The path-integral Monte Carlo formulation in continuous
space involves slicing the imaginary time into many small
slices with imaginary time step 7. In each slice, the pair
interaction propagator, i.e., the probability amplitude for the
relative separation to move from x to x’, is given by [90]

P X T) =) P (oe i (x)

* f ) Y (x)e” TRy (dk,  (C1)
0

where my) = m/2 is the reduced mass, ¥, (x) spans the set
of bound states with energy E,, and ¥ (x) spans the set of
scattering states, for the reduced-particle Hamiltonian

2 82
— + V(). (C2)

Hrel — _
2] 0x2

For HR interaction, there is no bound state and the scattering
states are

L sin[k(x — a)] for x > a

N

Ut = { FLsinlkc+ @) for x<—a  (C3)

0 otherwise.

The symmetric and antisymmetric states are denoted by the

superscripts “s” and “a”, respectively. Substituting the expres-
sion of the scattering states, Eq. (C3), into Eq. (C1) we obtain

(C4)
otherwise.

This analytic expression is directly implemented in the QMC numerical code.

APPENDIX D: FITS OF CORRELATION FUNCTIONS

Here we show a typical result of the fits of correlation functions. Figure 7 shows the one-body correlation function g;(x)
and the pair correlation function g, (x) for na = 0.5 and T = 0.4%* /ma*kg as found by QMC calculations (red dots and lines),
together with the corresponding fits (dashed green line for the first-step fit and dashed black line for the second-step fit). We find

similarly good agreement for all fits performed for this work.
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