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Quantum simulation of quasicrystals in synthetic bosonic matter now paves the way for the exploration
of these intriguing systems in wide parameter ranges. Yet thermal fluctuations in such systems compete
with quantum coherence and significantly affect the zero-temperature quantum phases. Here we determine
the thermodynamic phase diagram of interacting bosons in a two-dimensional, homogeneous quasicrystal
potential. We find our results using quantum Monte Carlo simulations. Finite-size effects are carefully
taken into account and the quantum phases are systematically distinguished from thermal phases. In
particular, we demonstrate stabilization of a genuine Bose glass phase against the normal fluid in sizable
parameter ranges. We interpret our results for strong interactions using a fermionization picture and discuss
experimental relevance.
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The discovery of quasiperiodic structures in plane tilings
[1] and material science [2,3] has profoundly altered our
dichotomous perception of order and disorder. Lying at the
interface of the two realms, quasicrystals display a number
of intriguing properties, including unusual localization and
fractal properties, anomalous critical scalings, and phasonic
degrees of freedom [4–9]. So far, quasicrystals have been
observed in their natural state in meteorites [10,11] and
nuclear blast residues [12] or in the laboratory after fast
solidification of certain alloys [2,13] and have been
extensively studied in solid-state physics [2,5,6,14–16].
Moreover, artificial quasicrystals can now be engineered in
synthetic quantum matter with unique control knobs,
using photonic crystals [8,17–19], quantum fluids of light
[20–22], and ultracold quantum gases [23–25]. In the latter,
defectless and phonon-free quasicrystal potentials can be
emulated in a variety of configurations using appropriately
arranged sets of laser beams [26–31]. Furthermore, two-
body interactions can be tuned using magnetic control
[32–35], hence paving the way to the exploration of
quantum phase diagrams in wide parameter ranges.
In past years, one-dimensional (1D) quasiperiodic mod-

els of ultracold atoms have been discussed quite exhaus-
tively [36–54], but exploration of their 2D counterparts has
only recently gained momentum, mostly in tight-binding
models [55–57]. So far, theoretical and experimental work
has demonstrated the emergence of quasicrystalline order
through matter-wave interferometry [28,30], Anderson-like
localization [28,31,58], and Bose glass (BG) physics
[31,55,56,59]. BG is an emblematic compressible insulator,
characteristic of disordered or quasidisordered systems and
distinct from the superfluid (SF) and Mott insulator (MI)
phases, which also appear in periodic systems [60–62]. In
bosonic models, however, thermal fluctuations compete

with (quasi)disorder, which has so far hindered the obser-
vation of the BG phase [43,44]. It has been recently
proposed that this issue may be overcome by scaling up
characteristic energies using shallow quasiperiodic poten-
tials [47]. Up to now, this has been investigated only in 1D
[48] and 2D harmonically trapped [63] systems. In contrast,
the case of a 2D Bose gas with genuine long-range
quasicrystal order remains unexplored. Moreover, the
central issue of discriminating the BG phase from trivial
thermal phases has been hardly addressed. As argued
below, this cannot be achieved as in 1D and requires
specific analysis in 2D.
In this Letter, we determine the first thermodynamic

phase diagrams of weakly to strongly interacting 2D Bose
gases in a shallow quasicrystal potential at finite temper-
atures. Quantum Monte Carlo simulations are performed in
quasicrystal, homogeneous potentials and finite-size effects
are carefully taken into account. The SF, MI, and BG
quantum phases, induced by the competition of interactions
and quasicrystal potential, are systematically discriminated
from the normal fluid (NF), which is instead dominated by
thermal fluctuations. Most importantly, we find that the BG
phase survives up to significantly high temperatures. Our
results in the strongly interacting regime are interpreted
using a fermionization picture and implications to experi-
ments in ultracold-atom systems are discussed.
Model.—The dynamics of the 2D Bose gas is governed

by the Hamiltonian

Ĥ ¼
Z

drΨðrÞ†
�
−ℏ2∇2

2m
þ VðrÞ

�
ΨðrÞ;

þ 1

2

Z
dr dr0 ΨðrÞ†Ψðr0Þ†Uðr − r0ÞΨðr0ÞΨðrÞ; ð1Þ
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whereΨðrÞ is the bosonic field operator at position r andm
is the particle mass. The quasicrystal potential,

VðrÞ ¼ V0

X4
k¼1

cos2ðGk · rÞ; ð2Þ

is the sum of four standing waves, with amplitude V0 and
lattice period a ¼ π=jGkj, and successively rotated by an
angle of 45°. This potential is characterized by an eightfold
discrete rotational symmetry, incompatible with periodic
order, hence forming a quasiperiodic pattern. The bosons
interact via the two-body scattering potential Uðr − r0Þ. At
low energy, the collisions are dominated by s-wave
scattering and hence fully characterized by the sole 2D
scattering length a2D. Because of the logarithmic scaling of
the interaction strength versus the scattering length in 2D
[64–66], it is convenient to use the interaction parameter

g̃0 ¼
2π

lnða=a2DÞ
: ð3Þ

The model considered here is similar to that recently
emulated in ultracold-atom quantum simulators in
Refs. [30,31]. The typical potential amplitude V0 ranges
from zero to a few tens of recoil energies, Er ¼
π2ℏ2=2ma2. In the eightfold quasicrystal potential (2),
the critical amplitude for single-particle localization is V0 ≃
1.76Er [59]. So far, ultracold bosons in such 2D quasi-
crystal potential have been studied for vanishing or weak
interactions, up to g̃0 ≃ 0.86 [31]. However, significantly
higher values can be realized using transverse confinement
or Feshbach resonances, up to the strongly interacting
regime, where g̃0 ∼ 1–5 [67]. The typical temperature in
ultracold-atom experiments is kBT=Er ∼ 0.01–0.5 with kB
as the Boltzmann constant.
Finite-temperature phase diagrams.—Figure 1 shows

the thermodynamic phase diagrams of the interacting Bose
gas in a quasicrystal potential of amplitude V0 ¼ 2.5Er

(above the critical localization potential) for three values of
the interaction parameter g̃0, ranging from weak to strong
interactions. The numerical calculations are performed
using path-integral quantum Monte Carlo (QMC) simu-
lations within the grand-canonical ensemble at temperature
T and chemical potential μ. Details about the analysis of the
numerical results, in particular, with regard to finite-size
effects, appear below. In brief, we compute the compress-
ibility κ ¼ L−2

∂N=∂μ, where N is the average particle
number and L is the system’s linear size, as well as the
superfluid fraction fs, found using the winding number
estimator with periodic boundary conditions [68]. These
two quantities are sufficient to identify the expected zero-
temperature quantum phases: SF (κ ≠ 0 and fs ≠ 0), BG
(κ ≠ 0 and fs ¼ 0), and MI (κ ¼ 0 and fs ¼ 0). For high
enough temperatures, however, one expects a NF regime,
dominated by thermal fluctuations. It is characterized by a
finite compressibility and absence of superfluidity (κ ≠ 0
and fs ¼ 0), just as the BG phase.
To discriminate a genuine BG against a trivial NF, we use

the criterion that phase coherence and superfluidity must be
destroyed by quasidisorder and not thermal fluctuations
[60,61]. In 1D, any finite temperature destroys super-
fluidity so that the BG phase is strictly well defined only
at zero temperature. In practice, it is thus sufficient to
identify a NF by the onset of a sizable temperature
dependence of characteristic quantities, as done in
Refs. [43,44,48]. In dimensions higher than 1, however,
quantum phases can survive at finite temperature while
showing a significant temperature dependence of the
characteristic quantities, and the above criterion breaks
down. To discriminate the BG from the NF in the 2D Bose
gas, we thus proceed differently and systematically com-
pare the obtained phases in the presence of the quasicrystal
potential with those of the homogeneous gas for the same
temperature and the same average number of particles: If
the gas is a SF in the absence of the quasicrystal potential,
we identify a BG phase as soon as the quasicrystal potential

FIG. 1. Thermodynamic phase diagrams of 2D bosons in the eightfold quasicrystal potential of Eq. (2) with amplitude V0 ¼ 2.5Er and
different interaction strengths: (a) g̃0 ¼ 0.05, (b) g̃0 ¼ 0.86, and (c) g̃0 ¼ 5. The quantum phases, SF (blue), BG (yellow), and MI (red),
are distinguished from the NF regime (green). Note the small MI lobes in (c) at μ ≃ 4.1Er and μ ≃ 5.1Er, which survive only at very low
temperatures. QMC results are shown as data points with error bars, while color boundaries are guides to the eye.
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amplitude is sufficient to destroy superfluidity; otherwise,
we have a NF.
Superfluid-to-Bose glass transition.—Typical QMC

results for the total particle density n ¼ N=L2 and the
SF density ns ¼ fs × n versus chemical potential for
various system sizes are shown in Fig. 2 for intermediate
interaction strength and temperature, g̃0 ¼ 0.86 and
T ¼ 0.06Er=kB. Similar results are found in all ranges
of temperature, chemical potential, and interaction strength
considered for the phase diagrams of Fig. 1, up to the MI

phase relevant for strong interactions (see below). In the
absence of a quasicrystal potential, V0 ¼ 0 [Figs. 2(a1)–
2(a3)], the QMC results show a clear NF-to-SF transition,
characteristic of the expected Berezinskii-Kosterlitz-
Thouless (BKT) behavior [69–73]. The density is a smooth
function of the chemical potential and shows weak finite-
size effects, see Fig. 2(a1) [74]. In contrast, the SF density
shows strong size dependence, see Fig. 2(a2). For low
chemical potential, ns scales down with L, pointing toward
a NF phase, while for high chemical potential, it converges
to a finite value, as expected in the SF phase. See also
Fig. 2(a3), which shows the variation of ns with the system
size for various values of the chemical potential. This
behavior is consistent with the BKT universal jump at
criticality, nsλ2T ¼ 4, where λT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πℏ2=mkBT

p
is the

thermal de Broglie wavelength. It allows us to precisely
locate theNF-to-SF transition point as the chemical potential
μ0c such thatnsλ2T ¼ 4 for the largest considered sizes.We use
a conservative error bar for the critical chemical potential
corresponding to thevariation ofμ0with the system size in the
range L=a ∈ ½20; 60�, see shaded area in Fig. 2(a2).
Although it can be refined using appropriate finite-size
scaling [72], it appears to be sufficient for our purpose.
The corresponding critical density n0c is then found using the
equation of state (particle density versus temperature and
chemical potential) as found from QMC calculations, see
Fig. 2(a1). For the parameters of Fig. 2(a), it yields μ0c ¼
0.052� 0.004 and n0c ¼ 0.29� 0.03.
We now turn to the behavior of the Bose gas in the

presence of the quasicrystal potential. First, the NF regime
is found by combining the above results with their counter-
parts at V0 ≠ 0 [Figs. 2(b1)–2(b3)]. For a given interaction
strength and temperature, we use the equation of state at
V0 ≠ 0 to infer the chemical potential μ1c corresponding to
the critical density of the homogeneous gas, n1c ¼ n0c, see
Fig. 2(b1). It yields the NF-BG threshold shown on the
phase diagrams of Fig. 1. Note that, at μ1c, we find a finite
compressibility κ ¼ ∂n=∂μ [finite slope in Fig. 2(b1)] and a
vanishingly small ns [see Fig. 2(b2)], which allows us to
discriminate the BG against the SF and the MI.
Second, having identified the NF regime, we can focus

on the BG-to-SF transition. Compared to the homogeneous
case, the QMC results in the presence of the quasicrystal
potential show stronger finite-size effects of both quantities
n and ns. The equation of state shown in Fig. 2(b1) is the
density versus chemical potential averaged over the system
size in the range L ∈ ½20; 50� with the shaded area
corresponding to the standard deviation. On top of these
fluctuations, the SF density nevertheless shows a clear
finite-size scaling, qualitatively reminiscent of that found in
the homogeneous gas at the NF-to-SF transition, see
Fig. 2(b2). The inset of Fig. 2(b2) is a magnification in
the vicinity of the transition with more system sizes where
the fluctuations of ns versus L are more clearly seen.
We find that the SF density sharply crosses over from

FIG. 2. (a1),(b1) Total particle density and (a2),(b2) SF density
versus chemical potential, as well as versus system size (a3),(b3)
for a 2D Bose gas with interaction strength g̃0 ¼ 0.86 and
temperature T ¼ 0.06Er=kB, in the absence (a1)–(a3) and in
the presence [(b1)–(b3), V0 ¼ 2.5Er] of a quasicrystal potential.
The QMC calculations are performed in square boxes for
different linear sizes L corresponding to the different line colors
in the upper and middle rows. The QMC statistical error bars are
smaller than the markers. (b1) The shaded area corresponds to the
standard deviation of the density fluctuations with the system
size. (b2) Inset: magnification of its main panel in the vicinity of
the critical point for many system sizes with L=a ∈ ½20; 50� and
the shaded area is the construction to locate the SF-to-BG
transition point. (a3),(b3) The SF density as a function of L
for various chemical potentials in the vicinity of the SF transition.
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vanishingly small values to a few units of 1=λ2T . We then
locate the SF transition in the middle of the interval of
chemical potentials such that 3 ≤ nsλ2T ≤ 5 for all system
sizes in the range L=a ∈ ½30; 50�, with the error bar
corresponding to the size of this interval. The BG-to-SF
transition obtained here is clearly distinguished from the
NF-BG threshold. For instance, for the parameters of
Fig. 2, we find μ1c ¼ 4.28� 0.02 and n1c ¼ 0.29� 0.03
at the NF-BG threshold and μ2c ¼ 4.39� 0.02 and n2c ¼
0.55� 0.05 at the BG-to-SF transition.
The values of μ1c and μ2c versus T hence obtained are used

to locate the NF-BG threshold and theBG-to-SF transition in
the phase diagrams of Fig. 1, togetherwith the corresponding
error bars.
MI phase.—We now turn to the strongly interacting

regime (g̃0 ≫ 1), where MI lobes emerge, see Fig. 1(c).
Typical QMC results for the density and superfluid fraction
are shown in Fig. 3(a) for vanishingly small temperatures
and in Fig. 3(b) for finite temperatures. The different line
colors correspond to different sizes in Fig. 3(a) and
different temperatures in Fig. 3(b). For a weak chemical
potential, the bosons populate the low-lying single-particle
states, where strong repulsive interactions suppress multi-
ple occupancy. This mimics Pauli exclusion in real space
and a simple fermionization picture accounts for the
equation of state of the strongly interacting Bose gas,
within the Fermi-Dirac distribution,

n ≃
1

L2

X
j

1

eðEj−μÞ=kBT þ 1
; ð4Þ

where j spans the set of single-particle states, with energy
Ej. This formula (dashed lines) indeed shows good agree-
ment with the QMC results (solid lines) at vanishing, as
well as finite temperatures and low chemical potential, see
insets of Figs. 3(a1) and 3(b1).
Consider first the low-temperature regime. The lowest

states are localized and, owing to the eightfold rotational
symmetry of the quasicrystal potential, they are arranged in
rings of 8 or 16 trapping sites. The interacting Bose gas
then organizes in MI rings, characterized by Mott plateaus
at commensurability, see inset of Fig. 3(a1). Out of
commensurability, finite tunneling between the trapping
sites of a given ring generates ring superfluidity, but energy
gaps between the different rings prevent long-range super-
fluidity, hence creating a BG phase. We consistently find
that the SF fraction vanishes for μ ≲ 4.4Er, see Fig. 3(a2).
Similar phenomenology was observed in small systems in
Ref. [59]. However, when the system size increases, new
rings with slightly shifted energies appear. This progres-
sively fills the smallest gaps and blurs the corresponding
Mott plateaus as observed in our QMC results when the
system size increases, see inset of Fig. 3(a1). In the
thermodynamic limit, the compressibility is thus finite and
we find a BG. In contrast, the QMC results show that the
largest gaps survive when the system size increases, hence
creating legitimate MI phases. This occurs, for instance,
for g̃0 ¼ 5 and 5.5Er ≲ μ≲ 6.4Er, see Fig. 1(c) as well as
Figs. 3(a1) and 3(b1). This is consistent with the survival of a
single-particlegapand the existence of a plateau in theFermi-
Dirac prediction (4) at the same density and even larger
systems, see Fig. 3(a1). Here, however, the chemical poten-
tial is high enough to populate many states, made of a large
number of trapping sites, with nonzero spatial overlap. This
generates a finite, positive interaction energy, which con-
tributes to the chemical potential and correspondingly shifts
the QMC results for interacting bosons compared to the
Fermi-Dirac distribution.
We finally discuss the finite-temperature effects. When

the temperature increases, the Mott plateaus shrink. The
compressibility becomes finite but the SF fraction remains
zero, hence progressively opening BG phases on the edges
of the Mott plateaus, see Figs. 3(b1) and 3(b2). For low
enough temperature, the plateaus are still marked with very
small compressibility and we identify κ < 0.01m=ℏ2 to a
finite-temperature MI regime, corresponding to the MI
lobes in the phase diagram of Fig. 1(c). As expected, finite
temperatures also suppress the SF fraction in the SF phases
and give space to the BG when it vanishes, see Fig. 3(b2).
Note that, here, the Bose gas is a superfluid in the absence
of the quasicrystal potential, hence the compressible
insulator we obtain is a legitimate finite-temperature BG.

FIG. 3. Strongly interacting regime, g̃0 ¼ 5. The upper and
lower rows show, respectively, the total particle density and the
SF fraction versus the chemical potential. (a1),(a2) Low-temper-
ature regime, T ¼ 0.02Er=kB, for various system sizes. (a1)
Inset: the low-density regime for even lower temperature,
T ¼ 0.0025Er=kB. (b1),(b2) Behavior for various temperatures
and a system size L ¼ 40a. QMC results for the interacting Bose
gas are shown as markers and solid lines, while the Fermi-Dirac
(FD) predictions, Eq. (4), are shown as dashed lines.
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Conclusion.—In conclusion, we have established the
first thermodynamic phase diagrams of weakly to strongly
interacting 2D bosons in a quasicrystalline potential. The
quantum phases are obtained analyzing finite-size effects
and systematically distinguished from the NF regime. Our
results show the emergence of a sizable BG phase induced
by the quasicrystalline potential. For the parameters used
here, the BG extends over a range where the density
typically varies by a factor of 2–4 in all phase diagrams
of Fig. 1, where the considered temperatures are relevant
for ultracold-atom experiments. This paves the way for
direct observation of the BG in quantum simulators.
Moreover, further calculations not presented here show
that the BG phase survives up to T ≃ 8Er=kB for g̃0 ¼ 0.05,
T ≃ 0.7Er=kB for g̃0 ¼ 0.86, and T ≃ 0.5Er=kB for g̃0 ¼ 5.
Our results would directly apply to experiments per-

formed in optical boxes [75–77]. For experiments per-
formed in confining traps, our diagrams, found versus
chemical potential, are amenable to local density approxi-
mation (LDA). It applies provided the variation of the trap
potential is negligible over a large enough distance such
that the finite-size effects become insignificant. Our results
show that a size L ∼ 40a is a minimum. For the parameters
of Refs. [30,31], for instance, it corresponds to a variation
of ≃0.01Er from the trap center, smaller than the typical
energy scales in our phase diagrams, and LDA is well
applicable.
Moreover, our Letter raises new questions, notably about

the nature of the SF-to-BG transition. Our results are
phenomenologically similar to a BKT transition, but the
exact mechanism at the origin of the transition, as well as
the effect of the quasicrystal potential on vortex pairing,
remain to be elucidated via quantum simulation experi-
ments and theoretical work.
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