Rufus Bowen

Equilibrium States
and the Ergodic Theory
of Anosov Diffeomorphisms

New edition of

Lect. Notes in Math. 470, Springer, 1975.

April 14, 2013

Springer






Preface

The Greek and Roman gods, supposedly, resented those mortals endowed with
superlative gifts and happiness, and punished them. The life and achievements
of Rufus Bowen (1947-1978) remind us of this belief of the ancients. When
Rufus died unexpectedly, at age thirty-one, from brain hemorrhage, he was a
very happy and successful man. He had great charm, that he did not misuse,
and superlative mathematical talent. His mathematical legacy is important,
and will not be forgotten, but one wonders what he would have achieved if he
had lived longer. Bowen chose to be simple rather than brilliant. This was the
hard choice, especially in a messy subject like smooth dynamics in which he
worked. Simplicity had also been the style of Steve Smale, from whom Bowen
learned dynamical systems theory.

Rufus Bowen has left us a masterpiece of mathematical exposition: the slim
volume Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms
(Springer Lecture Notes in Mathematics 470 (1975)). Here a number of results
which were new at the time are presented in such a clear and lucid style that
Bowen’s monograph immediately became a classic. More than thirty years
later, many new results have been proved in this area, but the volume is as
useful as ever because it remains the best introduction to the basics of the
ergodic theory of hyperbolic systems.

The area discussed by Bowen came into existence through the merging of
two apparently unrelated theories. One theory was equilibrium statistical me-
chanics, and specifically the theory of states of infinite systems (Gibbs states,
equilibrium states, and their relations as discussed by R.L. Dobrushin, O.E.
Lanford, and D. Ruelle). The other theory was that of hyperbolic smooth dy-
namical systems, with the major contributions of D.V. Anosov and S. Smale.
The two theories came into contact when Ya.G. Sinai introduced Markov par-
titions and symbolic dynamics for Anosov diffeomorphisms. This allowed the
poweful techniques and results of statistical mechanics to be applied to smooth
dynamics, an extraordinary development in which Rufus Bowen played a ma-
jor role. Some of Bowen’s ideas were as follows. First, only one-dimensional
statistical mechanics is discussed: this is a richer theory, which yields what is
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needed for applications to dynamical systems, and makes use of the powerful
analytic tool of transfer operators. Second, Smale’s Axiom A dynamical sys-
tems are studied rather than the less general Anosov systems. Third, Sinai’s
Markov partitions are reworked to apply to Axiom A systems and their con-
struction is simplified by the use of shadowing. The combination of simpli-
fications and generalizations just outlined led to Bowen’s concise and lucid
monograph. This text has not aged since it was written and its beauty is as
striking as when it was first published in 1975.

Jean-René Chazottes has had the idea to make Bowen’s monograph more
easily available by retyping it. He has scrupulously respected the original
text and notation, but corrected a number of typos and made a few other
minor corrections, in particular in the bibliography, to improve usefulness
and readability. In his enterprise he has been helped by Jerome Buzzi, Pierre
Collet, and Gerhard Keller. For this work of love all of them deserve our
warmest thanks.

Bures sur Yvette, mai 2007 David Ruelle
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INTRODUCTION

The main purpose of these notes is to present the ergodic theory of Anosov and
Axiom A diffeomorphisms. These diffeomorphisms have a complicated orbit
structure that is perhaps best understood by relating them topologically and
measure theoretically to shift spaces. This idea of studying the same example
from different viewpoints is of course how the subjects of topological dynamics
and ergodic theory arose from mechanics. Here these subjects return to help
us understand differentiable systems.

These notes are divided into four chapters. First we study the statistical
properties of Gibbs measures. These measures on shift spaces arise in modern
statistical mechanics; they interest us because they solve the problem of de-
termining an invariant measure when you know it approximately in a certain
sense. The Gibbs measures also satisfy a variational principle. This princi-
ple is important because it makes no reference to the shift character of the
underlying space. Through this one is led to develop a “thermodynamic for-
malism” on compact spaces; this is carried out in chapter two. In the third
chapter Axiom A diffeomorphisms are introduced and their symbolic dynam-
ics constructed: this states how they are related to shift spaces. In the final
chapter this symbolic dynamics is applied to the ergodic theory of Axiom A
diffeomorphisms.

The material of these notes is taken from the work of many people. I have
attempted to give the main references at the end of each chapter, but no doubt
some are missing. On the whole these notes owe most to D. Ruelle and Ya.
Sinai.

To start, recall that (X, %, ) is a probability space if B is a o-field of
subsets of X and p is a nonnegative measure on % with p(X) = 1. By an
automorphism we mean a bijection T : X — X for which

(i) Ec® iff T'Ec3,
(i) w(T'E)=uE) for Ec A.
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If T: X — X is a homeomorphism of a compact metric space, a natural
o-field £ is the family of Borel sets. A probability measure on this o-field is
called a Borel probability measure. Let .# (X) be the set of Borel probability
measures on X and .#p(X) the subset of invariant ones, i.e. p € Ap(X) if
w(T7IE) = u(E) for all Borel sets E. For any u € .#(X) one can define
T*ue #(X)by T*u(E) = w(T7E).

Remember that the real-valued continuous functions %’(X) on the compact
metric space X form a Banach space under || f|| = max,cx |f(z)|. The weak
*-topology on the space € (X)* of continuous linear functionals o : (X) — R
is generated by sets of the form

U(f,e,a0) ={a € €(X)" : [af) — ao(f)] <€}
with f € €(X), e >0, ap € €(X)*.

Riesz Representation. For each p € .#(X) define o), € €(X)* by a,(f) =
[ fdp. Then p «+ «, is a bijection between . (X) and

{a € €(X)" : (1) =1 and a(f) > 0 whenever f > 0}.

We identify o, with p, often writing © when we mean a(p). The weak *-
topology on & (X)* carries over by this identification to a topology on .Z(X)
(called the weak topology).

Proposition. .#(X) is a compact conver metrizable space.

Proof. Let {f,}>2, be a dense subset of ¥ (X). The reader may check that
the weak topology on .#(X) is equivalent to the one defined by the metric

/mw—/nwﬁ 0

Proposition. .Z7(X) is a nonempty closed subset of M (X).

A, ) =Y 27" | fall 7
n=1

Proof. Check that T* : #(X) — .#(X) is a homeomorphism and note that
Mr(X) ={p € M(X): T*u = p}. Pick p € #(X) and let p, = L(p+
T*u+ -+ (T*)" 'p). Choose a subsequence i, converging to p’ € .4 (X).
Then p/ € A#p(X). O

Proposition. p € #p(X) if and only if
/(foT) du:/fdu for all f € €(X).

Proof. This is just what the Riesz Representation Theorem says about the
statement 7"y = p. 0O
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GIBBS MEASURES

A. Gibbs distribution

Suppose a physical system has possible states 1, ..., n and the energies of these
states are Eq,..., E,. Suppose that this system is put in contact with a much
larger “heat source” which is at temperature 7. Energy is thereby allowed to
pass between the original system and the heat source, and the temperature T
of the heat source remains constant as it is so much larger than our system.
As the energy of our system is not fixed any of the states could occur. It is
a physical fact derived in statistical mechanics that the probability p; that
state j occurs is given by the Gibbs distribution

e PE;
Pj = <n—_—5E,0
J Z?: L€ BE;
where 8 = ﬁ and k is a physical constant.
We shall not attempt the physical justification for the Gibbs distribution,

but we will state a mathematical fact closely connected to the physical rea-
soning.

1.1. Lemma. Let real numbers a1, ..., a, be given. Then the quantity

n

F(p1,....pn) = > —pilogpi + Y _pia;

i=1 i=1

has mazimum value log " €% as (p1,...,pn) ranges over the simplex
{(p1y--y0n) : pi =0, p1 + -+ p, = 1} and that mazimum is assumed

only by
-1
pj = e <Z e‘“) .
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This is proved by calculus. The quantity H(p1,...,pn) = >y —p;logp; is
called the entropy of the distribution (p1,...,pn) (note: p(x) = —xlogx is
continuous on [0, 1] if we set ¢(0) = 0.) The term Y., p;a; is of course the
average value of the function a(i) = a;. In the statistical mechanics case a; =
—BE;, entropy is denoted S and average energy E. The Gibbs distribution
then maximizes

1
—F
kT
or equivalently minimizes E — kT'S. This is called the free energy. The prin-

S—BE=S—

ciple that “nature minimizes entropy” applies when energy is fixed, but when
energy is not fixed “nature minimizes free energy.” We will now look at a
simple infinite system, the one-dimensional lattice. Here one has for each in-
teger a physical system with possible states 1,2,...,n. A configuration of the
system consists of assigning an z; € {1,...,n} for each i:

T—2 T—1 xQ 1 o 3
Thus a configuration is a point

T = ml}z—foo € H{l

We now make assumptions about energy:

(1) associated with the occurrence of a state k is a contribution @4(k) to the
total energy of the system independent of which position it occurs at;

(2) if state k1 occurs in place i1, and ko in i9, then the potential energy due to
their interaction @3(iq,12, k1, k2) depends only on their relative position,
i.e., there is a function @5 : Z x {1,...,n} x {1,...,n} = R so that

D5 (i1, 12, k1, ko) = Po(iy — io; k1, ka)
(also: Po(js k1, ko) = Po(—j; k2, k1))
(3) all energy is due to contributions of the form (1) and (2).

Under these hypotheses the energy contribution due to xg being in the Oth
place is

¢*(z) = Do(z0) + Y _ 3 Do(j; 75, 20)-
70
(We “give” each of xy and xj half the energy due to their interaction). We
now assume that [|P||; = supy, , [9(j; k1, k2)| satisfies

o0
> @l < oo,
j=1
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Then ¢*(z) € R and depends continuously on & when {1,...,n} is given the
discrete topology and X, = [[,{1,...,n} the product topology.

If we just look at &, ... ..., we have a finite system (n?>™**! possible
configurations) and an energy

m

) Z Do(z;) + Z Do (k — j; wp, ;)

j=—m —m<j<k<m

and the Gibbs distribution ., assigns probabilities proportional to
e PEm(@—m.2m) Now just suppose that for each z_, ..., T, the limit

(T ) = klln;oz {pg(z' .. x)) s @ = x; V)i <m}

exists. Then u € # (X)) and it would be natural to call p the Gibbs distri-
bution on X, (for the given energy and ). If we are given z = {z;}2_,

then instead of E,,(—m,...,Zm) one might add in the contributions by in-
teractions of z; (—m < j < m) with all other x}’s, i.e.,

Z (9250(%')+ Z ;QSQ(kj;xkvxj))'

Jj=—m k=—oc0

If we define the (left) shift homeomorphism o : X, — X, by o{x;}2 =

- i=—00
{Zi41}2 _ o, then this expression is just Z?:fm ¢*(0?z). This expression
differs from FE,,(€—m, ..., Zm) by at most
> > S22l + > Pl | < > k||| -
Jj=—m k=j+m+1 k=m—j+1 k=1

Thus, if C =Y",2, k||P2||x < co then E,,(x_pm, ..., Zy,) differs from
E;-n:fm ¢*(07z) by at most C. If we used E;-n:fm ¢* (07 x) instead of
E,(x_m,...,xy) in the Gibbs distribution pu,,, the probabilities would
change by factors in [e72¢,e2¢]. The point is that taking x; into consider-
ation for ¢ ¢ [—m,m] may change p,,, but not drastically if one assumes
Dot Kl P2k < oo

We want now to state a theorem we have been leading up to. For ¢ : X, —
R continuous define

vargg = sup{|¢(z) — d(y)| : zi = y; ¥ |i] <k}
As ¢ is uniformly continuous, limy_, ., varg¢p = 0.

1.2. Theorem. Suppose ¢ : X, — R and there are ¢ > 0, o € (0,1) so that
vargp < ca for all k. Then there is a unique u € M (%,,) for which one can
find constants ¢; > 0, cg > 0, and P such that
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wly:yi=a; Yi=0,...,m}
€1 < N m—1
exp (—Pm + 1) o(oka))

for every x € X, and m > 0.

<02

This measure p is written pug and called Gibbs measure of ¢. Up to
constants in [cy,co] the relative probabilities of the zg...xz,,’s are given
by exp Z;Cn:_ol #(c*z). For the physical system discussed above one takes
¢ = —po*. In statistical mechanics Gibbs states are not defined by the above
theorem. We have ignored many subtleties that come up in more complicated
systems (e.g., higher dimensional lattices), where the theorem will not hold.
Our discussion was a gross one intended to motivate the theorem; we refer to
Ruelle [9] or Lanford [6] for a refined outlook.

For later use we want to make a small generalization of X, before we prove
the theorem. If A is an n x n matrix of 0’s and 1’s, let

Ta={zeX, : Apo,, =1 Viel}.

That is, we consider all z in which A says that z;x;;1 is allowable for every
1. One easily sees that X4 is closed and 0X4 = X4. We will always assume
that A is such that each k between 1 and n occurs at xo for some x € X 4.
(Otherwise one could have X'y = X' with B an m x m matrix and m < n.)

1.3. Lemma. o : X4 — X, is topologically mizing (i.e., when U,V are
nonempty open subsets of X 4, there is an N so that c™UNV £ 0 ¥Ym > N)
if and only if AM >0 (i.e., A% > 0 Vi, j) for some M.

Proof. One sees inductively that A} is the number of (m + 1)-strings
apay - - - ap, of integers between 1 and n with

(a) Agpap, =1 VE,
(b)ag =i, am = J.
Let Uy ={z € Xa : 29 =1} #0.

Suppose X4 is mixing. Then 3N;; with U; N o"U; # 0 Vn > N, ;. If
a € U;No"Uj, then agas ... a, satisfies (a) and (b); so A, > 0 Vi,j when
m 2 max;, Ni,j'

Suppose AM > 0 for some M. As each number between 1 and n occurs as
xq for some z € X4, each row of A has at least one positive entry. From this
it follows by induction that A™ > 0 for all m > M.

Consider open subsets U, V of X4 with a € U, b € V. There is an r so

that
UD{zeXy:xp=ar Vk|l<r}
VD{QGEA:I‘k:bk V|k|§7‘}

Fort>2r+ M, m=1t—2r > M and A™ > 0. Hence find ¢, ..., ¢, with
co=by, c;m=0a_,, Acye,,, =1 for all k. Then

Q:...b_2b_1b0...brcl...cm_la_r...a/oal...

isin X4 and z € ctU NV. So X4 is topologically mixing. O
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Let % be the family of all continuous ¢ : X4 — R for which vari¢ < bak
(for all k > 0) for some positive constants b and « € (0,1). For any 8 € (0,1)
one can define the metric dg on X4 by dg(z,y) = B where N is the largest
nonnegative integer with x; = y; for every |2T< N. Then % is just the set
of functions which have a positive Holder exponent with respect to dg. The
theorem we are interested in then reads

1.4. Existence of Gibbs measures. Suppose X 4 is topologically mizing and
¢ € Fu. There is unique o-invariant Borel probability measure p on X5 for
which one can find constants ¢y > 0, co > 0 and P such that

ply s yi = x; for all i € [0,m)}
exp (—Pm +3) (b(a’@))

1 >

for every x € X4 and m > 0.

This theorem will not be proved for some time. The first step is to reduce
the ¢’s one must consider.

Definition. Two functions ¢, ¢ € €(X4) are homologous with respect to o
(written ) ~ ¢) if there is a u € €(X4) so that

b(z) = o(z) — u(z) +u(oz) .

1.5. Lemma. Suppose ¢1 ~ ¢o and Theorem 1.4 holds for ¢1. Then it holds
for @2 and pg, = g, -

Proof.
m—1 m—1 m—1
> dilokz) = > da(octz)| = | D u(e" ) — u(otz)
k=0 k=0 k=0

= [u(o™z) —u(z)| <2|ull.

The exponential in the required inequality changes by at most a factor of
e2llul when ¢, is replaced by ¢s. Thus the inequality remains valid with ¢1,
¢y changed and P, p unchanged. 0O

1.6. Lemma. If ¢ € %, then ¢ is homologous to some ¢ € Fy with (x) =
Y(y) whenever x; = y; for alli > 0.

Proof. For each 1 < t < n pick {ag}32 . € X4 with ag, = t. Define
r: X4 — X4 by r(z) = z* where

I 7 for k>0
Tk = agz, for k<0.

Let
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(o?r(x))) .
:0

J

Since 07z and o’r(z) agree in places from —j to +oo,
|6(07z) — ¢(o7r(z))| < varj¢ < o,

As Y777 1 ba’ < o0, uis defined and continuous. If z; = y; for all [i| < n, then,
for j € [0, n], ‘ ‘ ‘
|p(07z) — ¢(07y)| < varp—;¢ < ba™™?

and
6(a7r(2)) — d(o7r(y))] < ba™7.

Hence

lu(z) —u(y)l < b(07z) — ¢(07y) + d(07r(x)) — d(o7r(y)| +2 Y o

= Pl

This shows that u € Z. Hence ¥ = ¢ —u+ uo o is in .Z4 also. Furthermore

o0

b@) = o(@) + > (#lo" 'r(@) - é(07a)) + 3 (¢(o7a) — (077 (0w))

oo

)+ Z O'J+1 (b(ojr(ag))) .

The final expression depends only on {z;}22,, as we wanted. D. Lind cleaned
up the above proof for us. 0O

Lemmas 1.5 and 1.6 tell us that in looking for a Gibbs measure pg for
¢ € % (i.e., proving Theorem 1.4) we can restrict our attention to functions
¢ for which ¢(z) depends only on {z;}52,.

B. Ruelle’s Perron-Frobenius Theorem

We introduce now one-sided shift spaces. One writes z for {z;}32, (we will
continue to write x for {z;}$2___ but never for both things at the same time).
Let

It = {xe H{l,...,n} : Agizy, = 1foralli> 0}
i=0
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and define o : ¥ — X} by o(z); = z;41. 0 is a finite-to-one continuous
map of X7 onto itself. If ¢ € €(X}) we get ¢ € €(Xa) by o({z:}2_ ) =
d({zi}2,). Suppose ¢ € €(X,4) satisfies ¢(x) = ¢(y) whenever z; = y;
for all i > 0. Then one can think of ¢ as belonging to ¢(X}) as follows:
d({zi}2y) = o({wi}2 _ o) where z; for i < 0 are chosen in any way subject

to {z;}3°_ . € Y. The functions €' (X7) are thus identified with a certain
subclass of € (X 4). We saw in Lemmas 1.5 and 1.6 that one only needs to get
Gibbs measures for ¢ € €(X) N % in order to get them for all ¢ € Z;.

In this section we will prove a theorem of Ruelle that will later be used
to construct and study Gibbs measures. For ¢ € %(ZX) define the operator

L=Lyon%(X}) by

(Lof)@) = > Wiy,

y €o 1z

It is the fact that o is not one-to-one on EX that will make this operator
useful.

1.7. Ruelle’s Perron-Frobenius Theorem [10, 11]. Let X4 be topolog-
ically mizing, ¢ € Fa NE(XL) and L = L, as above. There are A > 0,
h € €(X%) with h > 0 and v € #(XF) for which Lh = \h, L*v = v,
v(h)=1 and
mligloo [A""L™g —v(g)h| =0 for all g € €(ZF).

Proof. Because L is a positive operator and £1 > 0, one has that G(u) =
(L p()" L € A (XY) for p € M (X}). There is a v € .#(X}) with
G(v) = v by the Schauder-Tychonoff Theorem (see Dunford and Schwartz,
Linear Operators I, p. 456): Let E be a nonempty compact convex subset of
a locally convex topological vector space. Then any continuous G : E — F
has a fixed point. In our case G(v) = v gives L*v = Av with A > 0.

We will prove 1.7 via a sequence of lemmas. Let b > 0 and « € (0, 1) be any
constants so that varg¢ < ba* for all k > 0. Set B,, = exp (Zz’;mﬂ Qbak)
and define

A={fe€(Z}): [=0,v(f)=1, f(z) < Bnf(z),

whenever x; =z} for all i € [0,m]}.
1.8. Lemma. There is an h € A with Lh = Ah and h > 0.
Proof. One checks that A™'Lf € A when f € A. Clearly A™'Lf > 0 and
vTILF) = AL (f) = () = 1.

Assume z; = a} for i € [0, m]. Then

Lf(z) = Z e?UD) £ (jz)
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where the sum ranges over all j with A;,, = 1. For 2’ the expression runs
over the same j; as jz and jz’ agree in places 0 to m + 1

e¢(j£)f(jg) < e¢(j§’)eba""“Bmﬂf(jg/) < Bme¢(j§/)f(jg’)

and so

Lf(z) < BnLf(z').

Consider any z,z € EX. Since AM > 0 there is a y € oMz with y) = 2.
For fe A

> oMl f(y).

Let K = AMeMISIBy, Then 1 = v(A"MLM f) > K~ f(2) gives || f|| < K as z
is arbitrary. As v(f) = 1, f(z) > 1 for some z and we get inf \=™M LM f > K—1,
If z; = 2} for i € [0,m] and f € A, one has

|f(z) - f(2')] < (Bm — 1)K — 0

as m — oo, since B,, — 1. Thus A is equicontinuous and compact by
the Arzela-Ascoli Theorem. A # () as 1 € A. Applying Schauder-Tychonoff
Theorem to A™1L : A — A gives us h € A with Lh = Mh. Furthermore
infh =inf \=MLMp > K-'. O

1.9. Lemma. There is an n € (0,1) so that for f € A one has \™M LM f =
nh+ (1 —n)f" with f' € A.

Proof. Let g = A= LM f —nh where 7 is to be determined. Provided 7||h| <
K~ we will have g > 0. Assume z; = 2, for all i € [0, m]. We want to pick n
so that g(z) < Bpg(z'), or equivalently

(*) n(Bmh(a) = h(z)) < BuAMLM f(') =AMLY f(z).

We saw above that L£f1(z) < Bmt1 ebamﬂﬁfl (z') < Bpy1 " Lf1(2') for
any fi € A. Applying this to f; = \™M+1LM=1f one has

)\—Mch(g) < Bm+1 ebam)\_M,CMf(g/) )

Now h(z) > B;,'h(z’) because h € A. To get (x) it is therefore enough to
have
N(Bm = B )(a') < (B — Bmgae™ ) XM LM f(2!)

or
1B = Bl < (B = Byure™ )K"
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There is an L so that the logarithms of B,,, B;,! and Bp1eb®” arein [-L, L]
for all m. Let uy, us be positive constants such that

u(z—y)<e® —e¥ <ug(zx—y)foralz,ye|-L,L], z>y.
For () to hold it is enough for n > 0 to satisfy
nl|Ajur (log By, +10g Br) < K ug(log By, — log(Bpy1€™))

or

4bam 1 _ m
nllh|lus ( a ) < K tugba

or
n < uz(1l — a)(dauy ||h||K) 7. O

1.10. Lemma. There are constants A > 0 and 5 € (0,1) so that
[AT"L™f —h] < AB™
forall fe A, n>0.

Proof. Let n = Mg+ r, 0 <r < M. Inductively one sees from Lemma 1.9
and Lh = Ah that, for f € A,
ATHaLMAf = (1= (1=n))h+ (1 -n)f,

where f; € A. As || f;|| < K one has

ALY — Rl < (1= n)?(|IR] + K)

and
AL = Rl = AL (ATMILMa f — B

< A(L—n)itt

< ABT,
where

A= 1 —=n) "M ([|p] + K) sup [IA7"L"|
0<r<M

and

M =1—n. O

1.11. Lemma. Let 6, = {f € €(X}) :var, f =0}. f F€ A, f€%6,, f >0
and fF #0, then v(fF)IA\""L"(fF) € A.
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Proof. Assume x; = x} for i € [0, m]. Then

C(fF)@) = Y exp (Z o(c* (js - -w») G- 3ea)F - o)
k=0

Jigr

where jy ---j, runs over all r-strings of symbols for which j;---j,.x € Z'j.
In the expression for L"(fF)(z’) one has ji---j, running over the same
r-strings. Now f(ji--jrz) = f(jr--ja') as f € G, F(jr---jrz) <
Bm+rF(j1 o 'jrg/% and ¢(0k(]1 o ]r@)) < (b(o'k(jl o 'jr&l)) + Varm+r—k¢~
Since

r—1 m—+r
Bopir €Xp (Z varm+T_k¢> < Bpgr€xp Z ba? | < B,
k=0 j=m+1

each term in the above expression for £7(fF)(z) is bounded by B, times the
corresponding term for L7 (fF)(z’). Hence L™ (fF)(z) < BnL"(fF)(z').

One must still show v(fF) > 0. Reasoning as in the proof of 1.8 (with
L7(fF) in place of f) we get

N(FF) = A M LM (FF) > K710 (fF) (2),
for any z. But (fF)(w) > 0 gives L™ (fF)(c"w) > 0 and so v(fF) > 0. O
1.12. Lemma. For f € 6., F € A andn > 0,
AT LR (FF) — w(FR)A] < Av(|fF])5".
For g € €(X7) one has lim,, 00 [A""L™g — v(g)h| = 0.
Proof. Write f = f* — f~ with f*, f~ >0and f*, f~ € 6,. Then
AL (fEF) = v(fER)R| < Av(|fFF])B"

For f*F = 0, this is obvious; for f*F # 0 we apply Lemmas 1.11 and 1.10.
These inequalities add up to give us the first statement of the lemma.

Given g and € > 0 one can find r and f;, fo € €, so that f; < g < f5 and
0< fa—f1<e. As|v(fi) —v(g)| < e, the first statement of the lemma with
F =1 gives

[AT™L™(fi) — v(g)hll < e(1+ [|R]])

for large m. Since A= L™ f1 < AXTTLMg < ATTL™ o,
[AT"L™g — v(g)hl| < e(1+ [|h]])
for large m. O

The proof of 1.7 is finished.
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C. Construction of Gibbs measures

We continue to assume that ¢ € % NE(XF) and v, h, A are as in Ruelle’s
Perron-Frobenius Theorem. Then p = hv is a probability measure on Ej{;

u(f) =v(hf) = [ f(2)h(z) dv(z).
1.13. Lemma. p is invariant under o : EX — EX.
Proof. We need to show that pu(f) = u(foo) for f € €(X}). Notice that

(LH-g)a) = > eDf(y)gx)

gEG_lg

= Y Wiy)gloy)

gEa_lg
=L(f-(goo))(z).
Using this

n(f)

v(hf)
v(NTILh - f)

AT (L(h- (f o))
= ALY (h-(foo0))
=v(h-(foo))
=u(foo). D

Because p is o-invariant on Ej{ there is a natural way to make p into a
measure on X 4. For f € €(X4) define f* € €(X}) by

F{2:}20) = min{f(y) : y € ¥a, v = x; for all i > 0}.
Notice that for m,n > 0 one has
[(foo™) oo™ —(foo™™)|| < varnf.
Hence
[u((foo™)) =u((foo™ ™)) = u((foo™) 0a™) —u((foo™ ™)) < var, f

which approaches 0, as n — oo, since f is continuous.

Hence fi(f) = limy— oo p((f o 0™)*) exists by the Cauchy criterion. It is
straightforward to check that i € € (X 4)*. By the Riesz Representation The-
orem we see that i defines a probability measures on Y4, which we will denote
by u despite the possible ambiguity. Note that

i(foo)= lim u((foo™ ")) =4p
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proving that fi is o-invariant. Also fi(f) = p(f) for f € €(X4)*.
Recall that p is ergodic if u(E) = 0 or 1 whenever F is a Borel set with
o~ 'E = E. One calls u mizing if

lim u(ENo™"F) = p(E)u(F),

n— oo

for all Borel sets E and F. It is clear that mixing implies ergodicity and a
standard argument shows that the mixing condition only need be checked for
FE and F in a basis for the topology.

1.14. Proposition. p is mizing for o : Xy — X 4.

Proof. Writing S,,¢(z) = ZZL:—OI ¢(o*z) one checks inductively that for f,
g € €(X}) one has

(L") = Y W f(y).

yeo "z
Then
(L") -g)x) = > W f(y)g(a™y)
QGU*"LQ
=L (f - (goo™)).
Let

E={yecXa:y=ar<i<s},
F={yeXYa:yi=bj,u<i<v}.

In checking the mixing condition for £ and F' we may assume r = u = 0
because y is o-invariant. We want to calculate

MEN™"F) = u(Xg - Xg-nrp)
=p(Xp - (Xpoa™))
=v(hXg (Xpoo™))
=A"Lv(hX g - (Xpoo™))
=v(AT"LY(hXE - (Xpoa™)))
=v(AT"LY(hXE) - XF) -

Now
(BN 0" F) = p(E)u(F)| = [u(E N 0= F) = v(h ) (hXp)

= |v ((A_ncn(hXE) - V(hXE)h)XF) |
< AL (X E) — v(RX p)h]| v(F).

Because X € €s Lemma 1.12 gives, for n > s,
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IAT"L™(hX ) — v(hX p)hl < Ap(E)B"
where 8 € (0,1). One then has
WENe™"F) — W(B)u(F)| < A'/p(E)u(F)B"*
for n > s where A’ = A (inf h)~!. Thus u(ENo"F) = p(E)u(F). O

1.15. Lemma. Let a = Z;iovarkqb < oo. If z,y € Yo with x; = y; for
i €[0,m), then
|Sm¢($) - Sm¢(g)| <a.

Proof. Define y' by

; _Jy; for i>0
Yi=\az for i<0.

Since ¢ € €(X7), ¢p(o*y’) = ¢(c*y) for k > 0. Hence

[Smd(a) — Sme(y)l < D bl z) — o(a*y)]

<Y var, o1k
k=0
<a. O

We now complete the proof of 1.4.
1.16. Theorem. y is a Gibbs measure for ¢ € Fy NE(XF).

Proof. Let E={y € ¥4 :y; =x; for i €[0,m)}. For any z € X} there is
at most one 3’ € 0~z with 3’ € E. Thus, using 1.15,

Lr(hxp)z) = Y S Whly)xpy)

geo-—rng

< Smo(z) a A
and so

p(E) = v(hXp)
= AL (hXp))
< ATmeSme@en |p).
Thus take c = e?||h||. On the other hand, for any z € X7} there is at least
one y' € o™ M4 with y' € E. Then
LM (hx ) (z) = S WIR(y)
> e Mlgli=a (inf p) Ime(@)
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and

p(E) = A" My (Lm M (hy ) > e A e o)
where ¢; = A=Me=Ml¢l-a We have verified the desired inequalities on mea-
sures of cylinder sets given in 1.4 with P = log \.

Suppose now that p’ is any other measure satisfying the inequalities in
Theorem 1.4 with constants ¢}, ¢4, P'. For x € X4 let E,,(z) = {y € Xa
y; = x; forall ¢ € [0,m)}. Let T;,, be a finite subset of X4 so that 24 =
U.er, Em(z) disjointly. Then

clle_P/m Z eSmo(@) < Z 1 (Em(z))
€T, x€Tm,
=1
< chen T Y eSndle
€T

From this one sees that P’ = lim,,—s o % log (erTm esm‘z’@)). One can

apply the same reasoning to p; hence P’ = P as they equal the same limit.

The estimates on p/ (Ey, (z)) and p(E,, (2)) give us p' (B (2)) < du(Ep(x))
where d = cyc; b Taking limits this extends to p/(E) < du(E,,) for all Borel
sets E. In particular u/(E) = 0 when u(E) = 0. By the Radon-Nikodym
Theorem i/ = fpu for some p-integrable f. Applying o one has

/,L/ — O-*/,L,
— (foo) o'n
= (foo)u.
As the Radon-Nikodym derivative is unique up to p-equivalence, f oo = f.

Because p is ergodic this gives f equivalent to some constant c.
1=p/(Xa)=[cdp=cand p=y/. O

D. Variational principle

We will describe Gibbs measures as those maximizing a certain quantity, in a
way analogous to Lemma 1.1. If € = {C4,...,Cy} is a partition of a measure
space (X, %, u) (i.e., the C;’s are pairwise disjoint and X = Ule C;), one
defines the entropy

k

W(€) =Y (—u(Ci) log u(Cy)) -

i=1
If D is another (finite) partition,
GVD:{CiﬂDj:Ci eC ,Dj ED}
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1.17. Lemma. H,(CV D) < H,(C) + H,(D).
Proof.

H,(€V D) = Hy,(€) =Y (—u(Ci N Dy)log u(Ci N D)) = Y (—p(Ci) log u(Cy))

7 i

,LL(CZQDJ)
= C’ ﬂD log ———MMM—~
Z & uCy)

p(CinDj) . w(CinDj)\
‘ZZ’”‘ ( (e R (eA )

The function ¢(z ) = —zlogz (p(0) = 0) is con-
cave on [0,1] as ¢"(z) < 0 for z € (0,1). From this @
it follows that

(a1 + a2x2) > arp(21) + azp(x2)

when z1,z2 € [0,1], a1 + a2 = 1. Inductively |
one sees that ¢(3°7 | aizs) > Y i, aip(x;) when 0
>r,ai=1and a; > 0.

Applying this to a; = u(C;) and z; = % we get

w(C; N D;
e (MG )”(Zi“(ci”l)j)):@(“(%”'

So
H,(CVD)— <ng H,(D). O

1.18. Lemma. Suppose {a}5—; is a sequence satisfying inf &= > —oo,
Amyn < A + ap for all myn. Then limy, o, 5= exists and equals inf,, 5=

Proof. Fix m > 0. For j > 0, write j = km + n with 0 <n < m. Then

a; a a a ka a
i km-+n < km n < m n

j km+n~— km  km ~— km  km

Letting j — 0o, k — 0o one gets

. a; _a
hmsup—? < .
J J m

Thus limsup; = < 1nf “m . As liminf; “j’ > inf,, %= one gets that lim; % >
exists and equals inf,, ¢=. 0O
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1.19. Lemma. If D is a (finite) partition of (X, B,u) and T an automor-
phism of (X, %, 1), then

h,(T,D) = lim iH#(D VT IDv...vT~mHD)

m—o00 M

exists.
Proof. Let ay, = Hy(DVT DV .-V T~™F1D). Then
amin < Hy(DVT DV - VT~ ™DV H, (T~ ™DV - VT~ " " D) < a,,+ay,

since
T"DV.-. . VT "D = T ™(Dy -y TTHED)
and p is T-invariant. 0O

Definition. Let yu € #5(X4) and U = {Uy,...,U,} where U; = {z € X4 :
xo =1i}. Then s(pu) = hy(o,U) is called the entropy of fi.

Suppose now that ¢ € €(X4) and that apay - - - a;m—1 are integers between
1 and n satisfying A = 1. Write

AR Ar+1

m—1
sup Sm(b:sup{Zgb(ka):xEEA, T, = a; fora110<i<m}

a1 Gm—1 =0

and

Zm($)= > eXP< sup Sm¢>~

apgay - Qm—
a1 am_1 0a1° " Am—1

1.20. Lemma. For ¢ € €(X4), P(¢) = limy, 00 - log Z,,,(¢) exists (called
the pressure of ¢).

Proof. Notice that

sup Smtn® < sup Sm¢ + sup Sn¢.

apai-"Gm+4n—1 apay-Am—1 AmAm+4n—1

From this one gets Z,4n(¢) < Zn(¢)Zn(¢); the terms in Z,,4,(¢) are
bounded by terms in Z,,(¢)Z,(¢) and Z,,(¢)Z,(¢) may have more terms,
all positive. Apply Lemma 1.18 to a,, = log Z,,(¢) (notice a,, > —m||¢|]). O

1.21. Proposition. Suppose ¢ € € (X4) and p € My(X4). Then

+ [ o du< Po).
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Proof. As [¢ o ordy = [¢du, ~ [Snedy = [¢dp where Spd(z) =
Sioy ¢(o*z). Hence

s(u) +/¢ dp < W}g}noo% (HM(UV---VU"”“U) +/Sm<b du) :

Now UV ---V o~™F MU partitions points z € X4 according to £oxy - - Tp_1-
Thus

H,(UV--- Vo ™Y) +/Sm¢ du

< Y plag-amo1)(—logp(ag--am-1)) + sup  Spmé

apay-"Gm-—1
o "Gm—1

<log Z,,(¢) by Lemma 1.1.
Now let m — co. O
1.22. Theorem. Let ¢ € %, X4 topologically mizing and py the Gibbs mea-
sure of ¢. Then py is the unique p € My(X4) for which

o)+ [ 6 du=Plo).
Proof. Given ag - ay,-1, pick z with 2; =a; (i =0,...,m —1) and

Smp(z) = sup  Spmo.

apay-"Gm—1
Now, as p = g is the Gibbs measure,

ply € Xatyi=a; VO <i<m}
exp(—Pm + Sy p(z))

Summing the measure of these sets over all possible ag - - - a,,,—1’s gives 1; so

S [01,02] .

c1exp(=Pm)Z,,(¢) <1 < coexp(—Pm)Zn(¢)

or

Zm(9)
exp(Pm)

It follows that P(¢) = lim, 0 - log Zp,,(¢) = P.
If yj=x; foralli=0,...,m —1, then

€legt,er ']

m—1

|Smd(y) — Smd(2)| < Y [¢(o*y) — (o y)|

< vargp + vari¢ + - - - + var %]¢+varm7[%]¢ + .-+ vargep
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Hence, if B={y € ¥4 :y; =a; forall i=0,...,m — 1}, then for z € B,

ﬂﬂW%Mm+/$MWQ—MmU%Mm—&M@+M

> —u(B) [ log (026 Pt Smé( z)) Sm¢(z) +d |
> u(B)(Pm —logcy — d) .

Since

H,(WV - Vo ™) + /sm¢ du

- 1(B)lo Spnds d
zB:( g (B / )

> Zu(B)(Pm —logco —d) = Pm —loges — d,
B
we get

s(w)+ [ ¢ dp= lim = <HH(U\/"-\/U_m+1U)+/Sm¢ du)

m—o0 M

1
> lim —(Pm—logey —d) =P = P(¢).

T m—oom

The reverse inequality was in Proposition 1.21. So

sww+/¢m%=Pwy

To prove uniqueness we will need a couple of lemmas.

1.23. Lemma. Let X be a compact metric space, u € M (X), and D =
{D1,...,Dn} a Borel partition of X. Suppose {Cp, }3°_; is a sequence of par-
titions so that diam(C,,) = maxcee,, diam(C) — 0 as m — oco. Then there
are partitions {E{*,...,E™} so that

1. each ET" is a union of members of C,,,

2. limy, oo p(EMAD;) = 0 for each i.

Proof. Pick compacts Kj,...,K, with K; C D; and u(D;\K;) < e. Let
§ = inf;2; d(K;, K;) and consider m with diam(€,,) < . Divide the elements
C € C,, into groups whose unions are EJ",..., E" so that

CCE™ if CNK;#0.

As diam(C,,) < g any C € C,, can intersect at most one K;. Put a C hitting
no K; in any E!" you like. Then E” D K; and

w(E"AD;) = p(DA\E" ) +u(E{"\D;) < e+ p (X\ LnJ Ki) <(nt+l)e. O

=1
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1.24. Lemma. Suppose 0 < p1,...,pm < 1, s =p1 + -4+ pm < 1 and
a1y...,0m € R. Then

Zpi(ai —loga;) <s <1ogZe“" —log s) .
i=1 i=1

Proof. This generalizes 1.1. One shows by calculus that the left side is maxi-
mized at p; = Z“:a] - 0O

Proof of Theorem 1.22 (continued). Let v € My(X4) satisty s(v)+ [ ¢ dv = P.
First suppose v is singular with respect to u. Then there is a Borel set B with
o(B) = B, u(B) = 0 and v(B) = 1. Let €, = o [Z]7"UV- - -vUV- - -vol U
Then diam(C,,) — 0 (use dg metric). Applying 1.23 to {B, X\ B} one finds
sets E™ which are unions of elements of C,, and satisfy (u+v)(BAE™) — 0.
As p + v is o-invariant and o™ [2]B = B one has (b +v)(BAF™) = 0

where F™ = o™ [%]E™ is a union of members of UV - - -V o™ 11, Since

s(v) =inf LH,(UV---Vo~™TU) one has

P = P(¢) :s(u)+/¢ dv < % (HV(UV---VJ_m+1U)+/Sm¢S du)

or

mP < Z [V(B) logv(B) + /

BEUV--Vo—mH+1U B
Picking z,, € B one has S,,,¢ < S,,¢(x,) + d on B and so

Sm® dy] .

mP <d+ Y v(B)(Smé(z,) — logv(B))

B
<d+ Y v(B)(Smé(z,) - logv(B))
BCF™
+ > UUB)(Smo(z,) —logv(B)).
BCX\F™

Applying 1.24

mP —d < v(F™) log Z exp(Smo(z,))
BCF™

+ I/(X\Fm) log Z GXP(Sme(EB)) +2K".
BCX\Fm

where K* = supg<,<;(—slogs). Rearranging terms:
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—2K* —d < v(F™) log Z exp (Smé(z,) — mP)

BCF’V?'L
+ v(X\F™) log Z exp (Smé(z,) — mP)
BCX\Fm
< w(F™) log Y c'u(B) + v(X\F™) log Y ¢ u(B)
BCF™ BCX\Fm

< logeyt 4+ v(F™)log u(F™) 4+ v(X\F™)log u(X\F™).

Letting m — oo, v(F™) — 1, u(F™) — 0 and the above inequality is contra-
dictory.

In general, for v € M#,(X4), write v’ = v + (1 — B)u’ where 5 € (0,1),
v € My(Xy) is singular w.r.t. g and p’ € #,(X4) is absolutely continuous
w.r.t. u. As v and p’ are supported on disjoints sets

Pyi(¢) = BP,(6) + (1 = B)Pu(9),

where P,(¢) = s(v) + [ ¢ dv. Suppose P, (¢) = P. Since P,(¢) < P and
P, (¢) < P (Prop. 1.21), we have P,(¢) = P or § = 0. We just saw that
P,(¢) # P. Thus v/ = p/ and write v/ = ‘Z—’;’u. Then the ‘Z—’: is o-invariant up
to equivalence as v/, u are both invariant and the Radon-Nikodym derivative

7
is unique up to equivalence. So % is constant and v/ = p. a

E. Further properties

In this section we look at more examples of the good behavior of Gibbs mea-
sures. Throughout we assume p = pug with ¢ € % and o|x, topologically
mixing.

Two partitions P and Q are called e-independent if

> wPnQ) - uP)u@) <e.

PeP,QeQ
Let U = {Uy,...,U,} be the partition of X4 with
Uj:{QEZA:.’EO:j}.

The partition U is called weak-Bernoulli (for o and p) if for every € > 0 there
is an N(e) so that

P=UVe 'UV---Vo U and Q=octUV---Vo I "U

are e-independent for all s > 0, r > 0, t > s+ N(g). A well-known theorem
of Friedman and Ornstein [4] states that if U is weak-Bernoulli, then (o, i) is
conjugate to a Bernoulli shift.
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1.25. Theorem. U is weak-Bernoulli for the Gibbs measure jt = .

Proof. We may assume that ¢ € €(X7}) as before. For P € P we have X p €
%,. As in the proof of 1.14, for Q) € Q

1(PNQ) — u(P)u(@Q) < A'u(P)u(Q)B~*
where 5 € (0,1). Summing over P, Q

D IPNQ) - u(P)u(@) < AP0 <&
P.Q

when ¢t — s is large. O

Because p is mixing, pu(f - (go ™)) = u(f)u(g) as n — oo for f, g contin-
uous (in fact L?) functions. The above proof used that this convergence was
exponentially fast for characteristic functions of cylinder sets. This exponen-
tial convergence will now be carried over to functions in %. For a € (0,1)
let 7, be the family of f € €(X4) with var,f < ca® for some c. %, is a
Banach space under the norm

[ £lla = LF]l + sup(a*vary.f) .
k>0

1.26. Exponential Cluster Property. For fized o € (0,1) there are con-
stants D and v € (0,1) so that

lu(f - (go0™)) = u(f)ug)l < Dl fllallgllar™
forall f,g € 7, n>0.
Proof. For k>0 and z € X4, let

Ep(z) ={y € Xy :y; = x; forall |i| <Fk}.

Define fi(z) = p(Ex(2)) ™" [g, (o f du- Then p(fi) = p(f) and |[f = fill <
| fllac®. Hence
lu(f - (goa™)) —u(f)ulg)l <
[u(fi - (groo™)) — p(fi) plgi) |+ (f = fi) - (go o™ DI+ u(fr - ((9—gr) 0 ™))]
< ulfr - (gr 00™) = p(fir) (gr)| + 205 fllallgla-

Now fj, is measurable with respect to the partition P = {E(z)},; i.e., fr =
Y pepapXp- Also g = > peyp bpX p. Hence

[u(fr - (gr 0 0™)) — p(fi)plgr)] < Z lapbp| [W(PNo™"Q) — u(P)u(Q)|
P,Qe?
< | /llglA"B"=2
< [If lallgllaA’B" 2.

Letting k = [n/3] we get the result with v = max(a!/3, 5/3). O
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1.27. Central Limit Theorem. For i) € % there is a &€ = £(¢) € [0,00) so
that

wfoemis S -mn <rb=5 I [ e

For £ =0, convergence is asserted for r = 0 and the expression on the right
is taken to be 0 for r <0 and 1 for r > 0.

Remark. We omit the proof, referring the reader to M. Ratner [13]. It is
interesting to know when £(¢) = 0. This happens (see [13]) precisely when

b () =uoo —u

has a solution w € L?(p). It is interesting that in case such u can be found
one can find u € F and so v is homologous to a constant. The reasoning for
this is very roundabout and it would be good to find a nice direct proof.

1.28. Theorem. Let X4 be topologically mizing and ¢, € Fu. The following
are equivalent:

(1) po = py-
(i) There is a constant K so that Spy¢(z)—Sm(z) = mK whenever o™z = x.
(iii)There are a constant K and a u € % so that

d(z) =(z) + K+ u(oz) —u(z) for all z € X4.

(iv)There are constants K and L so that |Smé(z) — Smyp(xz) — mK| < L for
all x and all m > 0.

If these conditions hold, then K = P(¢) — P(v).

Proof. (iii) = (iv) is obvious and (iv) = (i) is just like Lemma 1.5. Assume
te = Hy and 0™z = z. From the definition of a Gibbs measure and jigy = fiy

one sees that )
exp(—P(¢)j + S;9(z))
exp(=P(1)j + Sjip(z))

where d; > 0, d2 > 0 are independent of z and j. This is equivalent to

1Sj0(z) — Sib(z) — j(P(d) — P(¥))| < M

for some M independent of j,z. If 0™z = gz, letting j = km, S;¢(z) =
kS, é(z) and

S [dl,dg],

M >k [Smé(z) — Smip(z) — m(P(¢) — P(¥))].

Letting k — oo we get (ii) with K = P(¢) — P(v¥).
Now assume (ii). In proving (iii) we will need the following standard
lemma.
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1.29. Lemma. If T : X — X is a topologically transitive continuous map of
a compact metric space, then there is a point x € X so that

if U %0 is open, N >0, then T"x € U for somen > N.

Proof. As X is 2nd countable, let Uy, Us, ... be a basis for the topology. By
transitivity, the open set

Vin=|J 77"U;

n>N
is dense in X. By Baire Category Theorem there is an = € ﬂLN Vin. O

Continuing the proof of (iii) from (ii), let z be as in the lemma for X = X4,
T = o (topological mixing is stronger than transitivity). Let n = ¢ — ¢ — K €
Za. Let I' = {o*z : k > 0} and define v : I' — R by

k—

u(o's) = Y u(e'z).

=0

Ju

<

As I''is dense in X' 4, I’ must be infinite (except in the trivial case of X4 =one
point) and z is not periodic. Thus 0%z # o™z for m # k and u is well defined
on I'. We will estimate var,(u|I"). Suppose y = ¥z, and z = o™z (m > k)
agree in places —r to r. Then zpys = Tpts for all |s| < 7. Define w € X4 by

w; =x¢ for i=t (modm—k), k<t<m.

Then 0™ *w = w and w, z agree in places k — r to m + r; hence o’z, o/w
agree in places k — r — j through m 4+ r — 5. Now

m—1
u(w) —u(y) = Y no’z).
j=k
Since (ii) gives
m—1
n(o’w) =0,
j=k
m—1
lu(z) —u(y)| < ) In(e’z) —n(o’w)|
j=k
< var,n + var,41n -+ - - -+ var,41m + var,n
o0
<2 Z vargmn

Since n € Sa, vargn < ca® for some « € (0,1) and
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2c
11—«

oo
var, (u|r) < 262045 =

s=r

So v is uniformly continuous on I' and therefore extends uniquely to a con-
tinuous u : X4 = I' = R. Because var,u = var,(u|r), u € %. For z € I,

u(oz) —u(z) = n(z)

and this equation extends to X4 by continuity. O
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2

GENERAL THERMODYNAMIC
FORMALISM

A. Entropy

In Section D of Chapter 1, we defined the number h,(T,D) when T is an
endomorphism of a probability space and D a finite measurable partition. We
now define the entropy of u w.r.t. T by

h(T) = sup hu(T, D),
where D ranges over all finite partitions. We will now turn to some computa-

tional lemmas.

We define
H,,(€|D) = H,(€ v D) — H,(D)

o _ w0 D) (#(C;NDi)
=~ 2mP) LD, o (57

>0.

Lemma 1.17 says that H,(C|D) < H,(C). We write € C D if each set in €
is a union of sets in D.

2.1. Lemma.

(a) H,(C|D) < H,(C|€) if D D E.

(b) H,(€[D) = 0 if D > €.

(c )HM(G\/D|E) < H,(€C|&) + H,(DI¢).
(d) H,(C) < Hyu(D )+H (€D).

Proof. Letting ¢(z) = —zlogz, H,(C|D) = > ;> u(Di) ¢ (%)
Since € C D, one can rewrite this as

u(D) (w(C;N DY\
H,(€D) = ZZ Dlzc: w(E) <,0< (D) )

Jj Ee&
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By the concavity of ¢ (see the proof of Lemma 1.17) one has ¢(>_ a;x;) >

> a;p(xz;) where
1(D;) _ u(C;NDy)

w(E) T (D)

H(ED) < 3 5 uiE) ¢ (S5 = ek,

Hence

To see (b) one notes that €V D =D when D D €. For (c) one writes
H,evD|E)=H,(eVDVE)—H,(DVE)+H,(DVE)—H,E)
=H,(CDVE)+ H,(D|E)
< H,(€l€) + Hu(D[E)
by (a). Finally

H,(€) = Hy(€V D) - H,(D|C)
<H,CvD)=H,(D)+H,CD). O

2.2. Lemma. Let T be an endomorphism of a probability space (X, A, ), C
and D finite partitions. Then

(a) H,(T~*€|T—*D) = H,(C|D) for k >0,
(b) h#(Ta e) é h#(Ta ‘D) + H,u(e|D)f
(¢) hy(T,CV -V T~"C) = h, (T, C).

Proof. As p is T-invariant,

H,(T7*C|T7*D) = H (T *C¢vT7*D) - H,(T7"D)
= Hy(€ VD) — H,(D) = Hy(C|D).

Using Lemma 2.1

H,CVv---vT ™)< H,(DV---vT "D)
+H,(CV---vT HED V... v T D)
<H,(DV---vT ™D)
m—1
+ Y H,(TFeDv. v T D)
k=0
m—1
S H,(DV---VT"D) 4+ > H,(T*e|T~"D)
k=0

=H,(DV--- VT ""D) + mH,(C|D).

Dividing by m and letting m — oo,
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hu(T,C) < h,(T,D) + H,(C|D).
Set D=CV.--vT"C. Then

1 1

Hy(DV--- VT "D)=—H,(CV...vT " "),

m ul ) m i )
Letting m — oo, (as ;.7 — 1) we get

h(T,D) = hy(T,C). O

2.3. Lemma. Let X be a compact metric space, p € M (X), € >0 and C a
finite Borel partition. There is a 6 > 0 so that H,,(C|D) < ¢ whenever D is a
partition with diam(D) < 6.

Proof. Let C = {C1,...,Cy}. In Lemma 1.23 we showed that, for any o > 0,
one could find 6 > 0 such that whenever D satisfies diam(D) < § there is a
& ={E,...,B,} C D with

H(EzACz) <.

The expression

(€)= Sou(E;) o (M)

depends continuously upon the numbers
w(C;NE;) and p(E;) =Y u(C;NE)
J
and vanishes when p(C; N E;) = 6;; u(E;). Hence, for a small, H,(C|E) < e.
Then H,(C|D) < H,(C|€) <e by 2.1 (a). O

2.4. Proposition. Suppose T : X — X is a continuous map of a com-
pact metric space, p € AMr(X) and that D, is a sequence of partitions with
diam(D,) — 0. Then

h(T) = lim hy, (T, Dy).

n—oo

Proof. Of course h,(T) > limsup,, h,(T,D,). Consider any partition €. By
Lemmas 2.2 (b) and 2.3

h,(T,€) <liminfh,(T,D,).

Varying €, h,(T) < liminf, h,(T,D,). O

A homeomorphism 7' : X — X is called expansive if there exists € > 0 so
that
d(T*z, TFy) <e forallkeZ = z=y.
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2.5. Proposition. Suppose T : X — X is a homeomorphism with expansive
constant €. Then h,(T) = h,(T, D) whenever p € #r(X), and diam(D) < e.

Proof. Let D, = T"DV --- VDV ... VT "D. Then diam(D,,) — 0 using
expansiveness. Hence h,(T") = lim,, h, (T, D). But h,(T,D,) = h,(T,D) by
Lemma 2.2 (¢). O

Consider the case of 0 : X4 — X4 and standard partition W = {Uy,...,U,}
where U; = {z € X4 : 29 = i}. Then o is expansive and 2.5 gives that
hu(o) = hyu(o,W) for p € M,(X4). Now h,(o,U) is what we denoted by
s(p) in Chapter 1. That s(u) = hy(o) implies that the number s(u) does
not depend on the homeomorphism ¢ and partition U, but only on o as an
automorphism of the probability space (X4, %, 1) (because of the definition

of hy(0)).
2.6. Lemma. h,(T") = nh,(T) for n > 0.

Proof. Let C be a partition and € = €V --- vV T~ "+ @. Then

nh#(Tv G) = lim LHH(CZ VIRV T*nm+1e)

m—oo NM
= lim lHM(S VTrE Y ..y Tmmtlng)
m—oo M
=h,(T", &) < h,(T") = nh,(T).
Varying €, nh,(T) < h,(T™). On the other hand
h#(Tnv e) S h#(Tnv 8)
by 2.2 (b) and 2.1 (b). Hence

hu(T™) = sup h,(T",€) < nsuph,(T,C) =nh,(T). O
e e

B. Pressure

Throughout this section T': X — X will be a fixed continuous map on the
compact metric space X. We will define the pressure P(¢) of ¢ € ¥(X) in a
way which generalizes Section D in Chapter 1.

Let U be a finite open cover of X, W,,,(U) the set of all m-strings

U=0,U;, U,

i'mfl
of members of U. One writes m = m(U),

XU)={reX:TrzcU,;, fork=0,...,m—1}
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Sm®(U) = sup { Z_ o(Trz) : x € X(U)} :
k=0

In case X(U) =0, we let S;¢p(U) = —oco. We say that I" C W, (U) covers X
if X = Uyer X(U). Finally one defines

Zm (o, U) = ir}f Z exp(Sme(U)),

Uer
where I" runs over all subsets of W,,,(U) covering X.

2.7. Lemma. The limit
P20 = Tim_ - log Z,,(6,10)
exists and is finite.
Proof. If I, C Wy, (U) and I, C W, (U) each cover X, then
Il ={UV:U€eTl,, Vel} CWyin(U)
covers X. One sees that

S’m—&-n‘b(ﬂ) S Sm(JS(Q) =+ SHQS(X)

and so
Y eD(SmiadV)) < Y exp(Smd(U) Y exp(Snd(V)).
uver, I, verl,, ver,
Thus

and Z,, (¢, U) > e~ ™9l Hence a,, = log Z,,(¢,U) satisfies the hypotheses of
Lemma 1.18. O

2.8. Proposition. The limit

P(9) = diarrlli(rl?)%op<¢7 w

exists (but may be +00).

Proof. Suppose V is an open cover refining U, i.e., every V € V lies in some
UV)eU. For VeW,V)let UN)=UV;,) ---UV;, _,). I I}, CWp,(V)
covers X, then U(l,) ={U(V):V € I,} C W,,(U) covers X.

Let v = (¢, U) = sup{|o(z) — é(y)| : x,y € U for some U € U}.

Then S,,,¢(U(V)) < S, ¢(V) + my and so Z,,(¢,U) < €™ Z,, (¢, V), which
gives
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P(o,U) < P(¢,V) +7.
Now for any U, all V with small diameter refine U and so

P(Cb: u) - 7(¢)a u) < diellirgz\%?io P(¢7 V) .

Letting diam(U) — 0, v(¢, U) — 0 and

limsup P(¢,U) < liminf P(¢,V).
diam(U)—0 diam(V)—0

We are done. 0O

In cases where confusion may arise we write the topological pressure P(¢)
as Pr(o).

2.9. Lemma. Let S,¢(z) = Y p—o ¢(T*x). Then

Prn(Sp¢) =nPp(¢p) forn > 0.
Proof. Let V = UV --- vV T7"F1U. Then W,,(V) and W,,,(U) are in one-
to-one correspondence; for U = U, U;, --- U let V=V, -V where

Imn—1 Tm—1
Vi =U;,, NT7U;,, ., N---NT "0, . One sees that X(U) = X (V)
and ST #(U) = ST"(S,¢)(V). Thus one gets

ZL (6, U) = ZL" (Su¢,V) and nPr(¢,U) = Pra(S,e,V).
As diam(U) — 0, diam(V) — 0 and so nPr(¢) = Pra(Sp¢). O
We now come to our first interesting result about the pressure P(¢).

2.10. Theorem. Let T : X — X be a continuous map on a compact metric
space and ¢ € €(X). Then

hou(T) + /qb dp < Pr(¢),

for any p € Mp(X).
We will first need a couple of lemmas.

2.11. Lemma. Suppose D is a Borel partition of X such that each © € X is
in the closures of at most M members of D. Then

hu(T.D)+ [ 6 dn < Pr(o) +log M.



2 GENERAL THERMODYNAMIC FORMALISM 35

Proof. Let U be a finite open cover of X each member of which intersects
at most M members of D. Let I,, C W,,,(U) cover X. For each B € D,,, =
DV .- VT ™D pick 2, € B with fB S du < u(B) Spmo(xs). Now

h, (T, D) /¢du<( /quﬁdu)

*Zu —log 1(B) + Sy (1))

I A

IN

% log Z eXp(Sm¢($B))

by Lemma 1.1. For each z; pick U, € I}, with 2z € X(U,). This map
B — U, is at most M™ to one. As Sp,¢(z5) < Spné(U,), one has

h,(T, D) /¢du<—logz M™ exp(Smé(U))

Uerl,,

<log M + —log Zm (0, U) .
m

Letting m — oo and then diam(U) — 0, we obtain the desired inequality. O

2.12. Lemma. Let A be a finite open cover of X. For each n > 0 there is a
Borel partition D,, of X so that

(a) D lies inside some member of T~FA for each D € D,, andk =0,...,n—1,
(b) at most n|A| sets in Dy, can have a point in all their closures.

Proof. Let A = {Ay,...,An} and g1,...,gm be a partition of unity subor-
dinate to A. Then G = (g1,..-,9m) : X = Sm—1 C R™ where s,,_; is an
m — 1 dimensional simplex. Now U = {Uy,...,U,} is an open cover where
Uy = {z € s;p_1 : x; > 0} and G~1U; C A;. Since (s;,_1)" is nm — n
dimensional, there is a Borel partition D of (s,,-1)" so that

(a’) each member of D} lies in some U;, x --- x U; _, and
(b’) at most nm members of D} can have a common point in all their closures.

Then D,, = L~1D? works where
L=(G,GoT,....,.GoT" ) : X = (5,,.1)". O

Proof of 2.10. Let C be a Borel partition and € > 0. By Lemma 2.3 find an
open cover A so that H,(C|D) < ¢ whenever D is a partition every member of
which is contained in some member of A. Fixn > 0, let £ =€V ... vT e
and D,, as in Lemma 2.12. Then (see the proof of 2.6)



36 2 GENERAL THERMODYNAMIC FORMALISM

(h#(T",E) +/Sn¢ du)

(hol2". D)+ [ 826 ) + 21, (eID,)

ha(T.€)+ [ 6 du<
<

<

SI= 3= 3=

(Pra(S00) + log(nlA]) +  H, (€[D,)

by Lemma 2.11. Now

n—1
H,(E[Dy) <Y H,(T7*€|D,).
k=0

Since D,, refines T-*A for each k, one has H,(T~*€|D,) < e (since p is
T-invariant, T~*A bears the same relation to 77*C as A to C). Hence, using
2.9,

1
h(T.€) + [ 6 ds < Pr(o) + 7 log(nlA]) +<.
Now let n — oo and then e — 0. O

2.13. Proposition. Let T} : X1 — X1, Ts : Xo — X5 be continuous maps on
compact metric spaces, m : X1 — Xao continuous and onto satisfying wo Ty =
Toom. Then

Pr,(¢) < Pr,(¢om)

for ¢ € €(Xa).
Proof. For U an open cover of X, one sees that
Pr,(¢,U) = Pr,(pom,n *U).
As in the proof of 2.8
Pr,(pom,n W) < Pp(pom) +~y(pom,a tU).

But y(¢om, 77 U) = (¢, U) — 0 as diam(U) — 0. Hence, letting diam(U) —
0 we get Pr,(¢) < Pp(¢om). O

C. Variational principle

Let U be a finite open cover of X. We say that I' € W*(U) = U, Win(U)
covers K C X if K C Uyep X(U). For A >0 and I' C W*(U) define

25N = 3N exp(8,,0,6(U)).
Uer’
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2.14. Lemma. Let P = P(¢,U) and A > 0. Suppose that Z(I',\) < 1 for
some I' covering X. Then A\ < e~ T,

Proof. As X is compact we may take I" finite and I" C U%Zl Wy (U). Then
Z(I'™,\) < Z(I,A\)" where I = {U,U,---U, : U, € I'}. Letting I"* =
Uo—, I'", one has

Z(I* N => Z(I"\) < 0.
n=1
Fix N and consider x € X. Since I covers X, one can find U =U,U,---U,, €
I'™* with

(a) x € X(U), and
(b) N <m(U) < N+ M.

Let U* be the first N symbols of U. Then
Sno(U") < Spawyd(U) + Mol

For I'™N the set of U* so obtained,

AV exp Sn(U) < max {1, A7} MOl Z(r y),
N

or AN Zn(¢,U) < constant. It follows that A < e F. O

Let d, be the unit-measure concentrated on the point x. Define

5w,n = n—l((gl_ + 0y -+ 6T'ﬂflz)
and  V(z)={pe A (X):yn, = p for somen, — oo} .

V(z) # 0 as #(X) is a compact metric space. Now T*d,.,, = 14, and for
f € C(X), [T*00n()—b0n(F) = 0L (T"2)— f(z)] < 20 ]| f]]. This shows
V(z) C M7 (X).

Let E be a finite set, a = (ao, ...,ax_1) € E*. One defines the distribution
He O E by

pa(e) = k™! (number of j with a; = e)
and  H(a) =~ pa(€)1og a(e)

eck

2.15. Lemma. Let x € X, p € V(x), U a finite open cover of X and e > 0.
There are m and arbitrarily large N for which one can find U € Wx(U)
satisfying the following

(a) z € X(U),
(b) Sno(U) < N(f pdp +~v(U) + ),
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(¢) U contains a subword of length km > N —m which, when viewed as a =
ag,...,ax_1 € (U™)* satisfies

L H(a) < h(T) + .

m

Proof. Let U= {Un,...,U,}. Recall that

(W) = sup{|o(y) — ¢(2)| : y,z € U; for some i} .
Pick a Borel partition € = {C1,...,C,} with C; C U;. There is an m so that

1
EHM(G Ve VTTHR) < By (T C) + g < h,(T) + g

Let 04, — p. For n’ > n one has

n' —n

6$,n/ = 6ac,n + n 5T”x,n’—n .

nl
If we replaced nj by the nearest multiple of m, this formula shows that
would still be the limit. Thus we assume n; = mk;.
Let D1, ..., D, be the nonempty members of CV---VT~™+1€ and for each
D; find a compact K; C D; with u(D;\K;) < 8 (8 > 0 small). Each D; is
contained in some member of UV ---VT~™H U and one can find an open set
Vi O K; for which this is still true. Furthermore we may assume V; NV, = 0
for i # j. Now enlarge each V; to a Borel set V;* still contained in a member
of UV -+ VT~ and so that {V*,...,V;*} is a Borel partition of X.
Now fix n; = mk;. Let M, be the number of s € [0,n;) with Tz € V*
and M; , the number of such s = r (mod m).
Define
pir = M; . /k;

and p; = Mi/n; = & (pio + -+ pim-1) - AS 850, = i, one has
liminf p; > pu(K;) = p(D;) — B,
j—o0

and limsup,_, . pi < p(K;)+t8 < p(D;)+1t3. For § small enough and j large
enough one has

( ZpAog@)S( Zu )log (D )>+§

<h,(T)+e.

By the concavity of ¢(z) = —zlogz (see 1.17)

m—1

i) > — ¢pir)

r=0
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and so )
S = - 3 S el
i r=0 1

For some r € [0,m) one must have ). ¢(p; ) <>, ¢(p;) and so
1
— i) < h, (T .
mzi:sO(p, ) < hu(T) +e

For N = n; +r with j large we form U = UgU, ---Un_1 € UN as follows. For
s < r pick Us € U containing T°z. For each V;* we choose Up; N T_lUl)i N
<N T, 1 D Vi For s > r we write s = 7 + mp + ¢ with p > 0,
m > q > 0, pick i with 77"z € V;* and let U; = U, ;. Letting

ap = Uo,z'Uu te Umfl,i
we have
U=Uy---Ur_1a061- - ap;—1-

Now a = (apay ---ag;—1) has its distribution p, on U™ given by the proba-
bilities {p; }!_; and some zeros.

So
1

—H@) =3 plpir) < hulT) +2.

We have yet to check (b). Since 0, — p, for j large we will have |%5$,N(¢>) —

¢ du| <cor Syé(x) < N([¢du+e). As x € X(U), Syo(U) < Syo(z) +
Nv(W). O

2.16. Lemma. Fiz a finite set E and h > 0. Let R(k,h) = {a € E* : H(a) <
h}. Then

1
lim sup z log [R(k,h)| < h.

k— o0

Proof. For any distribution v on F and « € (0,1) consider
Ri(v) ={a € E*: |ua(e) —v(e)| < a Ve € E}.
Let g be the Bernoulli measure on X' = [[°, E with the distribution
pe) = (1 —ajv(e) + o/ |E].

Each a € Ry(v) corresponds to a cylinder set C, of X. Since each e € E
occurs in a at most k(v(e) + «) times,

p(C) = TL ().

As the C, are disjoint and have total measure 1,
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12> R ()| [ ] u(e)* 1+,

or 1 log|Re()] < 37 ~(v(e) + ) log pu(e)
< H(w)+ Y 30l log u(e)

As p(e) = o/ |E], we get

1
7 log|Bx(v)| < H(u) + 3a|E|(log | E| — log a) .

When a — 0, the second term on the right approaches 0 and H(u) — H(v)
uniformly in v. Hence, for any € > 0 one can find a small enough that

1
= og [Re(v)] < H(u) +=,

for all k and v.
Once « is so chosen, let N be a finite set of distributions on E so that

(a) H(v) < h for v € N, and
(b)if H(') < h then for some v € N one has

|V'(e) —v(e)] < a forall e.

Then R(k,h) C U, cp Re(v),

1 1
%log\R(/ﬂ,hﬂ < Elog\/\ﬂ +h+e
1
and  limsup — log |R(k, h)| < h +¢.
k—o0 k

Now let e — 0. O

2.17. Variational Principle. Let T : X — X be a continuous map on a
compact metric space and ¢ € €(X). Then

Pr(¢) = sup (hu(T) + / ¢ du)

o
where p runs over Mr(X).

Proof. Let U be a finite cover of X and € > 0. For each m > 0 let X,,, be the
set of points x € X for which 2.15 holds with this m and some py € V(z). By
2.15 X =, X since V(z) # 0. For u € R let Y, (u) be the set of z € X,,
for which 2.15 holds for some p € V(z) with [ ¢du € [u — &, u + €]. Set
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cap(oa o).

For z € Y,,(u) theusatlsﬁes ho(T) <c—u+e.

The a € (U™)* appearing in 2.15 (c) for x € Yy, (u) lie in R(k,m(c — u +
2¢),U™). The number of possibilities for U for any fixed N = km is hence at
most

b(N) = |E|™ |R(k,m(c — u+ 2¢),U™)|.

By 2.16
1
limsupﬁlogb(N) <c—u+2e.

N—o0

Let I = I, ,, be the collection of all U showing up in the present situation
for some N greater than a fixed Ny. Then I' covers Yy, (u) and

Z N B(N) exp(N(u+ 2 +(10)

For large enough Ny, b(N) < exp(N(c —u + 3¢)) and

> AN exp(N(e+5e+74(W))).
N=N,

N _
> B=1—3

N=N,

where 8 = Aexp(c+ 5e +v(U)) < 1.

We have seen that for A < exp(—(c + 5e + v(U))) any Y;,(u) can be
covered by I" C W*(U) with Z(I',\) as small as desired. As X = {J~_; X,
and X,, = Y, (u1)U---UYy, (ur) where uq, ..., u, are e-dense in [f||(;5|| ||q$||]
taking unions of such I''s we obtain a I" covering X with Z(I',\) < 1. By
Lemma 2.14, A < e~ P(@W or

P(p,U) < c+5e+~v(U).

As € was arbitrary, P(¢,U) < c+v(U).
Finally

P(¢) < lim P, U)

diam(U)—0
< I u)) =c.
B diaml(I”LIll)ﬁO(C + FY( )) ¢
The inequality ¢ < P(¢) follows from Theorem 2.10. O

2.18. Corollary. Suppose {Xn}taca is a family of compact subsets of X and
TX, C X, for each a. Then

Pr(¢) = sup Pri,_(¢|x.)-
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Proof. It p € Mr(X,), then p € Ar(X) and

Pr(6) > hu(T) +/¢ .

Hence

Pr(¢)>  sup (hu(T>+ / ¢dn)—PT|XQ<¢|Xa>.

HEMT(Xa)
If x € X, then V(z) C A7 (X,) and so

c/:sup{hM(T)—&-/gb dp = pe | V(:Jc)}

rzeX
< sup Pr,_(¢lx.)-
(e}

In the proof of 2.17 what was actually used about the number ¢ was ¢ >
hy(T) + [ ¢ dp for p € V(z). So ¢ would work just as well there to yield
Pr(¢)<d. O

D. Equilibrium states

If u € A7 (X) satisfies hy,(T)+ [ ¢ du = Pr(¢), then p is called an equilibrium
state for ¢ (w.r.t. T). The Gibbs state p4 of ¢ € .F4 in Chapter 1 was shown
to be the unique equilibrium state for such a ¢.

2.19. Proposition. Suppose that for some € > 0 one has h,(T,D) = h,(T)
whenever p € Mr(X) and diam(D) < e. Then every ¢ € €(X) has an
equilibrium state.

Proof. We show that p + h,(T') is upper semi-continuous on .#r(X). Then
w > hy,(T) + [ ¢dp will be also, and the proposition follows from 2.17 and
the fact that an u.s.c. function on a compact space assumes its supremum.

Fixing p € A1 (X), a >0, and D = {Dy, ..., D,} with diam(D) < ¢, one
has LH,(DV---VT~"HD) < h,(T) + « for some m. Let 8 > 0 and pick a
compact set K;, ;. , C 02:01 T-*D;, with

H (ﬂT_kDm\Km,..‘,im) <p.

k

Then D; D L; = U;’ZOI U{T"K,,,.. i, , : i; = i}. As the L; are disjoint
compact sets, one can find a partition D’ = {D1,..., D, } with diam(D’) < e
and L; C int(D}). One then has

Kio,...,im_l C int (ﬂTkD;k> .

k
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If v is close to p in the weak topology, one will have

<m:r 0% ) Wiy, i)~ B

and |v (N, T7*D},) — n (N, T7"D;,) | < 2Bn™. For B small enough, this

implies

hl/(T) = ]’Lu(j_'7 ‘D/) S Hy(-D/ NI Tfm+1Dl)

IA
3|=3=

H,(DV---VT™™ D) +a <h,(T)+2a. O

2.20. Corollary. If T is expansive, every ¢ € € (X) has an equilibrium state.
Proof. Recall 2.5. 0O

One notices that the condition in 2.19 has nothing to do with ¢. Taking
¢ = 0, one defines the topological entropy of T by

h(T) = Pr(0).

The motivation for this chapter comes from two places: the theory of Gibbs
states from statistical mechanics and topological entropy from topological dy-
namics (see references). Conditions on ¢ become important for the uniqueness
of equilibrium state and then only after stringent conditions have been placed
on the homeomorphism 7T'. The Axiom A diffeomorphisms will be close enough
to the subshifts o : X4 — X4 so that one can prove uniqueness statements.
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The definition of h,(T') is due to Kolmogorov and Sinai (see [2]). For expansive T'
Ruelle [15] defined Pr(¢) and proved Theorems 2.10, 2.17 and 2.20. For general
T the definition and results are due to Walters [16].

In the transition from X4 to a general compact metric space X, most of the work
has to do with the more complicated topology of X. Walters’ paper is therefore
closely related to earlier work on the topological entropy h(T), i.e., the case
¢ = 0. The definition of A(T") was made by Adler, Konheim and McAndrew [1].
The theorems for this case are due to Goodwyn [10] (Theorem 2.10), Dinaburg
[6] (X finite dimensional, 2.17), Goodman [8] (general X, 2.17), and Goodman
[9] (2.20). For subshifts these results were proved earlier by Parry [14]. The
proofs we have given in these notes are adaptations of [4].

Gurevic [11] gives a T where ¢ = 0 has no equilibrium states and Misiurewicz
[13] gives such a T which is a diffeomorphism. The condition in 2.19 is satisfied by
a class of maps which includes all affine maps on Lie groups [3] and Misiurewicz
[13] showed that equilibrium states exist under a somewhat weaker condition.
Ruelle [15] showed that for expansive T" a Baire set of ¢ have unique equilibrium
states. Goodman [9] gives a minimal subshift where ¢ = 0 has more than one
equilibrium state. I believe mathematical physicists know of specific ¢ on X,
which do not have unique equilibrium states; in statistical mechanics one looks at
Z™ actions instead of just homeomorphisms and gets nonuniqueness for m > 2
even with simple ¢’s. Uniqueness was proved in [5] for certain ¢ when T satisfies
expansiveness and a very restrictive condition called specification; this result has
been carried over to flows by Franco-Sanchez [7].

Finally we mention a very interesting result in a different direction. Let T :
M — M be a continuous map on a compact manifold and A an eigenvalue of
the map T. : Hi(M) — H1(M) on one-dimensional homology. Then Manning
[12] showed h(T') > log |A|. It is conceivable that this inequality is true for A for
any Hi(M) (not just k = 1) provided T is a diffeomorphism.
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AXIOM A DIFFEOMORPHISMS

A. Definition

We now suppose that f : M — M is a diffeomorphism of a compact ¢
Riemannian manifold M. Then the derivative of f can be considered a map
df : TM — TM where TM = J,c,,; T M is the tangent bundle of M and
df;c T M — Tf(x)M

Definition. A closed subset A C M is hyperbolic if f(A) = A and each
tangent space T, M with x € A can be written as a direct sum

T,M = E" & E?

of subspaces so that
(a) DF(E3) = B3y, DF(EY) = B
(b) there exist constants ¢ > 0 and A € (0,1) so that
IDf*()|| < eA*||v|| whenwve E], n>0
and
IDf~"()|| < eA™||v|| whenwv e EY, n>0;
(c) E2, E¥ vary continuously with x.

Remark. Condition (c) actually follows from the others. E* = |J, ., EY
and E° = |J,cp B35 are continuous subbundles of TAM = |J,c,ToM and
T\M =E"“@® E*.

z€A

A point z € M is non-wandering if
unl o #0,
n>0

for every neighborhood U of x. The set 2 = £2(f) of all non-wandering points
is seen to be closed and f-invariant. A point x is periodic if f"x = x for some
n > 0; clearly such an z is in £2(f).
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Definition. f satisfies Axiom A if Q2(f) is hyperbolic and
02(f) ={z : x is periodic}.

This definition is due to Smale [14]. A type of f studied extensively by
Russian mathematicians is the Anosov diffeomorphism: f is Anosov if M
is hyperbolic [2]. We shall see a little later that such diffeomorphisms always
satisfy Axiom A. Right now we mention that it is unknown whether 2(f) = M
for every Anosov f. The reader should study the examples in [14].

The Riemannian metric on M is used to state condition (b) in the def-
inition of hyperbolic set. The truth of this condition does not depend upon
which metric is used although the constants ¢ and A do. A metric is adapted
(to an Axiom A f) if £2(f) is hyperbolic with respect to it with ¢ = 1.

3.1. Lemma. Every Axiom A diffeomorphism has an adapted metric.
Proof. This lemma is due to Mather. See [8] for a proof. O

We will always use an adapted metric. This will keep various estimates a
bit simpler. For x € M define

Wo(z)={yeM : d(f*z, f*y) =0 asn — oo}
We(x)={ye M : d(f"z, f*y) <e for alln > 0}
Wi (z)={yeM : d(f "z, f"y) = 0 asn — oo}
Wi(z)={ye M : d(f"z,f"y) <e for alln > 0}.

The following stable manifold theorem is the main analytic fact behind the
behavior of Axiom A diffeomorphisms.

3.2. Theorem. Let A be a hyperbolic set for a € diffeomorphism f. For

smalle >0

(a) W2(x), W(z) are €" disks for x € A with T,W:(x) = EZ, T,W(x) =
E’LL

(b) (f"x ffy) < Ahd(z,y) fory e Wi(x), n >0, and
d(f"z, [~ y) < X'd(z,y) fory € Wi (z), n > 0;

(c) W2(x), WH(x) vary continuously with x (in €" topology).

Proof. See Hirsch and Pugh [8]. O

One consequence of 3.2 is that W2 (x) C W#(z) for z € A. One then sees
that
= e
n>0

for x € A. Similarly

= | frws(ra).

n>0
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3.3. Canonical Coordinates. Suppose f satisfies Axiom A. For any small
e > 0 there is a d > 0 so that W2(x) "N WX (y) consists of a single point [z, y]
whenever x,y € 2(f) and d(x,y) < J. Furthermore [z,y] € £2(f) and

[] (@, y) € 2(f) x 2(f) = dlz,y) <6} — 2(f)
18 continuous.

Proof. See Smale [14]. The first statement follows because the intersection
WE(z) N W¥(x) = {z} is transversal and such intersections are preserved
under small perturbation. To get [z,y] € 2(f) uses that the periodic points
are dense in £2(f). In the Anosov case one of course has [z,y] € M and thus
canonical coordinates on M (instead of 2(f)) without any assumption on
periodic points. 0O

3.4. Lemma. Let A be a hyperbolic set. Then there is an € > 0 so that A is
expansive in M, ie., if vt € A and y € M with y # x, then

d(f*z, f¥y) > ¢ for some k € Z.

Proof. Otherwise y € W2 (x) N W¥(x). z is also in this intersection and so
y=x by 33. O

B. Spectral decomposition

From now on f will always be an Axiom A diffeomorphism.

3.5. Spectral Decomposition. One can write 2(f) = 2, U 25 U -+ U £
where the §2; are pairwise disjoint closed sets with

(a) f(£2;) = £2; and fl|q, is topologically transitive;
(b) $2; = X1,;,U---UX,, ; with the X; ;s pairwise disjoint closed sets, f(X;;) =
X1 (Xn 414 = X1,4) and f"|x,, topologically miving.

Proof ([14, 4]). For p € 2 periodic let X, = Wu(p) N 2. Let § be as in 3.3.
We claim that

Xp = Bs(Xp) ={y € 2:d(y, Xp) < 6}.

As periodic points are dense in {2, it is enough to see that a periodic ¢ €
Bs(X,) is in X,,. Pick x € W"(p) N 2 with d(z,q) < ¢ and consider 2’ =
[,q] € W¥(p) " W*(q) N (2. Letting f™p = p and f™q = ¢, one has
fkmnx/ e fkman(p) _ Wu(fkmnp) _ Wu(p)
and  d(f*™"a!, q) = d(fFa, fFg) - 0 ask — oo

So g € X,
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Notice that fX, = Xy since fW"(p) = W*(f(p)). If ¢ € X, as above,
then W§'(q) C X, and

w(q) = |J " wi(a)

k>0

c U fkmnXp — Xp-
E>0

(Note that y € W¥(q) iff f~*™"y — q as k — o0.) It follows that X, C X,,.
If 2’ is as above, then f*™"z’ € X, for large k as X, = Bs(X,) is open in 2.
As [ X, = X pimng = Xgq, one has fi™"z’ € X, for all j and

p= lim f"'eX,=X,.
j——o00
The above argument with the roles of p and ¢ reversed gives X, C X,. In
summary, if ¢ € X, with p, ¢ periodic, X, = Xj,.
Now any two X,, X, are either disjoint or equal. For if X, N X, # 0,
then this intersection is open in {2 and hence contains a periodic point r; then
Xp =X, =X, Now

= U Bé(Xp) = UXpa

p periodic
and so by compactness (the X, are open) let
=X, U---UX,,

with the X, ’s pairwise disjoint. Then f(X, ) = Xy, intersects and hence
equals some X,.. So f permutes the X, ’s and the (2; are just the union of
the X, ’s in the various cycles of the permutation.

The transitivity in (a) is implied by the mixing in (b). We finish by showing
N X, — X, is mixing whenever r is periodic and N positive with f¥ X, =
X,. Suppose U,V are nonempty subsets of X, open in X, (i.e., in 2). Pick
periodic points p € U and q € V, say f"'p =p, f"q = q. For each 0 < j < mn
with fip € X, one can find a point x; as in the beginning of this proof so
that

af € fIU and f¥™ 2l € V for large k.

Writing tN = kmn + j, 0 < j < mn, we have fip = f*Np € X, and

fkmnx; _ ftN(f—ij;_) c ftNUﬂV

provided k is large. Then f*NUNV # () for large t and fV|x, is topologically
mixing. 0O

The (2; in the spectral decomposition of £2(f) are called the basic sets of
f. Notice that if ¢ = f™ and n is a multiple of every n;, then the basic sets
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of g are the X ;’s and g|x,, is mixing. We will at times restrict our attention
to mixing basic sets and recover the general case by considering f™.
A sequence z = {z;}°_, (a = —o0 or b = +o0 is permitted) of points in

i=a

M is an a-pseudo-orbit if
d(fxi, xi41) < « for alli € [a,b—1).
A point x € M SB-shadows x if
d(fiz,z;) < B for alli € [a,b].

3.6. Proposition. For every B > 0 there is an a > 0 so that every a-pseudo-
orbit {x;}0_, in 2 (i.e., every x; € 12) is B-shadowed by a point x € {2.

i=a

Proof. Let € > 0 be a small number to be determined later and choose § €
(0,¢) asin 3.3, i.e., W2 (z)NW2(y)N§2 # ) whenever z,y € 2 with d(z,y) < 4.
Pick M so large that AMe < §/2 and then o > 0 so that:

if {y;}1L, is an a—pseudo-orbit in {2, then
d(fiyo,y;) < 6/2 for all j € [0, M].

Consider first an a-pseudo-orbit {x;};*, with » > 0. Define z} ,, recursively

for k € [0,r] by z{, = zo and
Ty = W2 hnr) VW2 (2 (eg1ym) € 2.

This makes sense: d( f¥ @}, ;, f*xpnr) < AMe < §/2and d(f* zpnr, Tr1ym) <
d/2 by the choice of a; so d(f"x}, Tkt1)m) < 0 and x’(kH)M exists. Now
set ¢ = f~"™Ma!,,. For i € [0,7M] pick s with ¢ € [sM, (s + 1)M), then

TM*

r
d(le‘, ifsMx;M) < Z d( iftMI;M,fiftMJer(til)M)
t=s+1

T
, eA
< § : € )\tM—l < -
t=s+1 —A

where we used x4, € WX(f"a(,_,)),)- Since 2§, € W (zsu)

d( ifsMx;M’fifsMxSM) § c.

By the choice of « one has
d(fMx g0, i) < 6/2.

By the triangle inequality
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For small ¢ this is less that the given 3.

Now any a-pseudo-orbit {z;}7, in {2 extends to {z;}I*, when rM > n
by setting x; = f*""x, for i € (n,rM]. An x € {2 shadowing this extended
pseudo-orbit will shadow the original one. If {xi}g:a is a finite a-pseudo orbit,
then so is {xj+a}?;g and z shadowing this one yields f~%z shadowing the
original. Thus the proposition holds for finite pseudo-orbits. If {x;};1>°__ is
an a-pseudo-orbit in 2, then find (™) € 2 B-shadowing {z;}7 _,, and let x

be a limit point of the sequence z(™). Then z € 2 f-shadows {z;};->° O

i=—00"

3.7. Corollary. Given any B > 0 there is an o > 0 so that the following
holds: if x € 2 and d(f"z,x) < «, then there is an x’ € 2 with "z’ = 2’
and

d(ffz, fFa’)y < B forall ke [0,n].

Proof. Let x; = f¥x for i = k (mod n), k € [0,n). Then {x;}$ is an

a-pseudo-orbit. Let o' € §2 B-shadow it. Then d(f'a’, fifma’) < d(}zm’,xi) +
d(z;, f"2') < 28 and by expansiveness (Lemma 3.4) f"z' =2'. O

3.8. Anosov’s Closing Lemma. If f is an Anosov diffeomorphism, then f
satisfies Axiom A.

Proof. We must show that the periodic points are dense in 2(f). We have
been assuming f satisfies Axiom A; however 3.3 is true also for Anosov dif-
feomorphisms and so then is 3.6 and 3.7, using M in place of Q2(f). If y is
a non-wandering point for an Anosov f, then for any + one can find z with
d(z,y) < v and d(f"x,z) < 7 for some n. The periodic points =’ constructed
in 3.7 for such z converge toy. O

3.9. Fundamental Neighborhood. Let f satisfy Axiom A. There is a
neighborhood U of 2(f) so that

) U = Qf).

nez
Proof. Let § be small and « as in 3.6. Pick 7 < «/2 so that
Ve,y € M, d(xz,y) <~ implies d(fz,fy) <a/2.

Let U = {y € M : d(y,2) <~} If y € N,ep f"U, pick z; € 2 with
d(f'y,x;) <. Then

d(fiy, fix) < B+~ foralli.
For small g and + this implies y =z € {2 by 3.4. O
For (2; a basic set of an Axiom A diffeomorphism one let

We(2;)={zx e M:d(f"z,2;) > 0asn — oo}
and W*(2;))={xeM:d(f "z, 2;) > 0asn — co}.
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Using the definition of non-wandering sets it is easy to check that f"x — (2
and f~"x — 2 asn — 0o. As 2= U---U (2 is a disjoint union of closed
invariant sets one then sees that

S
M= U W (£2;) = U
Jj=1
and that there are disjoint unions.

3.10. Proposition. W*(£2;) = U,co, W*(z) and W*(£2;) = U,eo, W"(@).
For € > 0 there is a neighborhood U; of 2; so that

() U, cwey) = | we

k>0 rci2;
and () ffU; c w2y = | W

k>0 TEN;

Proof. Suppose fmy — £2; as n — oo; say d(f"y, 2;) <~y for all n > N. Pick
Ty € §2; for n > N with d(zn,f y) < ; forn < N let x, = f* Nay. The
{xn}ff’:_oo is a pseudo-orbit in §2;. Letting = € (2; shadow it, one gets

My e W2(fNz) c we(fNa)

(provided v was small enough). Theny € f=NW?(fNx) = W*(x). The reverse
inclusion, W*(£2;) D Uerj W#(z), is clear.

The proof for W*(£2;) is similar and we have proved the second statement
with U; ={y € M : d(y,$2;) <~}. O

C. Markov partitions

A subset R C (2 is called a rectangle if it has small diameter and
[z,y] € R whenever z,y € R.

R is called proper if R is closed and R = int(R) (int(R) is the interior of R as
a subset of £2;). For x € R, let

Wz, R)=WZ(z)N R and W% (z,R)=WX(z)NR
where ¢ is small and the diameter of R is small compared to .
3.11. Lemma. Let R be a closed rectangle. As a subset of {25, R has boundary
OR=0°RUJ"R

where
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O°R={z € R:x¢int(W"(z,R))}
“R={z€R:z¢int(W?*(x,R))}

and the interiors of W"(z, R), W*(z, R) are as subsets of WX(x)N2, W2 (x)N
0.

Proof. If x € int(R), then W*(z, R) = RN(W(x)N{2) is a neighborhood of x
in W2 (z)N42 since R is a neighborhood of z in £2. Similarly « € int(W"(z, R)).
Suppose z € int(W*(z, R)) and = € int(W?(z, R)). For y € {25 near x the
points

[z,y] e W2(x)N 2 and [z,y] € W2i(x)N N

depend continuously on y. Hence for y € {2, close enough to z, [z,y] € R and
ly,z] € R. Then

' =ly:al, [z, 9]l € ROWZ(y) N W (y)
and ¢y =y as W2 (y) N W2 (y) = {y}. Thus z € int(R). O

Definition. A Markov partition of 25 is a finite covering R = {R1,..., R}
of £25 by proper rectangles with

(a) int(R;) Nint(R;) = 0 fori # j,
(b) fW"(x,R;) D W"(fz,R;) and
fW(x,R;) C W*(fx,R;j) when z € int(R;), fx € int(R;).

3.12. Theorem. Let {25 be a basic set for an Aziom A diffeomorphism f.
Then §25 has Markov partitions R of arbitrarily small diameter.

Proof. Let 8 > 0 be very small and choose o > 0 small as in Proposition 3.6,
i.e., every a-pseudo-orbit in {2 is S-shadowed in {25. Choose v < «/2 so that

d(fz, fy) < a/2 when d(z,y) <~.

Let P = {p1,...,pr} be a y-dense subset of 2, and

X(P) = {qe HP 2d(fqj,q541) < o for allj} :

—00

For each ¢ € X(P) there is a unique 6(q) € 2, which -shadows g; for each
x € {2, there are ¢ with x = 6(q).
For ¢,q' € X(P) with gy = ¢j we define ¢* = [q,¢'] € X(P) by
« Jg for 720
4 = q; for j<O0.

Then d(f760(q
2

a*), [70(q)) < 28 for j > 0 and d(f70(q"), f70(q)) < 28 for j < 0.
So 0(q*) € W. 5(

55(6(0)) N W (6(¢)), e,
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0lg,q'] = [0(q),0(¢)] -

We now see that T, = {0(q) : ¢ € Y(P),q = ps} is a rectangle. For
z,y € Ts we write x = 0(q), y = 0(¢') with qo = ps = ¢j. Then
[,y] = 0[q,q'] € T

Suppose x = 0(q) with g = ps and ¢ = p;. Consider y € W*(z,Ts), y = 0(¢'),
qo = ps- Then

y = [z,y] =0[g,q'] and
fy="0(clq,q]) €Ty

as olq,q'] has ¢' = p; in its zeroth position. Since fy € W2 (fz) (diam(Ty) <
243 is small compared to ), fy € W2(fx,T;). We have proved

i) Wz, Ts) CWo(fx,Ty).

A similar proof shows f~1WY(fz,T;) C W% (x,Ty), i.e.,

(i) fwW*(x,Ts) D W*(fz,Ty).

Each Ty is closed; this follows from the following lemma.
3.13. Lemma. 0 : X (P) — (2, is continuous.

Proof. Otherwise there is a v > 0 so that for every N one can find QN’QZV €
X(P) with gjv = ¢} for all j € [-N,N] but d(0(g_),0(¢)) >~ L zy =
0(q ), yn = 0(¢') one has

d(fizy, flyy) <28 Vj € [-N,N].

Taking subsequences we may assume xry — x and yy — y as N — oo. Then
d(fix, fiy) < 28 for all j and d(x,y) > 7; this contradicts expansiveness of
fla.,- O

Now T = {T},...,T,} is a covering by rectangles and (i) and (ii) above
are like the Markov condition (b). However the T}’s are likely to overlap and
not be proper. For each x € {2, let

T(x)={T; € T:x € Tj} and T*(z) = {T}, € T : T;NT; # O for some Tj € T(z)}.

As T is a closed cover of £25, Z = §2,\ Uj 0Tj is an open dense subset of (2.
In fact, using arguments similar to 3.11, one can show that

ZF={x € Ns: W:(x) N T}, = 0 and Wl (z) N "I}, = 0 for all T}, € T*(z)}

is open and dense in (2,.
For T; N T}, # 0, let

Tl ={z € T s W'(e, Tj) N Ty # 0, W*(@,Ty) N T, # 0} = T, N T,
T} ={z €Ty : W*(x,T;) N Ty, # 0, W*(2,T;) N Tr, = 0}
T]?:k ={xcT; : Wz, T;) T =0, W*(z,T;) N Ty # 0}
T ={zx € Tj: W2, Tj) N Ty = 0, W*(2,T;) N Ty = 0}
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we

Ty

If z,y € Tj, then W¥(z,y],T;) = W¥(z,T;) and W"([z,y],T;) =
W (y,T};); this 1mphes T7 is a rectangle open in §25 and each x € Tj N Z*
lies in mt(Tj”k) for some n. For x € Z* define

x) :ﬂ {int(73,) 2 € Ty, Ty N T; # O and = € T}, } .

Now R(z) is an open rectangle (z € Z*). Suppose y € R(x) N Z*. Since
R(z) C T(z) and R(z) NT; = 0 for T; ¢ T(x), one gets T(y) = T(z). For
T; € T(x) = T(y) and T, N Tj # 0, y lies in the same T} as x does since
T” D R(z); hence R(y) = R(z). If R(x) N R(z') # 0 (z,2’ € Z*), there is a
y E R(z) N R(z") N Z*; then R(x) = R(y) = R(x'). As there are only finitely
many 77" ’s there are only finitely many distinct R(z)’s. Let

R={R(z):x€Z"} ={R1,...,Rn}.

For ' € Z*, R(z') = R(z) or R(z')N R(x) = (); hence (R(x) \R(z))NZ* = §.
As Z* is dense in 25, R(x) \R(z) has no interior (in £2,) and R(z) = int(R(z)).
For R(z) # R(z')

int (%) N int (W) =R(@)NR(E)=0.

To show that R is Markov we are left to verify condition (b).

Suppose x,y € Z* N f~1Z* R(xz) = R(y) and y € W2(z). We will show
R(fz) = R(fy). First T(fz) = T(fy). Otherwise assume fz € Tj, fy ¢ T}.
Let fz = 0(oq) with ¢; = p; and o = ps. Then z = 60(¢q) € T, and by
inclusion (i) above -
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fy € fWS(vaS) C Ws(fvaj) )

contradicting fy ¢ T;. Now let fz, fy € T; and T, N T # (). We want to show
that fx, fy belong to the same T7. As fy € W2(fx) we have W*(fy,T}) =
W*(fx,T;). We will derive a contradiction from

We(fy, Tj)NTe =0, fz € W*(fx,Tj) N T .
Recall that fz = 6(oq), ¢1 = pj, qo = ps- Then by inclusion (ii)
fze W'(fz,T;) C fW*(x,Ts) or ze W"(z,Ts).

Let fz = 0(cq'); ¢ = pr and qo = p;. Then z € T, and fW*(z,T;) C
W*(fz,Ty). Now T, € T(x) = T(y) and z € T, N Ty # 0.

Now z € W¥(z,T,) N T} and so there is some 2’ € W¥(y,Ts) N1} as z,y are
in the same T}';. Then

=zl = [z, 2] € W (2, T,) n W (y, To),

and f2" = [fz, fyl € W*(fz, Ti)NW*(fy,T;) (using fz, fy € T; arectangle),
a contradiction. So R(fx) = R(fy).
For small § > 0 the sets

Y1:U Wf(z):zeU@STj and YgzU W;(z):ZGUG“Tj
J J

are closed and nowhere dense (like in the proof of 3.11). Now Z* O 2,\(Y1UY3)
is open and dense. Furthermore if x ¢ (Y; UY3) N f~1(Y; UY3) then o €
Z*N f~1Z* and the set of y € W*(x, R(z)) with y € Z*N f~1Z* is open and
dense in W#(x, R(z) ) (as a subset of W2(x) N §2). By the previous paragraph
R(fy) = R(fz) for such y; by continuity

fW?(x,R(z) ) C R(fx).

As fW?(z, R(x) ) C W (fz), fW*(z, R(z) ) C W*(fz, R(fx) ).
If int(R;) N f~lint(R;) # 0, then this open subset of 2, contains some

satisfying the above conditions, R, = R(x) and R; = R(fz). For any 2’ €
R;N f~'R; one has W*(2/, R;) = {[2',y] : y € W*(x, R;)} and

fWe(a!, Ry) = {[f2', fyl - y € W*(z, R;)}
c {[f2',2] : z € W*(fz,R;)}
C WS Ry).

This completes the proof of half of the Markov conditions (b). The other
half is proved similarly and the proof is omitted. Alternatively one could apply

the above to f~', noting that W} = Wi.. O



58 3 AXIOM A DIFFEOMORPHISMS

D. Symbolic dynamics

Throughout this section R = {Ry, ..., R,,} will denote a Markov partition of
a basic set £25. One defines the transition matriv A = A(R) by

A {1 if int(R;) N f~lint(R;) # 0
ij =

0 otherwise.

3.14. Lemma. Suppose x € R;, fr € R;, A;; = 1. Then fW?*(x,R;) C
W (fz,R;) and fW"(x,R;) D W*(fz, R;).

Proof. This is just the same as the last part of the proof of 3.12. O
Definition. 9°R =J,; 0°R; and 9"R = J, 0"R;.
3.15. Proposition. f(9°*R) C 9°R and f~1(9*R) C 9“R.

Proof. The set (J;(int(2;) N ftint(R;)) is dense in R;. For any = € R; one
can therefore find some j and z,, € int(R;)N f~tint(R;) with lim, 0 2, = 2.
Then A;; = 1, x € R;; and fa € R;. Hence fW"¥(x, R;) D W¥(fz, R;). If
fx ¢ 0°R, then W"(fz, R;) is a neighborhood of fz in W2(fz) N 2 and so
W(z, R;) is a neighborhood of x in W2 (z) N 2, — that is « ¢ 9°R;. We have
shown f(0*R) C 9°R. One gets f~1(9“R) C J“R by a similar argument or
by applying the first argument to f~! in place of f. O

3.16. Lemma. Let D C W§(x) N {2 and C C Wi (x) N (2. Then the rectangle

[C, D] is proper iff D = int(D) and C = int(C) as subsets of W (x) N 2 and
Wi (x) N 2 respectively.

Proof. This is like 3.11. 0O

Definition. Let R, S be two rectangles. S will be called a u-subrectangle of
R if

(a) S#0, S CR, S is proper, and

(b) W*(y,S) = W*(y, R) fory € S.

3.17. Lemma. Suppose S is a u-subrectangle of R; and A;; = 1. Then f(S)N
R; is a u-subrectangle of R;.

Proof. Pick x € R; N f~'R; and set D = W*(z,R;) N S. Because S is a
u-subrectangle (condition (b)) one has

S=J W"y,Ri) = [W"(z, R;), D] .
yeD

As S is proper and nonempty, by 3.16 D # ) and D = int(D). Now
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FS)NR; =Wy, Ri)NRy).
yeD

By 3.14, f(y) € R; and fW"(y,R;) N R; = W"(fy, R;).

S0 £(8) 1 By = Uye gy W4/, By) = (W (£, By), F(D)).

Since R; = [W"(fz, R;), W*(fz, R;)] is proper, one has W*(fz, R;) proper.
As f maps W2 (x) N2 homeomorphically onto a neighborhood in W2(fz)N (2,
f(D) = int(f(D)) and so f(S) N R; is proper by 3.16. f(S)N R; # 0 as
f(D) # 0; if y” € f(S) N R;, then " € W*(y', R;) for some 3y’ € f(D) and
W*(y",R;) = W*(y',R;) C f(S)NR,;. So f(S)N R; is a u-subrectangle of
Rj. (|

3.18. Theorem. For each a € X4 the set ﬂjeZ f’jRaj consists of a single
point, denoted w(a). The map 7 : X4 — (25 is a continuous surjection, Too =
fom, and  is one-to-one over the residual set Y = 2\ ¢z f? (0°RUOI"R).

Proof. 1f ajaz---ay, is a word with A, = 1, then inductively using 3.17

one sees that

aj+1

n n—1
ﬂ fninaj = Ran N f m fnilinaj

Jj=1 Jj=1

is a u-subrectangle of R, . From this one gets that

Kn(@): ﬂ f_jRaj

j=-n

is nonempty and the closure of its interior. As K,(a) D K,11(a) D --- we
have

K@) = () f7Ra, = () Knla) #0.
j=—00 n=1

If #,y € K(a), then fix, fiy € R, are close for all j € Z and so x = y by
expansiveness. As

Ko = (VR = £ [ (V1R
j J
= fK(a),

one has moo = fom. That « is continuous is proved like 3.13. As 9°*RU I*R
isAnowhere dense, Y is residual. For z € Y pick a; with fiz € Ry, . Asz €Y,
flz € int(R,,) and so Ag,q,,, = 1. Thus a = {a;} € X4 and = = 7(a). If
r = 7(b), then f/z € Ry, and b; = a; because f/z ¢ 9°R U I"R; so 7 is
injective over Y. As m(X4) is a compact subset of {25 containing a dense set
Y, 7'('(2,4) = 0O
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3.19. Proposition. o : ¥4 — X4 is topologically transitive. If f|q, is topo-
logically mizing so is o : X4 — X 4.

Proof. Let U,V be nonempty open in X 4. For some a,b € 34 and N one has

UdUy={ze€eXy:x;=a;Vie[-N,N|}
VDVlz{QGZA.’EZ:bZV’LG[—N,N]}

Now

N
0 #int(Kn(a) = () f7int(Ra,)=Us

j=—N

N
and 0 #int(Ky(b) = (] f/int(Ry,) =Va.
j=—N

Also, if # = m(z) € Us, then f/z € R, and f/x € int(R,,) imply z; = a;; so
7Y (Uy) C Uy. Similarly 7=1(V3) C Vj. Since f|q, is transitive, f"UsNVa # ()
for various large n. Then
O£ (frUN Vo) =7 (f"Us) N1 (Vo)
cfrunv.

This same argument shows that o|y, is mixing if f|p, is. O
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4

ERGODIC THEORY OF AXIOM A
DIFFEOMORPHISMS

A. Equilibrium states for basic sets

Recall that a function ¢ is Holder continuous if there are constants a, 6 > 0
so that

|6(x) = d(y)] < a d(z,y)’.

4.1. Theorem. Let {2, be a basic set for an Axiom A diffeomorphism f and
@ : 25 = R Holder continuous. Then ¢ has a unique equilibrium state pe
(w.r.t. fln,). Furthermore py is ergodic; pug is Bernoulli if flq, is topologically
mizing.

4.2. Lemma. There are e > 0 and o € (0,1) for which the following are true:
ife € 24,y € M, and d(f*z, f*y) < e for allk € [-N, N], then d(z,y) < a™N.

Proof. See p. 140 of [12]. O

Proof of 4.1. Let R be a Markov partition for {2, of diameter at most ¢, A
the transition matrix for R and 7 : Y4 — (25 as in 3.D. Let ¢* = ¢po 7. If
z,y € X4 have z = y; for k € [N, N}, then

frr(@) , f*r(y) € Ry, = Ry, for k € [-N,N]J.
This gives d(n(z),7(y)) < o, |¢*(2) — ¢*(y)| < a ()N and ¢* € Z.

First we assume f]p,, is mixing. Then o|x, is mixing by 3.19 and we have a
Gibbs measure pg4+ as in Chapter 1. Let Dy = 7= 1(9°R) and D,, = 7~ 1(9"R)
. Then D, and D, are closed subsets of Y4, each smaller than Y4, and
oDy C Dy, 07D, C Dy,. As pg~ is o-invariant, pg«(0"Ds) = pg+(Ds); using
o™ D, C 6™ D, one has

Hgpx m O'nDS :/J«b*(Ds)
n>0
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Now (1,,>0 0™ Ds has measure 0 or 1 as it is o-invariant and p4- is ergodic (see
1.14); since its complement (a nonempty open set) has positive measure by 1.4,
one gets pig+(D,) = 0. Similarly one sees pg+(D,) = 0. Now let py = 7% g,

e., h(E) = pip= (7' E). Then py is f-invariant and the automorphisms of
the measure spaces (0, tg+), (f, y) are conjugate since 7 is one-to-one except
on the null set |J,,; 0™ (Ds U Dy,). In particular hy,, (f) = hy,. (o) and so (*)

+ [0 dno =ty (o / o du¢*

— P[,(¢ > Pf

Hence (?) P,(¢*) = P¢(¢) and pg is an equilibrium state for ¢ by Chapter 2.
Now p14 is Bernoulli because of 1.25.

4.3. Lemma. For any p € My (§2) there is a v € My(X4) with m*v = p.

Proof. This well-known fact is proved as follows. F'(g o) = u(g f gdu
defines a positive linear functional on a subspace of (X 4). By a modlﬁcatlon
of the Hahn-Banach Theorem F extends to € (X 4), still positive. As F(1) =
F(lom) = 1, F is identified with some 5 € .#(X4). By compactness let
v = limg_ 00 %(,@ +0*B+ -+ (6™~ 1)*B). Then o*v = v and v = p
(using 7 (o*)* B = (f*)* 7B = (f*)'u=p). O

Proof of 4.1 (continued). Suppose u is any equilibrium state of ¢ and pick
v € My(Xa) with 7*v = p. Then h,(c) > h,(f) and so

+/¢* dvzhu(f)+/¢ dji = P(6) = P(6").

Thus v is an equilibrium state for ¢* and v = py« by 1.22. Then p = 7% pg- =
-

We have left the case 2, = XjU- - -UX,, with f X} = X1 and f™|x, mix-
ing. For pu € .y (£2,), one has pu(X1) = L and so /' = m plx, € My (X1).
Conversely, if ' € Mym(X1), then p € A (£25) where

1 m—1 k

— p(XinfrE).

m

k=0

One checks that p < p’ defines a bijection .#f(§2s) <> Mym(X1), hy (f™) =
mhy,(f), and [Sn¢ d/ = m [ ¢ dp. Finding p maximizing h,(f) + [ ¢ dp
is equivalent therefore to finding p/ maximizing h, (f™) + [ Sy¢ dp'. For ¢
Holder on (2, S,,¢ will be Holder on X; and therefore one is done since X3
is a mixing basic set of f™. O

! The second equality follows from Theorem 1.22; The inequality comes from Propo-
sition 2.13 (note of the editor).
2 Using the variational principle 2.17 (note of the editor).
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4.4. Proposition. Let ¢ : 2, — R be Hélder continuous and P = Py, (¢).
For small € > 0 there is a b. > 0 so that, for any x € {25 and for all n,

79 {y €, d(ffy, ffr)y<e Ve [O,n]} > b. exp(—Pn+ S,o(x)).

Proof. Choose the Markov partition R above to have diam(R) < . Assume
first f|p, is mixing. Pick € X4 with w(z) = 2. Then
B={ye :d(f*y, ffz) <e Vke[0,n]}
DW{QEEA:yk:xk VkE[O,n]} )

Applying 1.4 and P(¢*) = P(¢) = P one gets
pe(B) > c1 exp(—Pn + Spé(x)) .

We leave it to the reader to reduce the general case to the mixing one as in
the proof of 4.1. 0O

4.5. Proposition. Let ¢,v : 23 — R be two Holder continuous functions.
Then the following are equivalent:

(1) prg = prop-

(ii) There are constants K and L so that |Smo(z) — Smp(x) — Km| < L for
all v € 25 and all m > 0.

(iii) There is a constant K so that Sp¢(x) — Smp(x) = Km when x € {24
with fx = x.

(iv) There is a Hoélder function u : 2, — R and a constant K so that ¢(x) —
$(2) = K +u(fz) - u(z).

If these conditions hold, K = P(¢) — P(%).

Proof. Let ¢* = ¢ o and * = 1) o m. We assume f|q, is mixing and leave
the reduction to this case to the reader. If gy = py, then pg« = py- and by
Theorem 1.28 there are K and L so that

[Sm @™ (z) = Smip™(z) — Km| < L

for z € X 4. For x € (2, picking z € 7~ 1(z), this gives us (ii).
Assume (ii) and f™z = x. Then

L> |Sm]¢(x) - Smj'l/}(m) - m]K‘ = ]|Sm¢(x) - Sm¢($) - mKl .
Letting j — oo we get (iii). If (iv) is true, then
¢"(z) =" (z) = K +u(r(oz)) — u(r(z))

and pig« = g+ by Theorem 1.28. One then has pg = ¥ g = T iy = fiy.

Now we assume (iii) and prove (iv). Let n(z) = ¢(z) — ¢ (z) — K and pick
x € §2, with dense forward orbit (Lemma 1.29). Let A = {f*z : k > 0} and
define v : A — R by
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k—
u(ffe) = n(fz).
3=0
For z € A one has u(fz) —u(z) = n(z). Pick € and « as in 4.2. By 3.7 there
is § > 0 so that if y € 25 and d(f"y,y) < 0, then there is a y’ € 2, with
"y =y and d(f*y, f*y') < § for all k € [0,n].

Let R be the maximum ratio that f expands any distance. Suppose y =
fFx, 2z = fmx with k < m and d(y, 2) < ¢/2R". Providing N is large one has
z=f"y,n=m—k, and d(f"y,y) < 6. Then find y’ as above with f™y' =y’
Then, as S,n(y') = 0,

lu(z) — u(y)| = [San(y) — Sun(y')]

< S In(fi) — ()

Jj=0

—

By the choice of R and 3’ one sees that
d(fly, fly') <e forall j€[-N,n+ NJ.
For j € [0,n) Lemma 4.2 gives
d(fy, fly) < oY,
Because n is Holder,

|7)(ij) - 77(ij’)| <a a‘gmin{j+N,N+n—j}

u(y) —u(z)| < 2a Y o’ <a'aN.
r=N
Pick N so that d(y, Z) S [5/2]{1\74-17 E/QRN]. Taking v > 0 so that (1/R)'y > aé
one has
lu(y) —u(z)] < a"d(y, z)7.

Thus v is Hélder on A and extends uniquely to a Holder function on A = f2,.
The formula 7(2) = u(fz) — u(z) extends to 2, by continuity. O

B. The case ¢ = ¢

Recall that M has a Riemannian structure and this induces a volume measure
m on M. We will assume for the remainder of this chapter that f: M — M
is a €2 Axiom A diffeomorphism and 2, is a basic set for f. For x € £2, let
¢ (z) = —log A(x) where A(z) is the Jacobian of the linear map

Df:E* - EY,

using inner products derived from the Riemannian metric.
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4.6. Lemma. If 2, is a €2 basic set, then ¢ : 2, — R is Holder continu-
ous.

Proof. The map = ~ EY is Holder (see 6.4 of [12]) and E¥ +— ¢ (z) is
differentiable, so the composition z + ¢(*)(z) is Holder. O

By Theorem 4.1 the function ¢(* has a unique equilibrium state which we
denote put = Hew - While ™) depends on the metric used, when f™z =z
S\ (z) = —log Jac(Df™ : EY — EY)

does not depend on the metric (this Jacobian is the absolute value of the
determinant). By 4.5 one sees that the measure ut on £2, and P(¢™®)) do not
depend on which metric is used.

4.7. Volume Lemma. Let
By(e,m) ={y € M :d(f*=z, f*y) <e forallk € [0,m)} .

If x € 02, is a €2 basic set and € > 0 is small, then there is a constant C. so
that
m(By(e,m)) € [CZ1, Cc] exp(Smo™ (z))

for all x € £2,.
Proof. See 4.2 of [9]. O

4.8. Proposition. Let 2, be a €2 basic set.

(a) Letting B(e,n) = U,cn, Bz(g,n), one has (for small ¢ >0)

1
Py, (¢") = lim —logm(B(e,n)) <0.

n—o00 N,

(b) Let W2(£25) = U,e . We(z). If m(WZ2(£25)) > 0, then

Pf‘gs ((]5(“)) =0 and h#+ (f) = _/¢(u)dﬂ+-

Proof. Call E C M (n,e)-separated if whenever y, z are two distinct points
in E, one can find k € [0,n) with d(f*y, f¥2) > 6. Choose E,(§) maximal
among the (n,e)-separated subsets of £2,. For « € {2, one has « € By(e,n) for
some y € E,(9); otherwise E,(§) U {z} is (n,e)-separated. Then B, (g,n) C
By(6+¢,n), B(e,n) C Uyep, s By(6 +¢€,n) and by 4.7

(%) m(B(e,n)) < Csye ZyeEn((s) exp(9, 0™ (y)).

For 6 < e, Uyep, 5 By(6/2,n) C B(g,n) is a disjoint union and so



68 4 ERGODIC THEORY OF AXIOM A DIFFEOMORPHISMS
() m(B(e,m) 2 ok X, 6 xP(Sa0 (1),

Since ¢(*) is Holder, we have

") () = 6™ (y)| < a d(x,y)’

for some a,8 > 0 and all z,y € 2,. Suppose © € By(e,n) N §25. Then for
j €0,n) o L
d(fx, fly) < qmin{in—i—1}

by Lemma 4.2. Hence

1S, 6(x) y)| < ZW (fiz) — ¢! (fly)|

< 2a Zak‘g =y
k=0

Fix § < € and let U be an open cover of {2, with diam(U) < J. Let
I' C U™ cover §2;. For each y € E,(5) pick U, € I' with y € X(U,). Then

)

U
Snd™(U,) > Sn¢!™(y). If U, = U,,, then d( f’~c , fFy') < diam(U) < § and
y=1" as E,(d) is (n,d)-separated. Thus

Z exp(Sno™(U)) > Z exp(Sn 0™ (y))-
Uer yEEL(9)

Using this together with (x) above one gets

P(¢™ U) = lim floglnf Z exp(S, 6™ (1))

n—oo N
Uer

> lim sup 1 logm(B(e,n)).
n—oo T
Letting diam(U) — 0, one replaces P(¢(™), U) with P(¢(").
Now let U be an open cover and let § be a Lebesgue number for U. For
each y € I, (0) one can pick U, € U" with B, (d,n) N 2 C X(U,).
Let I'={U, :y € E,()}. Then I'" covers {2, since every = € {2 lies in some
By (d,n) w1th y € E,(0). Also

Sp¢™(U,) < Sns™(y) +

and so
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Using (xx) we get
1
P, U) = lim —log Z, (6", U)
n—oo N

1
< liminf L
< hnn_ﬂgéf - logm(B(e, n)) .
Noting that m(B(g,n)) < m(M), the proof of (a) is complete.
Now m(B(e,n)) > m(WZ2(£2;)) as W2(§2,) C B(e,n). If m(W2(£2;)) > 0,
the formula from (a) yields P(¢) = 0. Since 7 is an equilibrium state for

o,
s (1) + [ 6dut = P& =0, ©

A basic set (2 is an attractor if it has small neighborhood U with f(U) C
U. By Proposition 3.10 this is equivalent to W2 (f2,) being a neighborhood of
2.

4.9. Lemma. Let 2, be a €' basic set. If W¥(x) C §25 for some x € (2,
then §25 is an attractor. If 25 is not an attractor there exists v > 0 such that
for every x € (2, there is y € W2(z) with d(y, {25) > 7.

Proof. If W¥(£25) C 25, then

U ={J{W2(y) : y e W(2)}

is a neighborhood of « in M (see Lemma 4.1 of [11]). Choose a periodic point
p € Uy, say f™x = z. For some small 3 one has W'(p) C Uy; if z € Wg(p)
lies in W2(y) (y € WX(£25)), then d(f"z, fMy) < € and d(f "z, f~"p) <
for n > 0. By Theorem 3.9 one has z € {25 and W;;(p) C 2. Then also
W (p) = Ugso fm"’WZi(p) C £2.

Now X, = W4(p) and 2, = X, U fX,U---U fN X, for some N. For each
x € Uivzo fFWu(p) = Y one has W¥(x) C §2, and so U, as defined above
is a neighborhood of x in M. Since W2 (z), W (z) depend continuously on
T € {2,, one can find a § > 0 independent of x so that U, contains the 25-ball
B,(26) about x in M for all z € Y (see [11, Lemma 4.1]). Then

Bo,(0) | J{Us 1w € Y} c W2 (1)

and (2, is an attractor.
To prove (b) notice that the set

V, ={z € 25 :d(y, £25) >~ for some y € W2(z)}

is open because W (x) varies continuously with x. Also V,, increases when ~
decreases and | J.., V; = 25 by statement (a). By compactness V., = 2 for
some v > 0. 0O

>0
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4.10. Second Volume Lemma. Let 2, be a €2 basic set. For smalle,§ > 0
there is a d = d(e,d) > 0 so that

m(By(d,n)) > d m(Bg(e,n))
whenever © € {25 and y € By(e,n).
Proof. See 4.3 of [9]. O
4.11. Theorem. Let 2, be a €? basic set. The following are equivalent:

(a) £25 is an attractor.
(b) m(W*(22,)) > 0.
(c) Pyjq, (6) = 0.
Proof. As W*(82,) = U, —o f"WZ(£2), (b) is equivalent to m(W2(£25)) > 0.
If (2, is an attractor, then (b) is true since W2 ({2,) is a neighborhood of (2.
(¢) follows from (b) by Proposition 4.8 (b). We finish by assuming {2, is not
an attractor and showing P(¢(") < 0.

Given a small € > 0 choose v as in 4.9. Pick IV so that

MW (@) S WA (V)

for all z € 2. Let E C {2, be (vy,n)-separated. For x € E there is a y(z,n) €
B, (v/4,n) with
d(f"Ny(x,n), 2) >~

(since f" By (v/4,n) > WY, (f"x) and fNny‘/AL(f"x) D W2(fN+nz)). Choose
§ € (0,7/4) so that d(fNz, fNy) < /2 whenever d(z,y) < §. Then
By(z,n)(6,n) C By(v/2,n),
F N By(amy (6,m) N Bo, (v/2) = 0.
Hence By n)(d,n) N B(v/2,n+ N) = (). Using the Second Volume Lemma

m(B(v/2,n)) = m(B(y/2,n+N)) = Y m(Byn(8,n))
zeE

> d(37/2,6) > m(Bx(3v/2,n))

RIS D)
> d(37/2,6) m(B(v/2,n)).
Therefore, setting d = d(3v/2, 9)
m(B(v/2,n + N)) < (1 —d) m(B(v/2,n))

and by Proposition 4.8 (a)
1
Py, (¢1) < 7 log(1—d) <0. O

Remark. It is possible to find a €* basic set (a horseshoe) which is not an
attractor but nevertheless has m(W?(£25)) > 0 [8].



4 ERGODIC THEORY OF AXIOM A DIFFEOMORPHISMS 71

C. Attractors and Anosov diffeomorphisms

Because M = J;_; W*(§2;), Theorem 4.11 implies that m-almost all z € M
approach an attractor under the action of a ¢? Axiom A diffeomorphism f.
This leads us next to the following result.

4.12. Theorem. Let 24 be a ¢? attractor. For m-almost all z € W*(§25) one

has
1 n—1
L ko +
Jim =~ g(f w)—/g dp
k=0
for all continuous g : M — R (i.e., x is a generic point for u™).

Proof. Let us write g(n,z) = Zk 0 g(f z)and g = [gdut. Fix § > 0 and
define the sets

Cn(g,0)={xeM:
E(g,0)={zxe M:

= ﬂ U Cn(gva)

N=1n=N

[g(n, z) —g| > 6}
7

g(n,x) —g| > d for infinitely many n}

Choose € > 0 so that |g(x) — g(y)| < 6 when d(z,y) < €.

Now fix NV > 0 and choose sets Ry, Ryy1,... successively as follows.
Let R, (n > N) be a maximal subset of 25 N C),(g,20) satisfying the condi-
tions:

(a) Bz(e,n) N By(e,k) =0 for x € R,y € Ry, N <k <mn,
(b) Bx(e,n) N By (e,n) =0 for x,2’ € R,,, & # 2.

If y € W2(82,) N Cpn(g,30) (n > N) and y € W2(z) with z € (25, then

z € Cp(g,26) by the choice of e. By the maximality of R,, one has

B.(e,n)N B,(e,k) #0 for somex € Ri,, N <k <n.
Then y € B,(e,n) C B,(e,k) C By(2¢,k) and so

W2 (92 ch,35 UU 2 (26, k).
n=N k=N z€Ry,
Using the Volume Lemma 4.7 one gets
m <W§(QS) N U Cn(g,35)> < coe Z Z exp(Spo™ ().
n=N k=N z€Ry

The definition of R, shows that Viy = U;Zy U,cr, Bz(€, k) is a disjoint
union. The choice of ¢ gives B, (g, k) C C(g,0) for x € Ry C Ck(g,26) and so
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VN C Upen Ck(g,9). Since the measure p* is ergodic, the Ergodic Theorem
implies

0=p"(E(g,0) = lim u* < U Cn(g,5)>

n—oo

and thus limy e #* (Vy) = 0. By 4.8 (b) one has Py, (¢() = 0 and then
by 4.4

pPVN) Zbe Y Y exp(Spot (@)
k=M z€ Ry

As pT(Vy) — 0, the sum on the right approaches 0 as N — oo. Using the
inequality of the preceding paragraph one sees

Jim_m (WS(QS) N UNCn(g,?)(F)) =

This in turn implies m(W2(£2,) N E(g,36)) =
For §' > 3¢ the set E(g,d )ﬂ W2 ) f™(E(g,30) N WZ2(£2)) has
measure 0 since f preserves measure (w.r.t. m). Thus

oo
m(E(g,d") NW*(£2,)) <> m (E(g,6") N f"W2 (1)) =0.
n=0
Fixing ¢ still but letting ¢ = % — 0 one gets lim,, g(n,z) = g for all z €

W*(£25) outside an m-null set A(g). Let {gx}3>, be a dense subset of € (M);
for z € W*(£2,)\ Ur—; A(gx) one gets that lim, g(n,z) = g for all g € €(M).
O

4.13. Corollary. Suppose f : M — M is a transitive €% Anosov diffeo-
morphism. If f leaves invariant a probability measure p which is absolutely
continuous with respect to m, then u= pt.

Proof. In this case M = 2 = (2 is the spectral decomposition. Let g € €(M).
By the Ergodic Theorem there is a function ¢* : M — R so that

nl

nlggoﬁzg (f*z) = g*(x)

for p-almost all z. Let A be the set of x € M with

n—1
1 k
Yol = f it
Because m(A) =1 and p < m, p(A) = 1. It follows that g*(z) = [ gdu™ for

p-almost all z. Then
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/gdﬂ=/g*du=/gdu+-

As this holds for all g € €(M), p=p*. O

Remark. If M is connected, then M = {1 = X1 and f is mizing. So p above
is Bernoulls.

4.14. Theorem. Let f be a transitive €% Anosov diffeomorphism. The fol-
lowing are equivalent:

(a) f admits an invariant measure of the form dup = hdm with h a positive
Holder function.

(b) f admits an invariant measure p absolutely continuous w.r.t. m.
(¢) Df": T, M — T, M has determinant 1 whenever f"x = x.

Proof. Clearly (a) implies (b). Assume (b) holds. Let A(¥) () be the Jacobian
of Df : E{,, — Ej and ¢ (z) = logA®)(z). Now f~! is Anosov with
E;f’f,l = E;f an E;f,l = E;ﬂf. Also
)\Scu_)l (z) = Jacobian Df~': ES — Ei,
=\ (z)7?

and so gb;u_)l (x) = —log )\gcu_)l (z) = ¢®) (). There is an invariant measure i~
so that
1 n—1
. 1 k. _
Jim -~ kE_Og(f ) / g du

for m-almost all x; u~ is the unique equilibrium state for ¢50u,)1 w.rt. fL.
Notice that equilibrium states w.r.t. f~! are the same as those w.r.t. f;
for My(M) = M- (M) and h,(f) = h,(f7'). So p~ = py . Applying 4.13
to both f and f~! we see
frge = 5 = p= " = g -

By 4.8 (b), P(¢*)) = 0= P(¢®)). By 4.5 one has, for f"z = x,
n—1 n—1
k=0 k=0

Exponentiating,

1= (det Df"

gs) = (det Df"r,m).

Now assume (c) and let ¢(z) =logJac (Df : TuM — Ty, M). Then
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n—1
Snd(x) =log [[ Jac (Df : TpryM = Tpisr, M)
k=0
=logJac (Df" : TuM — Tyx, M) =0

when f*z = x. By Proposition 4.5 (with ¢ = 0, K = 0) there is a Holder
u: M — R with ¢(z) = u(fz) — u(z). Let h(z) = e¥®).
Thinking of © = hdm as the absolute value of a form

fr(hdm)(fz) = h(x) e®(®) dm(fx)
= h(fz) dm(fz) = (h dm)(fz).

So p is f-invariant. 0O
Remark. Actually h above will be €. See [13, 14].

4.15. Corollary. Among the €% Anosov diffeomorphisms the ones that admit
no invariant measures (L <K m are open and dense.

Proof. [18], page 36. We use condition 4.14 (c). Suppose f"z = x and
det(Df™|7,a) # 1. For fi near f, f; will be Anosov and have a periodic point
z1 near ¥ with ff'z1 = x1. Then det(Df{'|r,, v) will be near det(D f"|r,ar)
and not equal to one. We are using stability theory not covered in these notes.
On the other hand, if f"z = 2 with det(Df™|r,ar) = 1, this condition is de-
stroyed by the right small perturbation of f. 0O

In the case where f admits no invariant u < m, the measure m is actually
dissipative [10].
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This chapter contains the main theorems of these notes. The notes as a whole
constitute a version of Sinai’s program [18] for applying statistical mechanics
to diffeomorphisms. It was Ruelle who carried Sinai’s work on Anosov diffeo-
morphisms over to Axiom A attractors [11] and brought in the formalism of
equilibrium states [15].

Theorem 4.1 is from [6, 7]; see [18] for the Anosov case. Results 4.5, 4.13, 4.14
and 4.15 came from [13, 14, 18]. Section 4 is taken verbatim from [9]. Theorem
4.12 is due to Ruelle [16] (we followed the proof in [9]). Ruelle [16] along these
lines also proved that f"u — put when p < m has support in a neighborhood
of an attractor; for the Anosov case this result is due to Sinai [17]. That u*
is Bernoulli in the transitive Anosov case is due to Azencott [4]. The ergodic
theory of Anosov diffeomorphisms with p* < m has been studied in many
papers; see for instance [2] or [3].

In case ¢ is a constant function p" is the unique invariant measure which
maximizes entropy (¢ = 0 and ¢(”) have the same equilibrium state). For hy-
perbolic automorphisms of the 2-torus u* is Haar measure and construction in
4.1 is due to Adler and Weiss [1]. This paper is very important in the develop-
ment of the subject and is good reading. When ¢(*) # C the measure p which
maximizes entropy still has the following geometrical significance: the periodic
points of (25 are equidistributed with respect to p [5]. K. Sigmund [19] studied
the generic properties of measures on 2.
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