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Outline

• Quantum bounds and Planckian scales
• Fluctuation-dissipation theorem: from frequency to time
• OTOCs as two-point function: bound on chaos via FDT
• Blurring on a Planckian scale
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Quantum bounds

The most famous bound: the uncertainty principle

∆x∆p ≥ 1

2
ħ

Most distinctive feature of how quantum mechanics differs from the
classical world

More recently new bounds on physical time scales
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Towards a bound on chaos
Lyapunov exponent

Classical∣∣∣∣δq(t )

δq(0)

∣∣∣∣2

= |{q(t ), p(0)}|2 ' eλt

Quantum〈(
i [q(t ), p(0)]

)2〉'ħ2eλt

Larkin and Ovchinikov (1969)

NB: Focus on operators/observables, not on wavefunction
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Out-of-Time-Order Correlations

−〈[A(t ),B(0)]2〉 = 〈A(t )B(0)B(0)A(t )〉+〈B(0)A(t )A(t )B(0)〉
−〈A(t )B(0)A(t )B(0)〉−〈B(0)A(t )B(0)A(t )〉

4-point Out-of-Time-Order Correlation (OTOC)

〈A(t )B(0)A(t )B(0)〉

〈•〉 = 1

Z
Tr

[
e−βH•]
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Bound on chaos

Regularized OTOC

1

Z
Tr

[
e−βH/4 A(t )e−βH/4B(0)e−βH/4 A(t )e−βH/4B(0)

]' a −εeλt

for td ¿ t ¿ tEhr

λ≤ 2πT

ħ
Maldacena, Shenker and Stanford (2016)
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Sachdev-Ye-Kitaev (SYK) model

HSY K =− ∑
i j kl

Ji j klχiχ jχkχl

{χi ,χ j } = 2δi j Ji j kGaussian i.i.d. variables

Sachdev, Ye (1993)
Kitaev (2015)

Ï Asymptotically saturates the bound
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Planckian time scales and transport coefficients

τ∝ τP = ħ
T

Ï Same dependence on T for very different systems
Ï No details of the system → Universality
Ï Shortest possible time scale in many-body systems?
Ï Conjectured bounds on transport coefficients (e.g. viscosity)

Chowdhury, Georges, Parcollet, Sachdev (2021)
Hartnoll, Mackenzie (2021)
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Correlations and responses

S(t ) = 1

Z
Tr

[
e−βH A(t )A(0)

]=C (t )− iħR(t )

Symmetrized correlation function

C (t ) = 1

Z
Tr

[
e−βH 1

2
{A(t ), A(0)}

]
Response function (Kubo formula)

χ(t ) = θ(t )2R(t ) = θ(t )
i

ZħTr
[
e−βH [A(t ), A(0)]

]
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An intermediate regulated function

F (t ) = 1

Z
Tr

[
e− 1

2βH A(t )e− 1
2βH A(0)

]
Meaning in ETH

Aαβ =A (E)δαβ+e−S(E)/2 f (E ,ω)Rαβ

E = (εα+εβ)/2 ω= εα−εβ
M. Srednicki (1999)
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FDT in the frequency domain

ħImR(ω) = tanh

(ħβω
2

)
C (ω)

C (ω) = cosh

(ħβω
2

)
F (ω)

ħImR(ω) = sinh

(ħβω
2

)
F (ω)
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FDT in the time domain domain

FR C

<latexit sha1_base64="4MgxmXxkg0ZuAA+X6TIgsiYMA88=">AAACHHicbVDLTgJBEJz1ifhCOXqZSEw8kV016pHoxYMHTOSRACG9QwMTZh+Z6dWQDb+iV/0Pb8arib/hF7i7chCwTpWq7lSl3FBJQ7b9ZS0tr6yurec28ptb2zu7hb39ugkiLbAmAhXopgsGlfSxRpIUNkON4LkKG+7oOvUbD6iNDPx7GofY8WDgy74UQInULRTbQ6CYtz2goQDFbydd0S2U7LKdgS8SZ0pKbIpqt/Dd7gUi8tAnocCYlmOH1IlBkxQKJ/l2ZDAEMYIBthLqg4emE2flJ/woMkABD1FzqXgm4t+PGDxjxp6bXKYlzbyXiv95rYj6l51Y+mFE6Is0iKTCLMgILZNVkPekRiJImyOXPheggQi15CBEIkbJTDOBj2DGSZtJPhnJmZ9kkdRPys55+fTurFS5ms6VYwfskB0zh12wCrthVVZjgo3ZM3thr9aT9Wa9Wx+/p0vW9KfIZmB9/gAGsqId</latexit>

L̂c

* fΩ * gΩ

<latexit sha1_base64="eObDB9avCt609aJAypI9GlmnqV8=">AAACHHicbVDLTgJBEJz1ifhCOXqZSEw8kV016pHoxYMHTOSRACG9QwMTZh+Z6dWQDb+iV/0Pb8arib/hF7i7chCwTpWq7lSl3FBJQ7b9ZS0tr6yurec28ptb2zu7hb39ugkiLbAmAhXopgsGlfSxRpIUNkON4LkKG+7oOvUbD6iNDPx7GofY8WDgy74UQInULRTbQ6CYtz2goQDFbydd0y2U7LKdgS8SZ0pKbIpqt/Dd7gUi8tAnocCYlmOH1IlBkxQKJ/l2ZDAEMYIBthLqg4emE2flJ/woMkABD1FzqXgm4t+PGDxjxp6bXKYlzbyXiv95rYj6l51Y+mFE6Is0iKTCLMgILZNVkPekRiJImyOXPheggQi15CBEIkbJTDOBj2DGSZtJPhnJmZ9kkdRPys55+fTurFS5ms6VYwfskB0zh12wCrthVVZjgo3ZM3thr9aT9Wa9Wx+/p0vW9KfIZmB9/gAg8qIt</latexit>

L̂s

Going from one function to the other via convolutions or differential
operators
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FDT in the time domain domain (1)

C (t ) = cos

(ħβ
2

d

d t

)
F (t )

R(t ) =−1

ħ sin

(ħβ
2

d

d t

)
F (t )

Classically ħ→ 0

C (t ) = F (t ) χ(t ) = θ(t )2R(t ) =−θ(t )β∂tC (t ) (1)
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FDT in the time domain domain (2)

F (t ) =
∫

dt ′gΩ(t − t ′)C (t ′)

Blurring function

gΩ(t ) = F T

[
1

coshħβω/2

]
= Ω
π

1

coshΩt

Planckian scale Ω= πT

ħ = 1

τΩ
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Blurring functions

Ï Smooths out the details on a scale 'ħ/T
Ï Suppression of high frequency components F (ω) = C (ω)

coshβω/2

Ï gΩ(t ) → δ(t ) for ħ→ 0
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t-FDT with (integrated) response

F (t ) =
∫ ∞

−∞
dt ′ f (t − t ′)R(t ′)

= ψ(∞)

β
+

∫ ∞

0

[
f̃2Ω(t − t ′)+ f̃2Ω(t + t ′)

]
ψ(t ′)

ψ(t ) =
∫ t

0
χ(t ′) = 2

∫ t

0
R(t ′)

f (t ) = F T

[
1

sinhħβω/2

]
= 1

β
tanhΩt

Blurring function f̃2Ω(t ) = Ω

(coshħΩt )2
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OTOCs as two point functions (1)

1

Z
Tr

[
e−βH/2 A(t )A(0)e−βH/2 A(t )A(0)

]
= 1

Z

∑
i j

e−β
2 (Ei+E j )〈i j |A(t )⊗ A(t )A(0)⊗ A(0)| j i 〉

= 1

Z
Tr

[
e−β2HA(t )A(0)P

]∝ SA,AP(t )

H= H ⊗ I + I ⊗H A= A⊗ A P|i j 〉 = | j i 〉 β2 =β/2
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OTOCs as two point functions (2)

FA,AP(t ) ∝Tr
[

e−β2
2 HA(t )e−β2

2 HA(0)P
]
→ MSS

CA,AP(t ) ∝Tr
[

e−β2H
{
A(t ),A(0)P

}]
RA,AP(t ) ∝Tr

[
e−β2H

[
A(t ),A(0)P

]]
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Behaviour of C and F

FA,AP(t ) ' a −εeλt for td ¿ t ¿ tEhr

CA,AP(t ) ' b −δeλt for td ¿ t ¿ tEhr

0 < δ¿ 1 0 < ε¿ 1

Exponential behavior from positive defined squared commutator
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Bound on chaos from FDT

t-FDT C (t ) = cos

(ħβ
2

d

d t

)
F (t )

If F (t ) = εeλt then C (t ) = cos
(ħβλ

2

)
F (t )

Sign argument

cos
(ħβ2λ

2

)
≥ 0 for λ≤ 2πT

ħ

Tsuji, Shitara, Ueda (2018)
Pappalardi, Foini, Kurchan (2021)
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FDT as a blurring

F (t ) =
∫

dt ′gΩ(t − t ′)C (t ′) gΩ(t ) = Ω
π

1

coshΩt

Suppose C (t ) ∝ e−at t À td

Ï If a <Ω integrand peaked at t ′ ' t
Ï If a >Ω dominated by short times
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Bound on the decay of R

C (t ) ' Ae−at t À td

F (t ) = A

cosβa/2
e−at + cΩe−Ωt +·· ·∝ e−t/τ

cΩ = 2Ω

π

∫ ∞

−∞
dt e−ΩtC (t )

R(t ) = A tanβa/2e−at + cΩe−Ωt +·· ·∝ e−t/τ

Therefore, if cΩ 6= 0 the rate of F and R is bounded:

1

τ
≤Ω= πT

ħ
25 / 29



Bound on the decay of C
If cΩ = 0 one can repeat the same starting from R(t ) which decays
exponentially

F (t ) 'C (t ) ' e−t/τ

r2Ω = 4Ω

π

∫ ∞

−∞
dt e−2Ωt R(t )

If r2Ω 6= 0 the rate of F and C is bounded:

1

τ
≤ 2Ω= 2πT

ħ
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No proof of bound

cΩ = 2Ω

π

∫ ∞

−∞
dt e−ΩtC (t ) = 0

r2Ω = 4Ω

π

∫ ∞

−∞
dt e−2Ωt R(t ) = 0

Sum rules → Relation between short and long times

Analyticity properties of F (t ) in the strip
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Blurring for exponentially increasing functions

C (t ) =Cd − Aeat for td ¿ t ¿ tEhr

Ï If a <Ω integrand peaked at t ′ ' t
Ï If a >Ω dominated by large times

Ω with β2 → bound on chaos
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Conclusions

• Bound on chaos as a consequence of FDT
• Quantum FDT induces blurring on a Planckian scale

• Response function in double space as a possible probe of OTOC?

e−iδ𝔹
e−iH t

ℏ

e−iH t
ℏ

H H

A

A

|n⟩
|0⟩A

|m⟩

(0) (1) (2) (4) (5) (6)(3)
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