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CONCENTRATION-OF-MEASURE PHENOMENON

Shows up in PROBABILITY THEORY and STATISTICS, as well
as in various areas such as GEOMETRY, FUNCTIONAL
ANALYSIS (local theory of Banach spaces), DISCRETE
MATHEMATICS (randomized algorithms, random graphs, etc).

UNDERLYING PRINCIPLE

A random variable that “smoothly’ depends on the influence
of many weakly dependent random variables is, on an
appropriate scale, essentially constant (= to its expected
value).

GOAL OF THESE TWO TALKS:
Making sense out of this, for independent random variables,
Markov chains, and Gibbs measures.
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MARKOV CHAINS & (GIBBS MEASURES



1. INDEPENDENT RANDOM
VARIABLES



TOY MODEL

Sn=X1+-+X,,, P(X; ==£1) = %, X, independent
(E(S,) = 0) One can prove (see below)

2
P (S, >u) <exp (_§> , Yu >0 (Chernov, 1952).
n

A. SCALE OF “LARGE DEVIATIONS”: u ~> un

an

P (|Sn| > nu) < 2exp <—2> , Yu>0.



The law of large numbers

nu?
>u) <2Zexp (—2> < 400, Yu > 0.

n>1

4

> u infinitely 0ften> =0

e (i




Large deviations: asymptotic & non-asymptotic

Take © > 0. One has

P(S,, > un) < exp(—nl(u)), Vn>1

1
lim —InP(S,, > un) = —I(u)

n—,oon,

T(w) = In2+ % (1) + 54 (54)  ifu e [-1,1]
+00 otherwise.



Recall that

02
> < - .
IP(|Sn|_u)_Zexp< 2n>’ Yu >0

B. SCALE OF THE CENTRAL LIMIT THEOREM: 1 ~ u\/ﬁ

2
P (|Sn| > u\/ﬁ) < 2exp (_1;) , Yu>0.

(Numerical example: n = 100, u = 5, the above probability
is < 7.5107°)



Interlude : the Gaussian paradise

Zv,y ... Zy iid. with Z; 2 N(0,1)
Denote S,, = Z1 + -+ + Z,,.

Since S,,/v/n = N(0,1), one gets

max<01 1>2 e < P (]S, > uy/n) <
u 27

u2

for all w > 0.



Central limit theorem: asymptotic & non-asymptotic

Back to X; = +1, P(X; = £1) = %, X; independent.

Take © > 0. One has

9 [® 2
lim P(|S,| > uvn) = — e 2 dx (CLT
Jim (18> wvm) = = [ (cLr)
and
P(|S0] > uy/m) < — /oo % 42+ (Berry-E )
n|l = Uyn y—— e X y— erry— SSeell
Vor Ju n
T 1 : vn
<-e%
u

where C' = absolute constant > 0.
So one has to take n ~ e*” to get back the previous
inequality!



A FIRST GENERALIZATION

Take independent random variables X1, Xo, ..., X,,.
A1M: replace
X1+ -+ X, (linear function of Xy, ..., X,,)
by
F(Xy,...,X,) (possibly nonlinear function of Xi,..., X,)

under mild assumptions on F'.



A KEY ABSTRACT RESULT

No independence needed!

Let
o YV :(02,F,P) — R integrable random variable;
0 {0,Q}=FyCF C---CF, =7 afiltration;
o Y —E(Y) =3 (E(Y|Fy) — EY|Fp-1)) = 251 Ak

AZUMA-HOEFFDING INEQUALITY

VA€ R, E[exp(A(Y —E(Y))] < exp <%2 zn:osc(Ai)2>

=1
whence
Vu> 0, PY - B(Y)| > ) < 2exp [ — o 2o
= =W =P T ose(8)? )

Note that osc(4;) :=sup A; —inf A; < 2[|A;]| .



Proof of Azuma-Hoeffding inequality

Take A > 0:

P (Y —E(Y) > u) = P(exp (\Y = B(Y))) > exp(u))

<
h/{;algla?v exp(—)\u) E [eXp ()\(Y - E(Y)))] :

=E[exp(A(An+--+A1))]

Now

E [exp (A(An + -+ A1))] =
E[exp (A 1+ -+ AY)) E(exp(mn\?ﬂ,g)]
But

2
E (exp(AA|Fp-1)) < exp <)\8 osc(Ak)2> (Hoeffding Lemma)



Proof of Azuma-Hoeffding inequality (continued)

By induction one gets
E[exp (A(Ap + - + Ap))] < exp <8 Z osc(Ai)2> .

Hence, setting ¢ = >, osc(A;)?,

The same holds for —Y. [ |



Hoeffding lemma (1963)

Let Z be a random variable with E(Z) =0 and a < Z < b,
and set

Y(\) = log E(e?M), X € R.
Then

2 _ 2
<M,VAG]R.

In the above proof, we took Z = Ay, (so b—a = osc(Ag)) and
E=E(|Fr_1).



A (nice) proof of Hoeffding lemma

By Taylor’s expansion

2
V) = PO+ W) + 50" (6)
~——
=0 =E(Z)=0

for some 6 € (0, \).
By elementary computation

Y"(N\) = Var(Zy)

where Zy € [a,D] is a r.v. with density f(z) = e ?MNe wrt
P.

Since ‘ZA — “—b} < b=a thep

b\ _ (b—a)?
Var(Zy) = Var <Z,\—a+ )g( 4“) . n



BACK TO BUSINESS:
Going from X + -+ + X, to F(X1,...,X,)

Let X4,..., X, be independent random variables, each
taking values in a set ..

F: " — R satisfies the bounded differences property if
there are some positive constants ¢1(F), ..., ¢,(F) such that

(a1, 20) = F(y1, ... yn)] < Zf )Ly

for all (z1,...,24), (Y1, Yn)-

In other words:
if x; =y;, j #1and then maximal oscillation of F' is



GAUSSIAN CONCENTRATION BOUND (McDIARMID, 1989)

For all functions with the bounded differences property,

VA€ R, E[exp (A(F(X1, oy Xn) —E[F(X1,. .., X0)])]

< exp< Ze )

In particular, for all u > 0,

—2u?
P(F(X1,.... Xn) = E[F(X1,...,X5)] 2 u) < exp (W) '

Hence

— 202
P(|F(Xy,...,Xn) —E[F(Xy,...,X,)]| > u) < 2exp <W>



[lustration (back to our toy model)

Back to X; = +1, P(X; = £1) = %, X, independent:

S ={-1,+1}
F(X17>Xn):X1++Xn:Sn
E[F(X1,...,Xn)] =) E(X;) =0

=1



Remarks

A drawback of the gaussian concentration bound : based on
worst case changes of F'!

Insensitivity to the variance of the X;’s:

take X1,..., X, i.i.d. r.v. taking values in [—1,1] with
E(X;) = 0; we get the same inequality as for X; = +1 with
P(X; = £1) = § which has the largest possible variance
among such r.v..

Possible cure: Bernstein inequality.



Proof of the Gaussian concentration bound (without the
optimal constant)
Apply Azuma-Hoeffding inequality with

Y = F(X1,...,Xn)
Fr =o(X1,...,Xg), Fo = trivial sigma-field
E(Y|F)=E(Y) and E(Y|F,) =Y.

Now let be an independent copy of Xi,..., X;
then

E[Y|F_1] = BIF(X1,..., X, ..., X0)|F%]

—B[F(X1,. ., Xpy oo, Xp) = F(X1, ey Xy, X0)|F2]

= Aklleo <u(F) W



THREE APPLICATIONS
1. Fattening patterns

Consider a finite set ., fix n € IN. Consider X1,..., X,
iid. r.v. taking values in ..
Let

n(z,y) = Z 1iz,2y, (Hamming distance)

where x = (z1,...,2.),y = (Y1,--.,Yn) € S
Now, pick a set A C " with (say) P(A4) = 1/2, and for
re{0,1,...,n}, let

[A], ={z€ " :du(z,A) <r} (r— fattening)
where

dy(z,A) = ylgf du(y, 2).

Natural choice: r = |ne], with € € (0,1).



Sets of measure 1/2 are big

One has

P([Alpe) >1—exp | —2n (6 _ 1og2>

where (u) 1= max(0, u).




Proof

Take F(x1,...,on) = dy(z, A). Check that (;(F) =1,
1=1,...,n.

Apply the Gaussian concentration bound to

Y =F(Xy,...,X,):

P(Y > 10| +u) < exp <_QZ2> (Vu > 0).

Apply again the Gaussian
concentration bound to —A\Y with A > 0:

nA\?
exp(AE[Y]) B fexp(-AY)] < exp (75 )
But Y =0 on A, hence

B [exp(—AY)] > B[y exp(—AY)] = E[fl] = %

=



We conclude that, for every u > 0,

log 2 2u?
P|lY > n(;g +u SIP(YZE[Y]—}—U)SeXp(_u)
n

=. v

where v > /71082

2
Finally, take v = ne and use that by definition

P(Y > ne) = 1 — P([An0).



THREE APPLICATIONS

2. Plug-in estimator of Shannon entropy

Take a finite set . (“alphabet”) and consider X, Xo,. ..
ii.d. r.v. taking values in .%.
Let X = X; with distribution P = {p(s), s € .#}.

H(X)=- Z p(s)logp(s) € [0,log Card(.)] (Shannon entropy).
seS

Empirical distribution:
1 n
pn(s) = pn(S;Xb s 7Xn) = ﬁ Z ]I{Xj:s]w seS.

J=1

ﬁn :ﬁn(Xla an Ingn
s€S



By the strong law of large numbers, p,(s) —— p(s), almost
n—oo

surely, for each s € ., thus

H, — H(X), almost surely.

n—oo

One has 0 < H, <logn and 0 < E[H,] < H(X) for every
n € IN.



Theorem

Let

n n

1 1
F($1,...,:L‘n) = _ZE Z]l{zjzs} log Ez]l{wj:s}
s j=1 J=1
Claim: o1 41
) < 2 Floen)
n

Hence, by the Gaussian concentration bound, for all v > 0

IP(\?I E[H,]| > )<2e il
_ w xp|——u ).
" nll = %)= 2EP 751 T logn)?
In particular
(14 logn)?

n

Var(H,) <



THREE APPLICATIONS

3. Empirical cumulative distribution function &
Dvoretsky-Kiefer-Wolfowitz-Massart inequality

Setting:
iid rv. (X1, X9, X, .., Xi & X, F(z) = P(X < x).

Given x € R and Xj, ..., X,, define
Folz) = Folx; X1y, Xp)

1
= ;Card({l <i<n:X;<zx})
1 n

One has 1(x,<4) 2 Bernoulli(F(z)).



We are interested in the r.v.

K8p = K8 (X1, ..., Xpn) = sup | Fu(z) — F(x)|.
z€R

By Glivenko-Cantelli theorem

X8, —— 0 almost surely,

n—oo

and for all w >0

P(vnK8, >u) ——2 Z(—l)r_l exp(—2u’r?).

n—oo
r>1

(Kolmogorov-Smirnov test)



The easy part

Consider

Check that 1
LGi(FYy=—,1=1,...,n.
( ) - 7 n

Thus, by the Gaussian concentration bound, for all u > 0,
for all n € N,

P (|XS,, — B[XS,]| > u) < 2 exp(—2nu?)
and

P (|v/n X8, — BlynK8,]| > u) < 2 exp(—2u?).



The tricky part: Getting rid of IE[y/n X8,]

Dvoretsky-Kiefer-Wolfowitz inequality

P (\/ﬁiKSn > u) < 4 exp ( — u2/8), Yu > 0.

(Clever proof only using elementary considerations.)
Optimal bound (Massart, 1990):

P (\/EIKS,Z > u) <2 exp(—2u?), Vu>0.



Recap of TALK 1

SO FAR:

@ X1, Xo,...independent r.v. taking values in ., i.e.
product measures on .#N;

e Martingale approach.
Various other approaches are available (MARTON,
TALAGRAND, LEDOUX, BoBKOV & GOTZE, and many
others);

TALK 2: non-product measures such as Markov chains and
Gibbs measures.



2. MARKOV CHAINS
& (GIBBS MEASURES

I will present some results from joint works with P. COLLET,
C. KULSKE AND F. REDIG.



(A GLIMPSE OF ) MARKOV CHAINS

Several approaches (Marton, Samson, Kontorovich, Paulin,
and many others).

HERE: combination of the MARTINGALE METHOD and
COUPLING.

For the sake of simplicity:
Markov chain (X, )nez with discrete state space . equipped
with the discrete distance d(z,y) = dzy.



Separately Lipschitz functions

F:.%Z — R such that

o) — e [F@FGL )
] p d($l,yl) . J y]? j bl yl

where z = (..., 2_9,2_1, 20,21, T2, ...)

Think of a function F(z1,...,,) as a function on .#% with

(i(F)=0fori>nandi<0.



Basic telescoping

Recall that in general
F-E(F)=> A
i€Z

where

A = Ay(X ) = E[F|F;] — B[F|F:_1]
with F; = o(X ).



Some notation

The joint distribution of {X;,j > i+ 1} given X .

—00?" —0o0

A coupling of Pyi and Py .



The second telescoping (still in the general case)

[y [ @B yos 002800 [P ) - FXL0))

Now insert the inequality

<> 0(F) d(x, yr)

keZ

to get

o0

<> by (F)



The coupling matrix D

We have introduced the upper-triangular random matrix

Xi
Diivj = Di,iJrj =

/d]PXioi(Zi)/d]PXiw,Xi;zi(yﬁhzﬁl)d(yiﬂvziﬂ)

where i € Z,j € N, and D;; = 1 (Vi € Z).



The Markovian case

If (X,,)nez is a Markov chain with discrete state space .
with the discrete distance and transition kernel
P = (p(z,Y))(2,y)e.7 x>, then, taking a Markovian coupling,

Xioo Xi1,X; ~
Dy =Didyy ' = Z p(Xi-1,2) /d]PX,”z(ugo, v5°)d(uj,v;5).
2
Defining the coupling time
T(ugovvgo) =inf{k > 0:u; =v;, Vi > k}

we have
d(uj,v5) < Tir(uge v5°)> 5}
whence

1 XI .
“+]l < Z L 1,2 IPX,;,Z(TZJ)'
€S



Gaussian concentration bound

RECAP:

= Z A; and

ieZ
e ~
ANi(Xi1, X)) <> p(Xi1,2) Y P, 2T > ) by (F)
zes 7=0

Recall that Azuma-Hoeffding inequality is

Bleso(r — B(P)] <o (537 1801 0012

€L

After some work, one gets

A ) 2 < SR ( sup B ( T1+E> <3 4(F

i€Z uv €S i€Z

where € > 0.



Gaussian concentration bound

There exists a constant D > 0 such that, for all separately
Lipshitz functions F : .#% — R, we have

E[exp(F — E(F))] < exp (D Zei(FV) :

1€EZL

THE SIMPLEST EXAMPLE: aperiodic irreducible Markov
chain with . finite

3pe(0,1),¢>0 suchthat sup P, (T >j) <cpl, Vi

u,v €S



Beyond the Gaussian case

What happens if we don’t get a uniform (in X;_;, X;) decay

X;_1.X . .
of D, Zlﬂl ‘ as a function of 57

Answer: we may obtain only moment bounds.

[lustration with the (Berbee):
o ¥ ={0,1,2,...};
o Forallke Z;, P(Xy11 =2+ 1| Xy =2)=1— g, and
P(Xi1 = 01Xy =) = gz, v €5
0 0<g: <1, ze7.



One can construct (explicitly) a coupling such that

j—1
Pey(T > j) < H(l —Gyik), T2Y

k=0
where ¢} = inf{q, : s < n}.
Three cases:
(1) ¢:=inf{q, : 2 € ¥} > 0;
(2) gz =27 with 0 < o < 1
(3) gz = 7v/x where v > 0.



(1) Gaussian concentration bound,
(2) Moments of all orders:

Vp €N, E[(F — E(F))*] < Cy, (Zﬁ ) ,

where Uy, is independent of F, grows too fast with
p to get a Gaussian concentration bound;

(3) Moments up to some p(7).
Moment inequalities rely on Burkholder inequality:

()]

E[(F-E(F)”] < (2p- D7E




A final remark on Markov chains

Dedecker-Gouézel (2015)

For an irreducible aperiodic Markov chain with a general
state space ., the Gaussian concentration bound holds
the chain is geometrically ergodic.




(GIBBS MEASURES

Previously: Markov chains with state space .7
non-product measures on .#%.

GIBBS MEASURES: non-product measures on .% Z7 where we
take . = {—1,+1} (spins) for definiteness.

STRATEGY: same as for Markov chains, that is, introduce a
“coupling matrix” (D; ;) indexed by d-dimensional integers.



Boltzmann-Gibbs kernel

_ exp(—ﬂ?—[/\(w| )) _ d
ya(wln) = 7000 , A EZ°.

~~ Gibbs measures (DLR equation)
Parameter 8 > 0: inverse temperature

One extreme case: f = 0 ~» uniform product measure (for
which one has the Gaussian concentration bound).

4+ - + - - =
- 4—4—&)-}-4-
+ - + - ¥ -
- 4-/\4— +— & +
4+ =2 - 4
4 - + + o+ -




Ising model (Markov random field)

Ha(w]n) = — Z WixwWj — Z Wi x

i,jEA i€OA, j¢A
li—jlli=1 lli—slli=1

,Vi € Z? (“+-boundary condition”)

Fact: there exists a unique Gibbs measure for all 5 < ., whereas
there are several ones for all 8 > (..




Concentration for the Ising model

G awrione shatded
o afo- ¢*I;tOM=L
“ L)




Let F:.%2" 5 R and

l;(F)= sup |F(w®)—F(w)|, i ez,

werzd

where w(® is obtained from w by flipping the spin at 4.

Gaussian concentration bound (3 < f3)

Let p be the (unique) Gibbs measure of the Ising model.
There exists a constant D > 0 such that, for all functions F'
with 3,74 6;(F)? < 400, one has

B, [exp(F — E,(F))] < exp (D 3 ez-(F)Q).
i€z

Remark. As shown by C. Kiilske, the Gaussian
concentration bounds holds in the Dobrushin uniqueness
regime with D = 2(1 — ¢(7))~2, where ¢(v) is Dobrushin’s
contraction coefficient.



Recall that the Gaussian concentration implies that for all
u > 1 one has

u(w c 2. |F(w)—E,(F)| > u) < 2exp <4D Z;;Q&(F)z) :



At sufficiently low temperature, we can gather all moment bounds to
obtain the following. We denote by u™ the Gibbs measure for the
+-phase of the Ising model.

Stretched-exponential concentration bound (5 > 3)

There exists 0 = o(3) € (0,1) and ¢, > 0 such that for all functions
F with Y, .74 (;(F)* < +o0, for all u > 0, one has

pH(we 2 |F(w) — B (F)| > u §4exp< L )
( " ) (Yicza ti(F)?)?




Applications

Other models besides the standard Ising model: Potts,
long-range Ising, etc.

Ergodic sums in arbitrarily shaped volumes;
Fluctuations in the Shannon-McMillan-Breiman
theorem;

First occurrence of a pattern of configuration in another
configuration;

Bounding d-distance by relative entropy;
Fattening patterns;

Almost-sure central limit theorem.



Application to the empirical measure

Take A € Z% and w € .7%" and let

1
En(w) = Tl > o1

ISHY
where (T;w); = wj—; (shift operator).

Let ;2 be an ergodic measure on .#%" . If (Ap)n is a sequence
of cube 1 Z% (more generally, a van Hove sequence), then

" weakly
Question: If u is a Gibbs measure, what is the “speed” of

this convergence?



KANTOROVICH DISTANCE on the set of probability measures
Zd
on S

dK(Nl,lQ) = sup (Em (G) - EM (G))

G2 LR
G 1—-Lipshitz

where |G(w) — G(w')| < d(w,w") = 27F, where k is the

sidelength of the largest cube in which w and w’ coincide.

Lemma. Let p be a probability measure and

F(w)=  sup < E G(Tyw) — E“(G)> .
G2 SR \ieA
G 1—Lipshitz

Then
> Gi(F)? <calA

i€Z4

where c¢q > 0 depends only on d.



I[sing model at high & low temperature

Gaussian concentration for the empirical measure (8 < )

Let p be the (unique) Gibbs measure of the Ising model.
There exists a constant C' > 0 such that, for all A € Z% and
for all u > 0, one has
,u{w c ST ‘dK(SA(w), 1) — B [di (Ex(), ‘ > u}
<2exp(—C|Al?).




We denote by p+ the Gibbs measure for the +-phase of the
Ising model.

Stretched-exponential concentration for the empirical

measure (8 > )

There exist o = o() € (0,1) and a constant ¢, > 0 such
that, for all A € Z¢ and for all u > 0, one has

p{we 7 |a(Enw) 1) — B[ (), M) | 2 u}

<4 exp <—cQ|A|§u9> .




Can we estimate E, [dx(E(), n)]?

Let
<z ={G: S LSRG 1-Lipschitz}
and 1
Zh= =Y (GoT; —Eu(G)), AezZ”.
|A| i€A
Then

B [d (e 0] =B (0 22

Notice that we have functions defined on a Cantor space,
which is really different from the case of, say, [0, 1]* c RF.



Theorem

Let i be a probability measure on .% z? satisfying the
Gaussian concentration bound. Then

’A|—%(1+log|§”|)_1 if d=1
E,, [dk (Ea(+), p)] 2 Ly
w0k exp (-% (llcc))gg||£ﬂ‘|) ) if d>2.

For (ap) and (by) indexed by finite subsets of Z¢ we denote

ap = by if, for every sequence (A,,) such that |A,| — +oo as
log ax,, <1
logby, — °°

n — 400, we have lim sup,,

It is possible to get bounds but they are ugly.
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Geometrically ergodic irreducible aperiodic Markov
chain

There exists a set C' C . (“small set”), an integer m > 0, a
probability measure v, and 6 € (0,1), k > 1, such that
e For all z € C one has P™(x,-) > dv;

@ The return time 7¢ to C is such that
sup,cc Ez(K70) < o0.

If . is countable then this is equivalent to the fact that the
return time to some (or equivalently any) point has an
exponential moment.



DLR equation

1 is a Gibbs measure for the given potential if, for all

A €Z% and for all A € ’B(ﬁ”zd)

p() = [ an() S (@) Latehn)

w'eA



Dobrushin contraction coefficient

Let

Cij(v) = sup [l (lw) — v (o) e
ww' €L
de\j:w/Zd\j
Then in our context C; j only depends on ¢z — j and we define
()= Coilv).
1€Z4

Dobrushin’s uniqueness regime: ¢(vy) < 1.



van Hove sequence

A sequence (Ay,), of nonempty finite subsets of Z< is said to
tend to infinity in the sense of van Hove if, for each i € Z¢,
one has

Ay 4+ 9)\A,
lim |Ap| =400 and lim [(An + 8]\ = 0.
n——+00

n—-+00 |An|



Proof of the Lemma

Let w,w' € L% and G : SZ° 5 R be a 1-Lipschitz
function. Without loss of generality, we can assume that
E,(G) = 0. We have

D G(Tw) <Y G(Tw') + Y d(Tiw, Tiw').
1€EA SN LISHIN
Taking the supremum over 1-Lipschitz functions thus gives

Flw) = F(w) <) d(Tiw, Tyw').
€A

We can interchange w and w’ in this inequality, whence

|F(w) = Fw)| <) d(Tiw, Tw).
€A



Now we assume that there exists k € Z® such that wj = w;-
for all j # k. This means that d(Tjw, Tyw') < 2~ Ikl for
all ¢ € Z%, whence

lp(F) < 27kl

SN

Therefore, using Young’s inequality,

DY DNt

i€Zd kezd \ iczd
2
< S @) x [ 3 2Kk
icZ4 keZd

We thus obtain the desired estimate with

2
Cq = <Zk€Zd 2’”’“”“)) :
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