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Abstract

Master 2 in High Energy Physics

Diffraction in high-energy onium - nucleus scattering

and structure of partonic evolution

by Dung LE ANH

A fast-moving hadron, due to quantum fluctuations, is a set of many soft gluons. The wave function
of a small hadron can be obtained as the solution of an evolution equation, which is most conveniently
formulated in the so-called color dipole model. This model also enables us to describe the diffractive
onium-nucleus scattering in which there is a range of rapidity around the nucleus with no particles
observed. In this report, the diffraction in the high-energy onium - nucleus scattering will be presented
and related to the genealogy of the partonic evolution which appears as a dipole branching-diffusion
process. This relation will then be tested numerically. In addition, an analogy to the genealogy of the one
dimensional branching random walks will be mentioned. Further considerations and outlook will be also

discussed.
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Preface

The field of high energy QCD has been developing rapidly over the past few decades, generating vast
amount of interesting results in both theoretical and experimental aspects. At high energies, or small
values of the longitudinal momentum fraction x, it is possible to observe more quantum fluctuations of
incoming objects, hence the QCD dynamics in this regime becomes sophisticated.

In the evaluation of Feynman diagrams in the small-x regime, the coupling constant «; always comes with
"infrared” logarithm, namely In(1/z). Perturbative series in a4 In(1/x) is necessary to be fully resummed,
which is performed by the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [1-3] evolution equation. This linear
equation, however, seems to violate the unitarity at ultrahigh energy. Therefore, nonlinear correction
is required, which is taken into account, for example, in the Balitsky - Kovchegov (BK) equation [4, 5].
The derivations of these equations could be based on Mueller’s color dipole model [6-8], which is a very
elegant way to represent QCD in high energy limit.

The color dipole model could be then used to describe the diffractive onium-nucleus scattering for which
there is a region in rapidity around the nucleus with no particles seen. In fact, the onium-nucleus scattering
could be studied experimentally from the electron-nucleus scattering for the following reason: the photon,
which mediates the electron-nucleus interaction, can be resolved as a pair of quark and anti-quark (onium)
during the interaction in some boosted frames. Studies of diffraction at very high energy turn out to
be interesting for the theoretical understanding of QCD, and relevant for phenomenology at a future
electron-ion collider.

The layout of the report is as follows. Chapter 1 presents an overview of pertubative QCD and small-z
physics. The light-cone formalism, which will be employed throughout the report, is also introduced.
Chapter 2 gives a review of the color dipole model and discussions on the BK and BFKL evolution
equations in this framework. Chapter 3 is dedicated to present the main results of the report. In this
chapter, we will discuss the diffractive onium - nucleus scattering and its relation to ancestry in the

partonic evolution. Finally, a summary and further developments are given in the Conclusion.



Chapter 1

An overview of perturbative QCD

and small-x physics

Quantum chromodynamics (QCD) is the quantum field theory of strong interaction. Due to the behavior
of (running) coupling «,, which is small at short distances and becomes larger at longer distances, the
study of QCD could be divided into perturbative and non-perturbative regimes. This chapter is dedicated

for reviewing perturbative QCD on the light-cone and some aspects of QCD at small Bjorken - x.

1.1 QCD as a non-abelian gauge theory
QCD is a gauge field theory whose gauge group is non-abelian SU(3) describing the strong interaction

sector of the Standard Model. Tt deals with quarks (anti-quarks) and gluons, which do not exist as free
but combine to form hadronic bound states. Quarks, denoted by ¢;(z), are spin—% Dirac fields of color ¢
(i =1,2,3) in the fundamental representation 3 (triplet) of the color SU(3), while anti-quarks, g;(z), are
in the complex conjugate representation 3. On the other hand, gluons are described by the spin-1 field
Af(x) of zero mass and color index a (a = 1,8) in the adjoint representation (color octet) of the SU(3)
gauge group. The strong interactions among quarks and gluons are formulated in following Lagrangian
[9-11]:

. 1 v a
Loop = Y, Gy Dy —m)ija; — 160 Gl (1.1)

flavors

where the covariant derivative is defined as:
D, =08,- igst“Az (1.2)

The strong coupling g, is the QCD analogy of the electromagnetic coupling e in QED, and ¢* are generators
of SU(3) in the fundamental representation encoding the color structure of gluons and interactions among
quark and gluon degrees of freedom. These color matrices are usually chosen to be the Gell-Mann matrices

At = %, and satisfy the following commutation relation:

[ta, tb] — ifabctc (13)

where fo¢ are the structure constants of SU(3). The antisymmetric non-abelian field tensor G}, in
eq.(1.1) is defined as:

wa = aﬁ«AZ - 81/14;1,, + gsfabcAZAlc, (14)
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Unlike photons in QED, gluons themselves carry color charge, which leads to the self-interaction of gluons
encoded in the term (g fabCAZAf;) in the field tensor (1.4). The gluon self-interaction, when performing
the perturbative calculations, gives rise to the vacuum polarization diagrams with gluon loops, which
result in the different behavior of the running coupling with respect to the QED running coupling.

As QCD is a gauge theory, it has the gauge symmetry, which means that the Lagrangian (1.1) is invariant

under the following local SU(3) transformation:

q(x) — Ulz)q(x),  qlz) = c?() )

(1.5)
Au() = U@)Au(@)U" () = - [0,U(2)] U (=)
where 4, =t A}, and the transformation matrix U(x) is given by:
U(x) = exp (it"0%(x)) (1.6)

with 6%(z) is an arbitrary set of real functions of space-time coordinates. Under this gauge transformation,

the covariant derivative and the field strength tensor are transformed as:
D, — U(z)D, U (z), G — U(x)Gy, U (z) (1.7)

One importance of the gauge symmetry is that physical observables are independent of the choice of gauge
in which the calculation is implemented. This fact allows us to choose the most convenient gauge for the
practical purpose. However, the gauge invariance introduces the gauge redundancy, i.e, the redundant
components in vector potential due to the gauge transformation. Such redundancy could be handled

using gauge fixing which will be mentioned in the upcoming section.

1.2 Light-cone perturbation theory

Despite the fact that covariant Feynman quantization (see, for e.g, [12, 13]) based on the instant
coordinates is widely used in constructing the field theory, it gives complexity when going beyond the
one-loop calculation. In 1949, Dirac [14] pointed out that the instant time ¢ is not the only possible
evolution variable. In fact, one can define another evolution parameter which is called the light-cone
time 2 (as defined below) in which 7 out of 10 generators of the Poincaré group are kinematic. Various
elegant advantages of the light-cone parameterization which were shown in different works (see, for e.g,
[15-19]) make it attractive to be used to describe relativistic systems, especially high energy scattering.

For every four-vector u*, the light-cone variables are defined as follows:

uF=u® £ ud, uy = (vt u?) (1.8)

and u* will be represented as (u™, 4™, u ). In this light-cone notation, the scalar product becomes:

1 1
u-v=—-utv +u"vt —u, v, (1.9)
2 2
and, hence, non-zero components of the metric are:
1
g+-=9-+=735 9gu=9gn= -1 (1.10)
We see that, for a particle moving with speed of light in (+z) direction, the light-cone coordinate z= = 0

and x" increases along the particle’s trajectory. Therefore, z ™ is usually interpreted as the light-cone time.
Consequently, the "minus” momentum operator P~, which generates translations in z*, is understood as
the light-cone Hamiltonian.

The choice of the light-cone time variable 2™ is equivalent to the foliation of space-time into space-like

hypersurfaces 27 = const. There are seven Poincaré generators leaving these hypersurfaces invariant
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including the momentum operators (P, , P*). They are called kinematic operators. Since kinematic
operators which commute with the Hamiltonian can be used to characterize the quantum states of
particles, the states can be specified as [p™,x, ) in the light-cone framework, where A denotes the
polarization. Consequently, it is possible to limit our investigation in the transverse plane. One can also

2

notices that the on-shell condition p? = m? results in:

2 4 2
m
Rt Y (1.11)
p
which is simpler than the expression p® = /p? + m?2 in the instant form, which in part makes calculations

in the standard Feynman perturbation theory become complicated.

With the light-cone formalism, one can construct the light-cone perturbation theory (LCPT). As mentioned
above, there is a gauge redundancy since QCD is a gauge theory. To deal with this fact, we will work in

the following gauge:
At =0 (1.12)

This is called the light-cone gauge, which can be obtained from the light-cone gauge definition - A =0
with n* = (0,1,0,) (null vector). We now decompose the quark fields ¢(x) into ¢(z) = ¢4+ (z) + q—(x)

with ¢4 (z) = $7°7%¢(z) and use the two-component form:

=(¢ V', =0 0", =0 "
(1.13)

X = o ([f(iai + g, AY) + im) ©
here we use the fact that ¢_ is not an independent degree of freedom but can be expressed in term of
¢+ (via the equation of motion). In this two-component form with the light-cone gauge, interaction

Hamiltonian density reads [J:

1

a—+(6L6L+m)

1 R R
Hint =gsp! [2+(3¢ “AL)+ (6L AL) —(61L-0L—m)é, AL

o+

+ gg fabe {aw AL AT 4 8’A;8—+(A{)8+Ag) + % fabe pade AL AT AL AJ w1

1 1 ; 1
2, (A . (A 2 ~ (pabc + = ATra
959161 AL) 5 (01 AL)¢+2958+(J" Ao AJ)a (')
1

1 1 g2
tra tra sabcade Jat+ Ajd Ja+ Ad
+2958+(s0t90)8 (p'te) + 5 ff (A3 AS) 57 (407 47)
where 61 = 02, 62 = —o?! (0! are Pauli matrices) and (1/8+) is defined as:
1 1
grf@ =1 [dvloe =) -0 - 2) 1(w) (1.15)

In the Hamiltonian (1.14), the first three terms in the first two lines correspond to quark-gluon, three-gluon
and four-gluon vertices, respectively. The remaining terms describe new four-quanta interactions with
instantaneous quark and gluon propagators. The rules for the QCD LCPT are listed in the Appendix A.
We will now begin the discussion about some aspects of the small-x physics with the cornerstones of
pertubative QCD: the parton model of deep inelastic scattering (DIS) and the DGLAP evolution.

1.3 DGLAP evolution

One of the scattering processes of interest in the QCD is the deep inelastic electron-proton scattering

where the e — p interaction is mediated by a virtual photon as illustrated in Fig. 1.1.
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FIGURE 1.1: Diagrammatic illustration of the DIS.

Related variables are defined as:
Q2
2P .¢’

The Bjorken-z variable could be interpreted as the fraction of the proton’s light-cone momentum carried

g=k—k, Q=-¢ u W2 = (P +q)* (1.16)

by the parton struck by the photon, z = 1’3—: Since % = g—; with W2 > Q?, small x values correspond

to high center-of-mass energies. The DIS cross section can be written as [13]:

do® r 2y 20 oy . o0
dEdO 1B sin4g Wa(z, Q%) cos 3 + 2Wi(x, Q) sin 3 (1.17)

where E and E’ are energies of incoming and outgoing electrons, respectively, and W and Wy are scalar
structure functions which have the dimension of inverse mass. It is more convenient to use dimensionless

structure functions F; and F5 defined as:

Q2

Fl(xaQ2) :mW1(1'7Q2)7 FQ(x7Q2) = %WQ(‘er2) (118)
In the naive parton model, we have the following relation [20]:
Fy=2zF = Z e?mqf(x) (1.19)
f

where ¢f () is the quark distribution function, which is the probability of finding a quark of type f (with
charge ey) with momentum fraction x inside the proton. The Q-independent behavior of the functions Fy

and Fj is known as Bjorken scaling [21] and characterizes for the DIS on a point-like particle.

The ep interaction is, however, more complicated than in the naive parton model due to QCD corrections.
One increases the virtuality @2, the proton is probed with higher resolution. Consequently, the parton

distribution functions now depend on the momentum scale Q2.

Parton distribution functions are non-perturbative objects, but their variation in term of the virtuality
Q? can be described perturbatively. The Q2 evolution of the parton distribution functions is formulated
in the so-called DGLAP equations [22-24]:

BAff(x,QQ) _as(QQ) Ldz FET
Oln Q2 T on L ?qu(z)A (27Q2) (1.20)

0 (2@} _an(@) [dz (Pulz) Pyle)) (3(/7 Q%)
0lnQ? (G(w,@2)> o /w z (qu(z) ng(2)> (G(x/z,Q2)> (1.21)
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where ASf (2,Q%) and (z,Q?) are the flavor non-singlet distribution function and the flavor singlet

distribution function, respectively:

A(2,Q%) = ¢! (2,Q*) — ¢/ (¢,Q%) (1.22)
S(@,@) =Y [0 @.Q) + (2, Q)] (1:23)
f

and G(z,Q?) and ¢7 (z, Q?) (qJF (7, Q%)) are, correspondingly, the gluon and quark (anti-quark) distribution

functions. Functions P,;(z), where a and b are q or g, are splitting functions defined as:

22 _2)2
Pu(s) = Cp |22+ 350 -2)], Pyyle) = Cp1ta2’,
Py(z) = Npl22+(1-2)%, (1.24)
z —z 11N.—2N
ng(z) = 2N, [@+ 1Z Jrz(l—z)] +Tf5(172)
where Cp = ]\Sv_cl and the ”plus” prescription u4 (z) is defined such that:

1 1
/ dous (2) (=) = / dzu(2)(f(z) — (1)) (1.25)
0 0

The DGLAP equations Eq.(1.20) and Eq.(1.21) play a role as the renormalization group equations for the
parton distribution functions with the renormalization scale Q2. In fact, they are at leading-order (LO)
since the integral kernels are given at the lowest order in «. The solution to the DGLAP equation is a
systematic resummation of all powers of (a, In Q?).

Let us study the behavior of parton distribution functions at small x. In this regime, the relevant splitting
functions are Pyq(2) and P,4(2) since they are singular at small z:

2N,

Pyq(2) %77 Pyy(z) =

Consequently, the gluon distribution grows much faster than the quark distributions when x decreases.

(1.26)

Therefore, one can neglect the evolution of quark distributions and, also, the quark contribution to the
gluon distribution. Keeping the coupling constant o fixed for simplicity, the evolution equation for the

gluon distribution is then:

0 o, [Ydz2N,  x
———G(r,Q%) == | —=—G(=,Q? 1.27
it @) =5t [ EEe.) (127
Doing a change of variable z = 2/¢ and integrating the equation with respect to In Q?, one gets:
2 2 s Ne <’ 2 ! dg /2
2G(z,Q%) = 2Go(x, QF) + . dlnQ ?SG(f, Q) (1.28)
QU x

Taking the initial condition Go (&, Q3) = §(£ — 1), which corresponds to one single gluon at Q%, and solving
the equation iteratively for G, (z, @?) in the series solution zG(z, Q?) = 2Go(x, Q3) + Y v, 2Gn(z, Q?),

one obtains:
_ Q> n—3
oy _ | -In(Q?/Q7) (aln%m@%) (1.29)
2Gn(w,Q )_\/O‘ n(1/z) (n—D)!T(n+1)

Resumming all such terms with the resummation parameter (64 In % In Q—z), the solution of Eq.(1.28) for
0

Q

2G(z, Q%) = &WL [21 lalnéln g;] (1.30)

x < 1 reads:
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where a = QTM This resummation is called the double logarithmic approximation (DLA). It predicts a
rise in 2G(z, Q%) when x decreases, which results in a rising quark distribution. Both rises in the gluon
distribution and the quark distribution lead to an increase in the structure function Fy(z, Q?) at small x,

which qualitatively agrees with the experimental data [25, 26].

1.4 BFKL evolution

The asymptotic behavior of the gluon distribution Eq. (1.30) is valid in the double logarithmic limit
of small = and large Q2. In case the longitudinal logarithm dominates the transverse logarithm, the
resummation parameter now has just one logarithm of z, &ln %, and the DLA becomes the leading
logarithmic approximation (LLA). In this situation, one should study the % evolution instead of the Q2
evolution. This 1 evolution was first formulated by Balitsky, Fadin, Kuraev and Lipatov (BFKL) [1-3].
Since the integration in Q2 is now kept untouched, one can define the so-called unintegrated gluon
distribution f(z, k?) as:

2

Q
G(m,Q2)2/2 d(Ink?) f(z, k?) (1.31)

The BFKL evolution equation for the unintegrated gluon distribution function, which is valid for sufficiently
large transverse momenta, is then:

of (z, ki) a / an 2 k’i 2

R == )= 2L f(ak 1.32

oln(l/z) =) (kL —11)? f, 1) 202 (@, k1) ( )
The eigenfunctions of the BFKL integral kernel are power functions of the form f.,(z,12) = (I3 /A?)™"

with eigenvalues ax (), where A is some momentum scale and:

x(v) =2¢(1) = v(v) = (1 =7) (1.33)
with 1(v) =TV(y)/T (). The solution is then the linear combination of eigenfunctions:
dry - K2\
2y 2r ax(y)In(1/z) [ ML
F) = [ Bela)e (%) (13)

where the coefficient function ¢(7y) is determined from the initial condition. Approximating the integral
Eq.(1.34) at the saddle point value with ysaqd1e = 1/2 and X (9saddie) = 41n 2, the leading small-z behavior

of the solution is then:
A2 1\ %Pt
)~ = | = 1.35
fekd) ~ i (3) (1.35)

where ap — 1 = 4aIn2. One can see that the growth of the gluon distribution function given by the
BFKL evolution is much faster than that given by the DGLAP evolution (Eq.(1.30)).

—

= %@5

- —

oo
g &@quw %&»999)
EQQOQQ) %%QJQQ@)
O‘Q’@\Q %QQQQJ %VQOES/ QQQOQy
2000 Q 2,
A \7@{&@) %ee%mw@) ®)
FIGURE 1.2: Gluon cascade in the proton wave function

(A) The BFKL cascade (linear evolution)
(B) The recombination effect (non-linear evolution)
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The BFKL equation introduces an important step towards understanding asymptotically small-x regime
of QCD. However, it raises some problems one of which we are going to address. As z decreases to
very small values, the hadron - hadron cross section will eventually become so large that the unitarity
bound is violated. Indeed, the parton density grows as x decreases, which leads to the overlapping of the
partons’ wave functions at some point. Hence, for such a dense system, one need to take into account
the gluon recombination (Fig. 1.2), which should slow down and, then, saturate the rise of the gluon
density. One attempt to solve the BFKL unitarity problem is of Gribov - Levin - Ryskin (GLR) [27] and
Mueller - Qiu (MQ) [28] by introducing by hand the nonlinear term to the BKFL equation, which results
in the GLR-MQ evolution equation. A systematic way of unitarizing the BFKL evolution is the Balisky -
Kovchegov (BK) approach [4, 5] with the nonlinear BK evolution equation of following form:
/dl2 {lzT(l YY) = k2T(k,Y)  K*T(k,Y)
12 k2 — 2] VAT + k1
where T is the dipole-nucleus scattering amplitude and [ and k are transverse momenta. The discussion of
the DGLAP and the BFKL evolutions couuld be summarized in Fig. 1.3, which illustrates the evolution

T (kYY) = —aT?(k,Y) (1.36)

of the parton distributions in different variables. The perturbative QCD regime is divided into two regions
by the saturation scale: the linear evolution (DGLAP and BFKL) region and the saturation domain
where the nonlinear correction is required. We will return to the BFKL and, also, the BK evolutions in

the next chapter in the dipole formalism.

Inlix & SATURATION
I

. PARTON GAS

BFKL

DGLAP
—_—

- m—
Inag InQ?

FicUre 1.3: Different evolutions of the parton distributions.
(The dash curve shows the saturation scale Qs(x))



Chapter 2

Color Dipole Formulation

The modification of the hadronic wave function under the small-z evolution in the LLA requires to
resum soft gluon emissions and virtual gluon corrections that bring powers of aIn % This is a rather
complicated job (see [29]). An elegant simplification is realized when taking advantage of the large-N,
limit in which gluons are replaced by color dipoles. The BFKL evolution is then the dipole evolution via
the dipole branching and, hence, its derivation is relatively straightforward.

The aim of this chapter is to review the QCD evolution of onia at small-z in the dipole formalism
developed by A. H. Mueller and collaborators [6-8, 30]. The evolution is generated by a kernel obtained
from the construction of the light-cone wave function of onia in the large- N, limit, where the gluons could

be treated as color dipoles, which evolve independently of one another during the evolution.

2.1 Dipole formulation

2.1.1 Large N. limit
The large N, limit , which was introduced by 't Hooft [31], is the idea to take the limit N, — oo while

keeping as N, fixed, so that the small parameter in the problem becomes N% . Recall the Fierz identity
for SU(N.):

W 1 1
it = 5 (@léjk - Nc(sijékl) (2.1)

i J i J i J
—_—
2 2N,
+
l k l k l k

FIGURE 2.1: Graphical representation of the Fierz identity

where t* (a =1,2,--+, N2 — 1) are generators of SU(N,) in the fundamental representation. The second
term is suppressed in the large N, limit and, hence, one can consider gluons as color dipoles (quark -
anti-quark pairs). The effect of this consideration on the QCD vertices is shown in Fig. 2.2.

In the large-N. limit, there is a significant simplification in the set of diagrams which contribute at
leading Nic: only planar diagrams left. Let us consider, for example, diagrams in Fig. 2.3. Diagram (A)

is the onium with an extra gluon (dipole): there are two color loops with two couplings and a factor of
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LN T 4
oo X

FIGURE 2.2: QCD vertices in dipole formalism

1/N. for average over colors, so that the overall factor is (asN.); (B) has three color loops and fours
coupling, which gives a factor of (asNN.)2. On the other hand, diagram (C) has only one color loop and
still four couplings, which results in the contribution of order (asN.)?/N2. Therefore, this diagram will be
suppressed compared to (A) and (B). The difference here is that, diagrams (A) and (B) are planar while
(C) is not. Diagram (D) looks planar, but is also suppressed by NLE as diagram (C), so it is effectively not.

In summary, only planar diagrams give leading 1/N, contribution.

</ AN RO

(a) (B) (©) (D)

FIGURE 2.3: Some example diagrams in the large N, limit

2.1.2 The onium wave function

We are going to construct the onium light-cone wave function. Let us consider first the onium without
soft gluons. The light-cone wave function is ’(/Jg)ﬁ)(kl 1,21) where « and f are quark and anti-quark spinor
indices and z; = k14 /ps, p and k; are the momenta of the onium and the quark, respectively. In

transverse coordinate space, the wave function is given by:

A2k P
1/)&0}3@01,21):/ (27T1)§61ku Oliﬁt(x(,)@)(ku,zl) (2.2)

where xy and z; are correspondingly transverse positions of the antiquark and the quark, and zg; = 1 —xg.

The normalization is taken to be:

p'k|

k

FIGURE 2.4: Onium wave function with no soft gluons [32]

d*k ! !
/ 1; / le(I)(O) (klla Zl) = /d211701 / le(I)(O) (I()l, 2’1) = 1 (23)
(2m)% Jo 0
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where:

O (ky 1, 2) ZZW&O/; ki, 21)[°

(2.4)
) (201, 21) ZWJQ/; (o1, 21)[?

One now suppose that the onium emits a gluon at transverse position zo with momentum k5. This
emission could come from the quark or the anti-quark giving two contributions as shown in Fig. 2.5.
Since we are interested in the high energy asymptotics, the momentum fraction of the gluon, 2o = kot /p4,

is taken to be much smaller than z; and 1 — zq, or the emitted gluon is soft.

FIGURE 2.5: Onium wave function with one soft gluon [32]. The dashed line represents the point where
the LCPT energy denominator is evaluated.

Using the LCPT rules, the onium wave function with one soft gluon in the light-cone gauge reads (see
Appendix B):

A
ko - €1

(2.5)
k3.

¢£¢2a(ku, koi;z1,22) = 2g4t° [dJSE (k11,21) — 1/1((323)(ku + ko, 22)]

where the first term comes from the emission from the anti-quark (Fig. 2.5A) and the second term is
from the quark (Fig. 2.5B), and €, is the polarization vector of the soft gluon with helicity A. Although
the form of the wave function in momentum space is relatively straightforward for one gluon emission, it
is much more complicated when additional gluons present. For that reason, we employ the transverse

coordinate representation of the wave function, which is obtained from the following Fourier transform:

a d?ky d?k yikrswor bika L @ "
¢Sﬁ) (o1, To2; 21, 22) = / EQTM R wortika L 021#&1[5) (k11,koy; 21, 22) (2.6)
where x5 is the transverse position of the soft gluon, and x;; = x; — ;. Substituting Eq.(2.5) into Eq.(2.6),
one finds:
a 19s x x
I/)élﬂ) (w01, Toz; 21, 22) = gat ¢a3(9€01,21) % - % e (2.7)
To2 T2

The square of the wave function takes the form:

dz
(I)(l)(l’()l,zl /dQIQ/ =2 Z W}(l) 370173502;21722)‘2 (28)

aAaﬂ

where we have put a lower cut-off zg on the 25 - integral. Using the explicit form of wgﬁ)a(xm, X023 21, 22)

in Eq.(2.7), we gets:

%1 dze as N, a2
M (w1, 21) / / = @O (201, 2) (2.9)

29 2m2 ThoTTo

where CF is replaced by N./2 in the large-N, limit. We see that in this form, the soft gluon emission

factorizes from the onium wave function with no soft gluon.
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FIGURE 2.6: Color structure of the onium wave function with one soft gluon

The integral kernel in Eq.(2.9) could be decomposed as:

Oéch l'gl _ ach 1 1 o 25602 *T12 (2 10)
2% wyat, 2 6 .

P P
The first two terms correspond to two upper diagrams in Fig. 2.6, while the third term is the interference
term coming from two remaining lower diagrams. When adding another soft gluon into the onium wave
function, there appears two types of diagrams: planar and non-planar. Since the non-planar diagrams
(see Fig. 2.3C) are neglected in the large-N, limit, we are left with the planar ones (see Fig. 2.3B). In
fact, the non-planar diagrams are due to the coherent emission from the g pair. Therefore, the neglection
of those means once the original dipole has emitted one soft gluon, it effectively emits no more gluons.
Consequently, in the large- V. limit, the emission of one soft gluon at xj, off a dipole z;; after rapidity dy
is equivalent to the splitting of the original color dipole into two subsequent color dipoles z;; and z;;
with the probability:

d’xy, fﬂfj

2 .2
2 T T

dP(Z‘ij — .’L‘ik,x]‘k) =adY (2.11)

where the rapidity Y =In < (at high energy) and a = O“TN“ The splitting will be iterated to the end of
the evolution and, hence, the evolution in rapidity is essentially the sequence of independent decays of

dipoles into pairs dipoles creating dipole cascade.

2.2 BFKL evolution in the dipole formalism

As realized in the end of the previous section, the dipole branching is a stochastic process. It means that
the number of dipoles of a certain size at rapidity Y fluctuates event by event. Let us define n(r,Y |xo1)
as the mean number of dipoles (averaged over events) of size larger than r, at rapidity Y from the original
dipole z¢1. At the rapidity Y + dY, the mean number n(r,,Y + dY|zo;) has two contributions (Fig.
2.7). In case the original dipole z¢; splits into two dipoles o and x15 after rapidity dY, the contribution
comes from the mean numbers of dipoles n(r),Y |zo2) and n(ry, Y|zi2) of two daughter. On the other

hand, if the original dipole is retained after dY then n(r,,Y|zo1) will contribute. As a result, one has:

TL(TJ_,Y + dY|£L'01) = /dP(:EOl —>x02,x12) [n(TJ_,Y|x02) + ’ﬂ(’f’J_,Y‘CUu)]

(2.12)
=+ (1 — /dP(.%‘ol — l‘og,l‘lg)) n(TJ_,Y‘JJOl)
After being rearranged, the equation above becomes:
[ dPx x%l
Oyn(ry,Y|ze) =a 5 55 (L, Y|zoz) +n(ry,Y|zie) —n(ry, Y|zer)] (2.13)
T Tpoliz
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FIGURE 2.7: Graphical illustration of the BFKL equation

This is the BFKL evolution equation in the transverse coordinate space in the dipole formalism (see [13]).

The action of the BFKL kernel K on a function n of the transverse vector xg; is defined as:

K @ n(xo1) 254/

2 2
d 332 1‘01

o 1222 [n(z02) + n(212) — n(zo1)] (2.14)
02712

Eigenfunctions of the BFKL kernel are power functions of the form:
ny (11, Yzer) = (3) (2.15)
i
with eigenvalues ay (), where x(7) is given in Eq.(1.33) since the kernels are just the Fourier transform
of each other. The general solution is then the linear combination of the eigenfunctions Eq.(2.15), which
reads:
() gy ’
Ylzor) = o 2.16
n(ry,Y|zor) /2mf( )e <Ti > ( )

Taking the initial condition so that coefficient function f(y) = %, then:

— dy - 3
n(ry,Yl|zo) = Sy exp | @Y x(y) +vIn oy (2.17)

1
For Y large, the saddle-point is at g >~ 2 The mean number of dipoles in the saddle-point approximation
is then
- 1 1 af L0l avy4in2
n(ry,Y]zo) ~exp (aYx(5)+ sIn— | ~ —e (2.18)
2 2 ry Ty

This is nothing but the result we obtained in the previous chapter (Eq.(1.35)).

2.3 Balisky - Kovchegov equation

We now consider the scattering of an onium xg; off a nucleus A at some fixed impact parameter. The
onium is supposed to be boosted to rapidity Y while the nucleus is at rest, so that all evolution is now in

the onium. Let us define S(z¢1,Y) as the S-matrix element of the scattering.

fé&? , ._-1,.‘:-

., #TT L
,<.€fu;\'_.-.5u-...-. AT CaTeTeT iXoTe [ FRsTalN)
B

,
i
00020
™
&
.,

FIGURE 2.8: Onium - nucleus scattering
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S(zo1,Y) could be interpreted as the probability amplitude that there is no interaction between the original
dipole xp; and the target at rapidity Y. In one step dY of the evolution, either the original dipole splits
into two dipoles zp2 and z15 and the S-matrix would be given by S(xg1,Y + dY) = S(x02,Y)S(z12,Y),
or it does not split so that S(z¢1,Y + dY) = S(z1,Y). Summing up those two contributions weighted

by their respective probabilities, one gets:

S(.’E01, Y + dY) = /dP(l‘()l — Zo2, 3712)5(37027 Y)S(Jilg, Y)

(2.19)
+ <1 — /dp(l’ol — mOQ,Ilg)) S(IOl,Y)
Using the explicit form of dP(xo; — o2, 212) in Eq.(2.11), we obtain:
[ d°ze :631
8}/5(.1301, Y) =« 9 PR [S(J?og, Y)S(xlg, Y) — 5(3301, Y)] (220)
T Tpolia

Instead of S(zo1,Y"), we define the forward onium-nucleus scattering amplitude N(zo1,Y) as N(zo1,Y) =
1 —S(x01,Y). The evolution equation for N(xg1,Y) is then:

2 2
d Ig Z'Ol

2 2
2T x{ex1o

3yN(a:01,Y) = 64/ [N(Z‘OQ,Y) —‘rN(J?lQ,Y) —N(J,‘()l,Y) — N(IOQ,Y)N(J?:LQ,Y)] (221)

This is the Balisky - Kovchegov (BK) evolution equation [4, 5]. The initial condition for the BK evolution
is taken to be the McLerran - Venugopalan (MV) amplitude []

N Y = -1 —Ml L 2.99
mv(zo1,Y =0) = exp 1 n e—|—x2 A2 (2.22)
014*QCD

where Agep is the QCD scale and Qv is the momentum scale characterized for the nucleus. The BK
equation is similar to a diffusion equation with a growth and a saturation term. The linear part of the
BK equation is nothing but the BFKL equation, which gives an exponential rise of N with the rapidity
due to the dipole branching. When the amplitude approach the fixed point, N ~ 1, the nonlinear term
becomes important which would cause the evolution to be slowed down and, then saturated. Thus, this
term behaves as a unitarity - preserving term, which ensures that N < 1 during the evolution.

For asymptotically large Y, due to the unitarity-preserving effect, the solution to the BK equation
converges to a traveling wave, which is a smooth function of the dipole size xg; connecting 0 and 1 at
fixed Y, and the evolution in Y is just a translation in z; [33]. The transition to the saturation region
occurs at some scale Rs(Y) =2/Qs(Y), where Q4(Y) is the saturation momentum, defined, for example,
by:

N(zor = Ry(Y),Y) = - (2.23)

For N around the transition region, N < 1, the solution can be obtained by solving the branching-diffusion

equation with a moving boundary [33, 34], which reads:

N(zo1,Y) =c¢cn1n

BT 221)

1
23, Q%(Y) 2aY X" (7o)

where ¢y is a constant and vy solves the equation x(70)/7% = X'(70). The asymptotic form of the

(3,20 eXP{

saturation momentum at large Y reads:
) ,  e®X'(0)
@) = Qv Gy (2.25)
An important feature of Eq.(2.24) is that N ~ €%, with z = In [2;Q%(Y)]. This shape does not

depend on the details of the initial condition, provided that the initial condition is steep enough, namely
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N(Y =0) ~ €% with B > ~9. Eq.(2.24) valid in the so-called scaling region which is defined as the region
in which N effectively becomes a function of the single scaling variable z3,;@2(Y") only. In the scaling

region, xg; obeys the following inequality:
1 < [Infad, Q3(YV)]I< vay x” (10) (2.26)

Fig. 2.9 shows a numerical solution to the BK equation with fixed coupling for several values of the
rapidity Y. One can see from this figure that the nonlinear evolution pushes the dipole amplitude N

towards lower values of xp; as Y increases.
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FIGURE 2.9: Solution of the BK equation at fixed coupling



Chapter 3

Diffractive dissociation in onium -

nucleus scattering

This chapter is deserved for presenting the main results of the internship. Here we will present an analogy
between the diffractive virtual photon (onium) - nucleus scattering and the ancestry problem in the dipole

evolution. A reference to the one - dimensional branching random walk process will be also mentioned.

3.1 Diffractive dissociation in DIS

3.1.1 Picture of diffractive dissociation

In the v* A scattering, the interaction is classified by the characteristics of the final states. In elastic
events, the particles in the final state are the same as the ones in the initial state, and only their momenta
are redistributed. Diffractive scattering is referred to a process in which the virtual photon interacts with
the target producing a number of hadrons in the final state while the target is kept intact and generating
a rapidity gap, which is defined as a region in rapidity around the nucleus with no particle observed. This

corresponds to, at high energy, an angular gap in detectors of colliding experiments.

electron

hadronic system

) mass My

mass 1}

(rapidity Y') rapidity gap g,

FIGURE 3.1: Graphical illustration of the diffractive scattering

The diffractive scattering is illustrated in Fig. 3.1. We denote the virtuality of the photon by @, and
the center of mass energy (the total mass of the final state at rapidity Y) of the v*A scattering by
W. The produced hadronic system, which is denoted by X with total invariant mass My, leaves a
rapidity gap yo between the target and the slowest produced hadron. It fills in the rapidity range
Jo = In[(M% + Q%) /Q?], while the net rapidity interval is Y = In[(W?2 + Q?)/Q?]. Therefore, the rapidity

16
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gap is given by yo =Y — 9.

The diffraction in DIS could be classified as low-mass and high-mass diffraction based on the value of My .
When the net invariant mass of the produced hadrons is small, Mx < @ (low-mass), the rapidity gap
covers much of the total rapidity, yo &~ Y. On the other hand, when Mx > @ (high-mass), the rapidity
gap may be still large but the filled rapidity range is large as well.

In high energy scattering, it is possible to choose a reference frame in which the virtual photon is fast
enough to almost always convert to a pair of quark-anti-quark (onium) whose size is unchanged during
the scattering. Therefore, the virtual photon - nucleus interaction is corresponding to the onium - nucleus
interaction. Consequently, one can use the QCD dipole evolution scenario to examine the DIS diffractive

events.

3.1.2 Quantitative evaluation of the diffractive cross section

We are now moving on to the quantitative predictions of the diffraction from the interpretation of
the BK equation. In the rest frame of the nucleus, the onium carries the full rapidity Y and, hence,
does not interact with the nucleus as a bare ¢g dipole state, but as a highly evolved quantum state
represented by a set of dipoles. The evolution of the onium is stochastic, namely its quantum state differs
from one event to another event. The scattering amplitude N (xo1,Y) is then related to the probability
P(z01,5 = Y|R =1/Qunv) to have at least one dipole in the onium Fock state at rapidity Y whose size
is larger than 1/Q sy . The probability P(zo1,g|R) solves the BK equation:

~ [ dPxy 2P N N N N N
03 P(z01,9|R) = & 27227012 [P(zo02, 3| R) + P(x12,9|R) — P(xo01,J|R) — P(x02, §|R) P(x12, §| R)]
T TpaL1a
(3.1)
with the initial condition to be the Heaviside distribution:
2
P(zo1,§j=0|R) =0 (ln "";21) (3.2)

This initial condition is different from the initial condition for the amplitude N, which is taken to be
the MV amplitude. However, in the large-rapidity asymptotics, solutions of P and NN fall into the same

universality class, which enables following identification:
P($017Y|1/QM\/) ~ N(LL'017Y) (33)

We now return to the diffraction problem. The onium size zg; is supposed to be small compared to
1/Qs(Y), namely the onium is far from the saturation region of nucleus. In this regime, the elastic cross
section, which is of first order in NV, will dominate the total cross section. Let us put the rapidity go > 1
on onium (highly-evolved onium state), while the rapidity of the nucleus is yo = Y — g, with Y to be the
total rapidity. The condition for the whole partonic system to scatter elastically with the nucleus with
a significant probability is that there is at least one dipole in the onium Fock state at the rapidity gg
crossing the nuclear saturation boundary and, hence, absorbed by the target. This is equivalent to the
existence of at least one exceptionally large dipole of size greater than the saturation scale 1/Qs(yo) in the
highly-evolved quantum state of the onium. This results in a diffractive event with a rapidity gap of size
yo. Therefore, it is allowed to identify the rapidity gap distribution to the probability P(xo1,%0|1/Qs(¥0)):

doqit

dyo

The exceptionally large dipoles which are necessary for a diffractive event are generated by two types

= P(xo1,90|1/Qs(y0)) (3.4)

of fluctuations in the onium evolution [36, 37]. In the early stage of the evolution, there are only a few

dipoles and, thus, the state is subject to fluctuations which strongly determine the largest size of dipoles,
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FIGURE 3.2: Schematic picture of a diffractive event with rapidity gap of size yo. The vertical downward
axis is the rapidity of the onium, while the upward one is of the nucleus. The saturation line of the
nucleus is shown by the red continuous line together with the position of the tip of the front in a
particular event (curly continuous line). The combination of the front fluctuation and the tip fluctuation
produces unusually large dipoles comparing to the mean position of the tip (dashed line) [35]

which is called position of the tip of the front, at later rapidities. This type of fluctuations is referred as

the front fluctuations. Fluctuations may also be exhibited at the tip of the front, which is then called tip

fluctuations. Those fluctuations together create a few exceptionally large dipoles around rapidity yo.

As discussed above, P(zo1,90|1/Qs(yo)) solves the BK equation. Therefore, for large rapidity,

diffractive cross section in the scaling region reads:
2 =0
In? [, Q2 (7o)

doaig
2a0x" (70)

exp§ —
dyo

~ - o
= ca B Q20)] " s

where cqig is an unknown constant and the momentum (@ is defined as:

o ) e&ﬂox/(%)
Q5 (Yo) = Qs(yo)W
We now assume that:
Y
In [z2 Qg Y)|>In {__a}
[ 01 ( )] ayoOZ(Y—yo)

which means the rapidity gap yo is not close to 0 and Y. From this condition, one has:

a 3/270
- )) ] ~In [23,Q3(Y)]

In {5531@3(?70)} =In [x%ng(Y) (Oéyoa(Y—yo

The equation Eq. (3.5) then can be rewritten as:

ay ] 3/2 . In” [22,Q%(Y)]
o) W[5 QXY)]
) P 2a00x (o)

do'diﬂ‘ 2 2 o
—_— Y 1
dyO } X [x01 Qs ( )] n

1
= C i — —_—
a { 22,Q2(Y)

ayoa(Y — yo

the

(3.5)

(3.6)

(3.7)
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Going deep into the scaling region, one can neglect the exponential suppression. The yp-independent term
in Eq.(3.9) is then the total cross section up to a constant ct.t, hence,
B ay r’/ 2

)

1 doaig _ Cdiff {
Otot dYo Ctot Layo(Y — o

(3.10)

This is the result obtained in [35, 38]. The overall constant is unknown in the theory.
We are now going to formulate the ancestry problem of the parton evolution and explain how it is related

to the diffraction problem in the high-energy onium - nucleus scattering.

3.2 Ancestry problem and its analogy to the diffraction

3.2.1 Ancestry problem in partonic evolution

As discussed in the previous chapter, since the initial dipole size is chosen in such a way that the mean
position of the tip of the front is far enough from the saturation boundary of the nucleus, diffractive
events are then due to rare fluctuations to a few unusually large dipoles in the evolution. Those boundary
dipoles come from a most recent common ancestor at rapidity go (of the onium). In other words, at the
rapidity 7o of the onium, the rare fluctuations occur and generate a dipole with unusually large size,
and some of its offsprings cross the boundary of the nucleus at the end of the evolution(see Fig. 3.3),
which creates a diffractive event. Therefore, the distribution of the rapidity gap yq in diffractive events is
equivalent to the rapidity distribution of the most recent common ancestor of few largest dipoles at the

end of the evolution.

Rapidity of the nucleus
A

0 v Initial onium

Most recent
common ancestor

Y |0

v

Rapidity of the onium

In 1/(r2Qg02)

FIGURE 3.3: Schematic illustration of the ancestry problem. The dot lines represent the dipole evolution

in rapidity. There are three (rightmost) dipoles in this realization illustrated to cross the saturation

boundary of the nucleus at the end of the dipole evolution. Their most recent common ancestor is at the

rapidity Y — yo (red dot) and splits to large fluctuations. The curly continuous line shows the saturation
scale of the nucleus.

Let us define G(zo1, Y, y0) to be the probability distribution of the rapidity yo at which the most recent
common ancestor of all dipoles of size larger than 1/Qs(yo) split, and U(zg1,Y) to be the probability that
there is no dipole in the state of the onium evolved to the rapidity ¥ whose size is larger than 1/Q(yo).
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The probability U (zg1,Y) then solves the ordinary BK equation:

3yl/l(:1:01,Y) = 5[/

The initial condition for ¢/ is the Heaviside distribution function:

2 2
d*xy  xg,

— Y Y) - Y 11
o x32x%2[u($027 WU(x12,Y) —U(z01,Y)] (3.11)

U(zp1,Y =0) =106 (ln .’L‘%IQ?WV) (3.12)

We are now at the position to establish the evolution equation for G(z1,Y,yo). In a rapidity step dY
of the evolution, the parent dipole may emit a real gluon, namely split into two dipoles; then the most
recent common ancestor of the unusual large dipoles will be from one of two daughter dipoles, while the
remainder contains no dipole whose size is larger the than the inverse of the saturation scale of the nucleus.
On the other hand, the initial dipole is unchanged (no real gluon emission) and, certainly, contains the

most recent common ancestor. Consequently, G(zo1, Y, y0) obeys the following equation:

d?
2 Lg (G (202, Y, y0)U(x12,Y) + G202, Y, yo)U(x12,Y)]

21 ayaty
(1—adY/d 2 3301 )g(xm,Y,yo)

27 x02x12

g(a:()hY + dY y()) = adY/
(3.13)

After being rearranged, the evolution equation for the distribution G(z¢1,Y,yo) becomes:

d?zs 2
aYg(xOh Y7 yO) = O_[/ 27'('2 1‘2 0;2 [g(xOQ; K yo)u(ﬂfl% Y) + g(z027 Y7 yO)u(x12a Y) - g(x()la K yO)]
02212
(3.14)
The initial condition for G is taken to be:
Pxy x?
G(wo1,Y =yo,%) = 07/ 9 2 2 012 (1 = U(wo2,90)) (1 — U(w12,90)) (3.15)
T TpaLig

which comes from the fact that the unusually large dipoles are from the most recent common ancestor at
the rapidity #o.

A similar problem for one-dimensional branching random walks (BRW) has been discussed recently by
B. Derrida and P. Mottishaw [39] in the framework of Generalized Random Energy Model (GREM).
Suppose there is a branching random walk process in z direction and in time ¢ starting with a single
particle at t = 0 which obeys the branching-diffusion equation d;n(x,t) = x(0;) - n(x,t). The second-order
differential kernel x has eigenfunctions of the form e7* and corresponding eigenvalues (). After a large
time t, let us pick exactly two leftmost particles and look for their most recent common ancestor splitting
time ¢t — tg. Derrida and Mottishaw showed that the distribution of ¢y obeys the law:

1 1 t 1%
Plto) = 27" (70) Lo(t—to)} (3.16)

where 7g solves x (70) = x(70)/70. This distribution is similar to Eq.(3.10) up to a constant and some
identifications. This implies there could be an underlying relation between two problems, and once this
relation is addressed, the overall constant in Eq.(3.10) could be determined theoretically.

In the following, we will relate the equation for the ancestry problem Eq.(3.14) to the so-called Kovchegov

- Levin equation describing high-mass diffraction.

3.2.2 Kovchegov - Levin equation and ancestry problem

Good and Walker [40] provided an elegant picture to describe the diffractive dissociation, in which
diffraction is proportional to the dispersion in cross sections for the diagonal channels of the scattering.

Employing the Good and Walker picture, A. H. Mueller and S. Munier [35] obtained the following equation
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for the high-mass diffractive cross section oq; at fixed impact parameter:

2
Odiff = <H [S(Tk,yo)]2> - <H S(Tk,y0)> (3.17)
zo1,Jo=Y —yo k

k zo1,90=Y —yo

where S(r,y) solves the BK equation for the S-matrix element corresponding to the forward scattering of
a dipole of size r at rapidity y off the nucleus, and the notation (- -) w015 18 denoted for the average over
all realizations of the Fock state of the onium of initial size xo; at the rapidity § (namely, over all events).
The products in Eq.(3.17) are taken over all dipoles in the onium wave function. We realize that the
second term in Eq.(3.17) is independent of gy as a consequence of the Lorentz boost invariant. Hence, the
distribution of the rapidity gap is given by:

dg;:f = —(%052(1‘017 Y — o) (3.18)

where we have introduced the notation:

Sy (z01,7) = <H [S(rk,yo)]2> (3.19)

k

The evolution of Sy is governed by the BK equation of the form:

~ [ dPxe 2P ~ ~ 5
8?;52(330172/) =« 7227012 [Sa(xo2, 7)Sa2(x12,7) — S2(201, 7)) (3.20)
2T TGTTo
with the initial condition:
Sz(IOh ’!j = O) = [S(Ioh yO)]Q (321)

The S-matrix element S, as mentioned before, solves the BK equation Eq.(2.20) with the initial condition
taken to be the MV amplitude. The equation Eq.(3.20) is first derived by Y. V. Kovchegov and E. Levin
[41] (see also [13]), which is known as the Kovchegov - Levin (nonlinear) evolution equation.
Differentiating the equation Eq.(3.20) with respect to yo, one can get:

9y <—852($01’g)> = d/ Pzy 15, [(—852(%2’@)) Sa(w12,9) + (—M) Sa(z02,7)

Ao 2m xd,73y Ao Ao

(522)

(3.22)
By the chain rule, we obtain for the initial condition of ‘3*23:
95y 08, 08,
. To1,Y) = 7= zo1,Y) — —(xo1,0
900 |g:o( 01,9) 95 |g:o( 01,9) 8y0< 01,0)
_ d2x 552 a
= a/ 27T2 xg;;ﬁ [5% (202, 40)S* (x12,90) — 5 (x01,90)] — 2S(x01,y0)67m5(m01,y0)
_ d2$2 1'(2)1 9
- O‘/ o 12,07 [S(zo2, y0)S(z12, Y0) — S(xo1, Yo)]
(3.23)

where in the second line, we employed the condition Eq.(3.21). Interestingly one can see that, Eq.(3.21) is
exactly in the same form as Eq.(3.14) in which G is replaced by (—9S2/0yo) and U is replaced by Ss. In
other words, the diffraction problem and the ancestry problem are governed by the same type of equation.
However, we still cannot relate different initial conditions for those two problems. In the next section,

numerical calculations will be implemented to see the relation between their solutions.
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3.3 Numerical calculations

3.3.1 Diffraction from the Kovchegov - Levin equation

The strategy is to solve numerically a set of two BK equations Eq.(3.20) and Eq.(2.20) for Sy and S,
respectively, where the result of the latter is used as the initial condition (up to a square) of the former.
Instead of S(zg1,Y), the amplitude N(zo1,Y) =1 — S(x01,Y), which obeys the BK equation Eq.(2.21),
is now employed. Performing the following (modified) Fourier transform:
N(k,Y) = / @emow(m, Y) (3.24)
2rx3,

with the conjugate transverse momentum k, one can get:
. . . 2
Oy N(k,Y) = ax (—Oupz) N(k,Y) — & [N(k, Y)] (3.25)

where x(7v) is the eigenfunction of the BFKL kernel given by Eq.(1.33). This equation is implemented
and solved numerically using a code developed by S. Munier for fixed impact parameter.

We start with the MV initial condition Eq.(2.22) in which the parameters are chosen to be Qnry = 1 GeV
and Aqcp = 200 MeV and transform it to the momentum space. N mv (k,0) is then evolved to the rapidity
1o to get N (k,y0), which is, in turn, transformed back to the transverse position space. We calculated
the quantity 2N (zo1,y0) — N%(2o01,¥0), which is served as the initial condition for the Kovchegov - Levin
equation. The Fourier transform of N(zo1,Y) is then evolved further for §o =Y — yo units of rapidity.
This procedure is repeated for different values of yy between 0 and Y. The numerical yg - derivative
is performed in the transverse position space to get the rapidity gap distribution doqig/dyo, which is
normalized by the total cross section oot = 2N (201,Y). The result is plotted as a function of yy for

chosen values of xg;. The distribution is then fitted to the function of the form:

_ /2 2
A { b [4,Q2(1)] } 526)

1 doaig

vor dyo {dyo@(y — Yo “2a(Y = y0)X” (70)
where ¢ is an overall constant, and Qs(Y") is determined from the numerical data with the condition
N(zo1 =2/Qs(Y),Y) =1/2.
For aY = 20, the data is taken from [35] and shown in Fig. 3.4. The asymptotic formula Eq.(3.26)
describes noticeably well the numerical data. For values of xy; deep inside the scaling region, the curve
is quite symmetric and one can approximate it by the formula Eq.(3.10). The effect of the exponential
(Gaussian) term becomes important when the dipole size is around the transition to non-scaling region,

which leads to a significant suppression.



Chapter 3. Diffractive dissociation in onium - nucleus scattering 23

5o F 5o F
olg — ) olg — -
© | ----- aY=20 (numerics) © [ |----- aY=20 (numerics)
& [, o soymp S o soympcs .
101 large-oY asymptotics fit : large-oY asymptotics fit )
= o=
r E
[ [ 4
L v~ P
[T
1072 !
F 1072
- T~I=~a____ i
r == _.-- I
L r
F
L .
L
10°%
£ 1073
v b b b v e Lo P e Ly v b b b v e Lo P b Ly
2 4 6 8 10 12 14 16 18 2 4 6 8 10 12 14 16 18
a(Y-y,) a(Y-y,)
(A) zo1 = 10720 (B) o1 = 10722

FI1GURE 3.4: Rapidity gap distribution for aY = 20 for different values of 1. The red continuous line
is the asymptotic form Eq.(3.26)

3.3.2 Ancestry problem
For the ancestry problem, we deal with a set of two equations Eq.(3.14) and Eq.(3.11) for G and U,

respectively. In the same manner as above, one introduces W(r,Y) = 1 — U(r,Y’), which satisfies the BK
equation of the type Eq.(2.21). The Fourier transform of the Eq.(3.14) in term of W reads:

Ay G(k,Y,y0) = ax (—=Omrpz) G(k, Y. y0) — 2aW(k,Y)G(k,Y, o) (3.27)

with the initial condition: G(k,Y = yo,90) = aW?(k, o). The equation Eq.(3.26) differs from Eq.(3.24)
just in the second term in the right hand side, thus one can modify the code solving the BK equation in
the momentum space mentioned above to solve this type of equation.

We also notice that, the initial condition for & (or W), which is the Heaviside function given by Eq.(3.12),
is hard to be implemented numerically since its Fourier transform is oscillated. However, one can observe
that for small zo1, 1 — Syv (1) ~ x%lQ?MV = el 6 Qv Thus, the MV initial condition is steeper
than e zngifV, with g =~ 0.627549. Therefore, according to the discussion on the solution of the BK
equation in the previous chapter, one can replace the Heaviside step function by the MV amplitude for

the initial condition for W.

The numerical implementation of the ancestry problem is thus straightforward. First we employ the
BK code above to evolve W to yo between 0 and Y from the MV amplitude. Using dW2(k, Yo) (from
Eq.(3.15)) as the initial condition for G and the modified version of the BK code for solving Eq.(3.27), G
is then evolved from yg to Y. This procedure is repeated for many different values of yg. The result is
then normalized by N, which is asymptotically identical to the probability P to have at least one dipole
crossing the saturation scale of the nucleus in the previous discussion, and plotted as a function of Y — yq.
In Fig. 3.5, the numerical solutions are plotted for different values of x(; and fitted to the function of the
form Eq.(3.27). The numerical calculations for the diffraction problem with the same values of xg; are
also superimposed. We see that, the behavior of the solutions of two problems are the same, which is
fairly symmetric deep inside the scaling region and suppressed by a Gaussian term when going beyond.
In addition, when going deep into the scaling region by choosing the value of xg; such that the curves are
symmetric, the rapidity gap distribution and the distribution of the most recent common agree (see Fig.

3.6). Thus the numerical calculations show that the solutions of the diffraction and the ancestry problems
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is also superimposed to compare.

asymptotically coincide. Another interesting point is that, when plotting the distribution Eq.(3.16) in

which vy is replaced by 4 = 1, there is a good agreement between the BRW prediction and the numerical

data (see Fig. 3.6). This is the reproduction of the result shown in [38].

When evolving the solution of the ancestry equation to a higher value of rapidity, say aY = 40, it gets

closer to the distribution Eq.(3.16) predicted from the genealogy of branching random walks (see Fig.3.7).

Furthermore, in the region a(Y — y9) ~ aY, which is corresponding to the high-mass region in the

diffraction problem, the solution approaches the BRW prediction when xg; decreases. Those observations

may suggest that the asymptotic solution of the ancestry problem (and hence of the diffraction problem)

could be bounded from above by the BRW-predicted distribution. This, however, needs to have further

numerical tests.
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Conclusion

In the report, we reviewed some aspects of small-x physics and the color dipole formulation of the quantum
chromodynamics on the light-cone. Partonic evolutions at high energy in the dipole framework were also

introduced for its use in later discussions on the diffraction.

The main results of the report came from the discussions on the diffraction in the high-energy onium -
nucleus scattering and the ancestry problem of the onium evolution. Using a similar argument as in the
derivation of the BFKL and BK equations, an equation for the ancestry problem was derived containing
an ingredient which evolves according to the BK equation. The ancestry equation was then shown to be
same as the equation for the rapidity gap distribution which was deduced from the Kovchegov - Levin
equation but with different initial conditions. Numerical results showed that the asymptotic solutions
of those two equations truly coincide. Also, an analogy to the genealogy of one-dimensional branching
random walks (BRW) addressed by Derrida and Mottishaw was given. This analogy was then tested
numerically yielding a good agreement between the numerical data and the BRW prediction deep inside

the scaling region with an ad hoc normalization factor.

The discussions in the report suggest several works to do beyond. The global constant in Eq.(3.10) is
unknown, which requires further analytical and numerical determinations of its value. In fact, we believe
that we now have a derivation of the constant which we are presently checking and will aim at publishing
it. In addition, the calculation of sub-asymptotic corrections is an interesting consideration to understand
the behavior of the evolution at moderate rapidities. Also, the good numerical agreement between the
ancestry and the diffraction problems puts forward a challenging question: why the Kovchegov - Levin

and the ancestry equations mathematically converge to the same solution in the asymptotic region?
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Appendix A

QCD LCPT rules

1. Draw all diagrams for a given process at the desired order in the coupling constant, including all
possible orderings of the interaction vertices in the light-cone time xT. Assign a four-momentum k*
to each line such that it is on mass shell. Each vertex conserves only the k™ and k) components of

the four-momentum.
2. With quarks associate spinors u, (k) or v, (k) which is normalized as:
Uio (k) yuup(k) = U5 (k) 10, (k) = 2ku05, (A1)
3. With a gluon associate a polarization vector €5 (k) which satisfies e = 0, ex(k) -k = 0 and €?(k) = 1.

4. For each internal line, include a factor: 6(:: )

5. For each intermediate state, there is a factor:

1

A2

Zinit k= — Zinterm k= +ie ( )
where thsums are over all particles in the initial and intermediate states respectively.
6. For vertices include following factors:
(a) Quark-gluon vertex
Jsp
a . a
= 9stpi (P + @)¢ () (%) jittori (p) (A.3)

1,0
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(b) Three-gluon vertex (all momenta flow into the vertex)
a7)‘1
ky k2 —iga /™ (1 — ks) - €5, (ka)ex, (k) - ex, (k)
b2 (ks = k) - e, (e, (ks) - €5, (k2)  (A)
ks + (k2 — k1) - ex,(k3)ex, (k1) - €3, (k2)]
07)‘3
(c) Four-gluon vertex
a,)\l b,/\g
92 [fabedee(e)\l ' 6)\3632 ' 6§4 - €>\1 : 6§\46)\3 : 6"/{2)
+ facefbde(eAl : 61{26)\3 . 634 € E§4€A3 : 632) (A5)

Ca)‘3

de ¢£b
R A A O VRS WP W

d )\

7. For instantaneous terms, include following factors:

a, A\ 1 o9

k D2

01 ; b, Ao

b1 ko

P1 % D2

b3 2

01,1 02,
P1 % D2

a, )\1 b, )\2
k1 ko

b, Ao

01,1

Ug,k

2
GsUoyj\D ki) e——
J( 2)¢A1( 1)2(1)1r — k‘;)

X (t")ijt,i(p1)

) . 1
ot (p2)V " (t )ijuali(pl)( T

pi —pi)?

X U1 (Pa)y T (E) 1k Uosk (P3)

— G2y (p2) v (1) jitlo, i (p1)
k4 kS

- rabe _*

g?fabede€€§2 €x, 6;4 €xs
(ky + k3 ) (kg +k3)
(ki — k3 )?

- 6)\1 ' 6)\3632 : 634)]

(A.9)
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8. For each independent momentum k* integrate with the measure:

dkTd?k
/ L (A.10)

and sum over internal helicities and colors.

9. There is a factor (—1) for each fermion loop and for each fermion line beginning and ending at the

initial state, and usual symmetric factors.



Appendix B

Derivation of the onium light-cone

wave function with one soft gluon

Here we will derive the onium light-cone wave function containing one soft gluon in momentum space,

namely the formula Eq.(2.5). Notations used in this appendix is same as in Chapter 2.

M - -

k

| 2 AC(((WW/CZ

k : k,

(A) (B)

FIGURE B.1: Onium wave function with one soft gluon. The dashed lines denote the intermediate state
(Lower line is quark and the upper one is anti-quark)

The onium wave function with one soft gluon wgga(kl 1,koy;21,29) evaluated at some intermediate point
(as indicated in the Fig.B.1) is given by the product of the bare wave function and the amplitude of one
gluon emission. Since there are two contributions corresponding to the gluon being emitted from quark
or anti-quark, one has:

l/f((xlg)a(ku, koisz1,22) = Z (l/J((XO)(ku, 21)(—Mgg(ka1)) + wgg(ku + kol , Zz)Mm(ku)) (B.1)

o

where ¥ is the bare onium wave function, M (ko ) is the amplitude of the gluon emission, o and J are
spinor indices of the original quark and anti-quark, respectively, and o is the spinor index of the produced
quark or anti-quark (together with the gluon). The sum is taken over all polarizations of the produced
quark or anti-quark.

The first term corresponds to Fig.B.1A with gluon being emitted from anti-quark, while the second term

is represented by Fig.B.1B. Apply the QCD LCPT rules for the first term, we have (neglecting for a while
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the minus sign):
~ A
wOslp—Fk ko)vg(p — k1 — k2)0((p — k1) T
'l,zj((loﬂ)(leazl)Mﬁg(kQL) _ wgg(kllazl)(fgst ) ,3( 1)%2( 2) ( 1+ 2) (( 1) )
(p— k1)
(B.2)
y 1
ky +ki +(p—ko— ki)~ —p~
Since z9 < 21,1 — z1, k5 will dominate the denominator in the second line of Eq.(B.2). So:
1 1
= = =7z (B.3)
ky +ki +(p—ka—ki)~—p~ Kk
We also have:
(p — k)¢ (k2)ve (p — ki = ka) = 2650/ (p — k1) ¥ (p — k1 —k2)T63 ™ = 205,(p — k1) Ty~ (B4)
Hence:
20506, 0((p — k1) ™
7/1((,3;)(761J_, z1) Mo (k21 ) =~ wéog(ku, 1) (—gst®) L2 ((_p V") (B.5)
With the same spirit, the second term in Eq.(B.1) reads:
26,065 O(ki
1/’22(/€u + k21, 22)Moa (ko) =~ 1//(2(2(ku + ko, Zz)(‘Qsta)Qki_(l) (B.6)
Substituting Eq.(B.5) and Eq.(B.6) into Eq.(B.1), one finally obtains:
koy - €
U3 (s, asi 21, 22) = 20, [0\ (s, 1) = ) (as + Ko, 22)| Q%L?L (B.7)

where we have used the fact that k= = k2, /k*, €= = (k21 - €3, )/kT and 0 < 23 < 1.
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