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superconductivity: 
from microscopics to continuum’s theory

BCS theory

Ginzburg-Landau theory

L. P. Gor’kov (1959)
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non-eq. dynamics

internal space-time structure 
of the pair

anomalous propagator

conventional s.c.
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conventional s.c. quantum critical s.c.

holographic s.c. in AdSD+1
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• mass and charge of the scalar
field

• physical interpretation of the
holographic dimension

• origin of gravity
• …

SYK-type models



superconductivity and quantum criticality

QCP

critical metal

SC

N. D. Mathur, N. D. et al Nature 394, 39 (1998), N. Doiron-Leyraud, et al. Phys. Rev. B 80, 214531 (2009),
S. Karahara et a. Phys. Rev B 81, 184519 (2010).

CePd2Si2 CeIn3

Q: Why is superconductivity in critical metals abundant? 



superconductivity:
the natural ground state of a good metal

Cooper instability 

L. N. Cooper, Phys. Rev. 104, 1189 (1956), 
J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev 106,162 (1957); 108,1175 (1957)

Fermi liquid

à instability
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Cooper problem and quantum criticality

A. Balatsky, Philos. Mag. Lett. 68, 251 (1993); A. Sudbo, Phys. Rev. Lett. 74, 2575 (1995); 
B. L. Yin and S. Chakravarty, Int. J. Mod. Phys. B 10, 805 (1996).

instantaneous pairing: superconductivity  at QCPs 
should be the exception, not the rule

quantum critical
NFL 

(strange metal)
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two quite different answers…

D. T. Son, Phys. Rev. D 59, 094019 (1999)
Ar. Abanov, A. Chubukov, and A. Finkel’stein, EPL 54, 488 (2001) 
Ar. Abanov, A. Chubukov, and J. S.  EPL 55, 369 (2001)
A. V. Chubukov and J. S., PRB 72, 174520 (2005)
J.-H. She and J. Zaanen, PRB 80, 184518 (2009)
M. A. Metlitski, D. F. Mross, S. Sachdev, and T. Senthil, PRB 91, 115111 (2015)
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bosonic dynamics gets 
dominated by fermions 

critical fermions

singular pairing interaction 

generalized Cooper instability

S. S. Gubser, Phys. Rev. D 78, 065034 (2008)
S. A. Hartnoll, C. P. Herzog and G. T. Horowitz, PRL 101, 031601 (2008) 

duality between QFT and gravity 
theory in one extra dimension

critical modes, powerlaws …

pairing near AdS-black holes is 
possible; can be enhanced

Cooper pairs form in holographic 
metals

Is this allowed, controlled … ?
(Migdal theorem, only perturbation theory …)

Is this relevant, quantitative … ?
(real life is not conformally invariant …)

A: superconductivity by critical 
bosons

B: holographic superconductivity()
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Sachdev-Ye-Kitaev (SYK) model
model of non-dispersive fermions with random interactions

H = �µ

NX
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†
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S. Sachdev and J. Ye, PRL, 70 3339, (1993), A. Georges, O. Parcollet, and S. Sachdev PRL 85, 840 (2000), 
A. Kitaev, talk at KITP http://online.kitp.ucsb.edu/online/joint98/kitaev/, February, 2015. 
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replicas, average, introduce bi-local fields (propagators, self energies)…

saddle point (large N):
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Sachdev-Ye-Kitaev (SYK) model

Non-Fermi liquid 
behavior:
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S. Sachdev and J. Ye, PRL, 70 3339, (1993), A. Georges, O. Parcollet, and S. Sachdev PRL 85, 840 (2000), 
A. Kitaev, talk at KITP http://online.kitp.ucsb.edu/online/joint98/kitaev/, February, 2015. 
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IR-solution is re-parametrization invariant

explicitly broken by UV physics 

closely related to gravity theories 
in AdS2 (+dilaton fields)
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Our model: Yukawa-SYK-model of 
electron-boson coupling
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I. Esterlis and J.S., Phys. Rev. B 100, 115132 (2019) 

extensions to finite dimensions:

related models:

W. Fu, D. Gaiotto, J. Maldacena, and S. Sachdev, Phys. Rev. D 95, 026009 (2017) à SUSY SYK-model
E. Marcus and S. Vandoren, Journal of High Energy Physics, 166 (2019)  à Majorana fermions
Y. Wang, Phys. Rev. Lett. 124, 017002 (2020). à superconductivity due to 1/N corrections
D. Chowdhury and E. Berg, Phys. Rev. Research 2, 013301  (2020)  à s.c. from purely fermionic couplings

J. Kim, E. Altman, and X. Cao, Phys. Rev. B 103, L081113  (2021) à Dirac systems
I. Esterlis, H. Guo, A. A. Patel, and S. Sachdev, PRB 103, 235129 (2021) à compressible Fermi systems



Our model: Yukawa-SYK-model of 
electron-boson coupling
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random electron-phonon coupling gij,k = g0ij,k + ig00ij,k
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↵ = 0
Gaussian orthogonal ensemble
à time reversal symmetry for each configuration

↵ = 1 Gaussian unitary ensemble à max. TRS-breaking

0 < ↵ < 1 “partial” TRS-breaking 

superconductivity

pair breaking

no s.c.

I. Esterlis and J.S., Phys. Rev. B 100, 115132 (2019)
D. Hauck, M. J.Klug, I. Esterlis, J.S., Ann. of Phys. 417, 168120 (2020)



replicas, averaging, bilocal fields,…

additional bilocal  pairing fields:                                        andF (⌧, ⌧ 0) ⇠ c"(⌧)c#(⌧
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small coherent weight
makes s.c. fragile against

pair breaking

spontaneously broken 
conformal invariance

D. Hauck, M. J. Klug, I. Esterlis, J. S., Ann. of Phys. 417, 168120 (2020)

(partial time reversal symmetry breaking)

like in holographic models in AdS2



superconducting transition temperature

linearized gap equation of the Yukawa-SYK model
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PRB 72, 174520 (2005), J.-H. She and J. Zaanen, PRB 80, 184518 (2009), M. A. Metlitski, D. F. Mross, S. Sachdev, and T. Senthil, PRB 91, 115111 (2015)

same gap equation occurs in theories with pairing due to critical:
• antiferromagnetic + ferromagnetic  spin fluctuations
• gauge-field induced composite fermion pairing
• nematic fluctuations
• massless gluons in high-density quark matter
• U(1) and Z2 gauge fluctuations in spin liquids

A. Abanov, and A. V. Chubukov, Phys. Rev. B 102, 024524 (2020),  
Y.-M. Wu, A. Abanov, and A. V. Chubukov, Phys. Rev. B 102, 094516 (2020)
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Eliashberg equation

D. T. Son, Phys. Rev. D 59, 094019 (1999),  A. V. Chubukov and J. S., PRB 72, 174520 (2005), D. Hauck, M. J. Klug, I. Esterlis, J. S., Ann. of Phys. 417, 168120 
(2020), A. Abanov, and A. V. Chubukov, Phys. Rev. B 102, 024524 (2020), Y.-M. Wu, A. Abanov, and A. V. Chubukov, Phys. Rev. B 102, 094516 (2020)

� ⌧ 1
<latexit sha1_base64="P5EnVY57tX+i0snZk7J4k7/MjB8=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLVarsrunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8xbUdQ0QMXDufcy733hAln2iD04RRWVtfWN4qbpa3tnd298v5BR8epIrRNYh6rXog15UzStmGG016iKBYhp91wcj33u/dUaRbLOzNNaCDwSLKIEWys5PsjLASGPufQG5QryK0hr3HhQeSiBSyp1lCjjqCXKxWQozUov/vDmKSCSkM41rrvocQEGVaGEU5nJT/VNMFkgke0b6nEguogW9w8gydWGcIoVrakgQv1+0SGhdZTEdpOgc1Y//bm4l9ePzVRPciYTFJDJVkuilIOTQznAcAhU5QYPrUEE8XsrZCMscLE2JhKNoSvT+H/pFN1vTO3enteaV7lcRTBETgGp8ADl6AJbkALtAEBCXgAT+DZSZ1H58V5XbYWnHzmEPyA8/YJOTuRKA==</latexit>� (✏) = g2

Z ⇤

T

d✏0

2⇡

� (✏0)

|✏� ✏0|� |✏0|1��
<latexit sha1_base64="6uiZs/Esjiv701AsMZYXCt47FVg="></latexit>

d

d✏
✏1�� d

d✏
✏�� (✏) = ��g2

⇡

� (✏)

✏
<latexit sha1_base64="ONKN8FebFED9E53phCmt+vbQNlQ="></latexit>

=)
<latexit sha1_base64="6f7X+HAK0kV+mihJeZq7S07eL3A=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARXJVMtdruim5cuKhgH9AOJZOmbWgmGZKMUoa68VfcuFDErX/hzr8xfYGKHrhwOOde7r0niDjTBqFPJ7WwuLS8kl7NrK1vbG652zs1LWNFaJVILlUjwJpyJmjVMMNpI1IUhwGn9WBwMfbrt1RpJsWNGUbUD3FPsC4j2Fip7e61rqToKdbrG6yUvMvM0XazKFdAXunUgyiHJrAkX0ClIoLeTMmCGSpt96PVkSQOqTCEY62bHoqMn2BlGOF0lGnFmkaYDHCPNi0VOKTaTyYfjOChVTqwK5UtYeBE/T6R4FDrYRjYzhCbvv7tjcW/vGZsukU/YSKKDRVkuqgbc2gkHMcBO0xRYvjQEkwUs7dC0scKE2NDG4cw/xT+T2r5nHecy1+fZMvnszjSYB8cgCPggTNQBpegAqqAgHvwCJ7Bi/PgPDmvztu0NeXMZnbBDzjvX5QKlFw=</latexit>

 (⇣) = ⇣
1��
2 � (1/⇣)

<latexit sha1_base64="9u3AMvBS8+tXZGc/1qB8tLK0Czk="></latexit>

scalar field                                   with coordinate ⇣ = 1/✏
<latexit sha1_base64="mZKKyxM7cCjNzFxwb2oN9hGRkq0=">AAACAnicdVDLSgNBEJz1GeNr1ZN4GQyCpzgbjSYHIejFYwTzgCSE2UknGTI7u8zMCjEEL/6KFw+KePUrvPk3Tl6gogUNRVU33V1+JLg2hHw6c/MLi0vLiZXk6tr6xqa7tV3WYawYlFgoQlX1qQbBJZQMNwKqkQIa+AIqfu9y5FduQWkeyhvTj6AR0I7kbc6osVLT3a3fgaHn3lEdIs1FKJMzNN0USWeJlz/1MEmTMSzJZEk+R7A3VVJoimLT/ai3QhYHIA0TVOuaRyLTGFBlOBMwTNZjDRFlPdqBmqWSBqAbg/ELQ3xglRZuh8qWNHisfp8Y0EDrfuDbzoCarv7tjcS/vFps2rnGgMsoNiDZZFE7FtiEeJQHbnEFzIi+JZQpbm/FrEsVZcamNgph9in+n5Qzae84nbk+SRUupnEk0B7aR4fIQ2eogK5QEZUQQ/foET2jF+fBeXJenbdJ65wzndlBP+C8fwFtnJQ0</latexit>

static Klein-Gordon equation of pairs with
mass      in AdS2m

<latexit sha1_base64="a6mD3PwJ6tfzBXFHhIztlZ7Vcww=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ6ZabXdFNy4r2AdMh5JJ0zY0yQxJRihDP8ONC0Xc+jXu/Bsz7SgqeuDC4Zx7ufeeMOZMG4TenaXlldW19cJGcXNre2e3tLff1lGiCG2RiEeqG2JNOZO0ZZjhtBsrikXIaSecXGV+544qzSJ5a6YxDQQeSTZkBBsr+aL4hX6pjNwq8urnHkQumsOSShXVawh6uVIGOZr90ltvEJFEUGkIx1r7HopNkGJlGOF0VuwlmsaYTPCI+pZKLKgO0vnJM3hslQEcRsqWNHCufp9IsdB6KkLbKbAZ699eJv7l+YkZ1oKUyTgxVJLFomHCoYlg9j8cMEWJ4VNLMFHM3grJGCtMjE0pC+HzU/g/aVdc79St3JyVG5d5HAVwCI7ACfDABWiAa9AELUBABO7BI3hyjPPgPDsvi9YlJ585AD/gvH4AKFiN6w==</latexit>

�@2⇣ +
m2

⇣2
 = 0

<latexit sha1_base64="PCP9q/f+0EGBSC8+UOrxC73XCjM="></latexit>

m2 = �1

4
+

�2

4
� g2�

⇡
<latexit sha1_base64="/ZJruBbG5oOxREPwtdynqGIZGVU="></latexit>



On the level of the action
SYK= AdS2 gravity + other fluctuations

fluctuating field: anomalous Gor’kov Green’s function 

F (⌧, ⌧ 0) ! F (",!)
<latexit sha1_base64="YYg9FwtuadvFZ2MhNatBAPyIfzg="></latexit>

FT of the relative time FT of the absolute time

particle-particle propagator boson propagator
= singular paring interaction

S(sc)/N =

Z

!,✏

F † (!, ✏)F (!, ✏)

⇧n.s. (!, ✏)
� ḡ2�p
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Gaussian fluctuations near the quantum critical normal state
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superconductivity for zero density (real coupling constants) 

anomalous self energy
condenses in l=1

longitudinal channel

holographic superconductor in AdSd+2

holographic variable
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back to SYK, T>0, finite particle number
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dynamic pairing susceptibility

not easy to calculate within Eliashberg approach, but easy in holography
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phase diagram dynamic susceptibility

dynamic response, non-equilibrium behavior … fluctuations beyond Eliashberg, …
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