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Information Scrambling & OTOC

From the Heisenberg Picture:

W(t) = et (0)e @ O Q ©
:W(o)+it[H,W(o)}—g[H,[H,W(O)]]... O O O O
®~._Q.—© O

Operators become more and more complicated!

How W (t) overlaps with V defines the out-of-time-order correlators

(W), VIP)s =(VIWIOW (0 V)s + (WHVIVIV (D)5
= (WIOVIWO)V)s —(VIWT VIV (1))5.
—_————

oTOoC

Information Scrambling <+ Decay of OTOC

Roberts, Stanford, and Streicher, 2018.
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OTOC in Large- N Quantum Mechanics

More generally, OTOC reads (0; = 7; + it;)

OTOC({0;}) = (T- X1(01) Xa(02) X5(63) X4(64))
= (—1)%2%5 (X, (61) X3(03) X2(02) X4(04))

with . .
Ty 2> T3 > To 2> T4, tlzt2%§>>t3@t4%*§/
A\ Im e | ——
g S gt /N
Early-time
t<t
O SC .
Late-time
o H t~ e
H |
0=+m Rec? O i
i
1
1
1
! ]
tee ~log(N) />t

Shenker and Stanford, 2014.
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Holography: OTOC as a Bulk Scattering

Consider 7; = 0, XI = Xy =W and X;: =X4,=V,
OTOC(t) = (WT(t/2)VT(—t/2)W (t/2)V (~t/2)) = (in|out),

with
[in) = V(=t/2)W(t/2)|8) lout) = W (t/2)V(-t/2)|8)

w @ w

® |4 |4

OTOC = S matrix of the bulk Scattering:

OTOC = (St) = (™) = <e—i#cwpwpve2«w>
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The Sachdev-Ye-Kitaev Model

The SYK, model (¢ = 2n)

Hsyk = Z Jiyin..iigXiy Xia-Xigs
1<i1 <i9<...<ig <N
The random variables J;,;,. ., satisfy

T —0 7 (-1 _ (¢—-D20'J?

21%2...0¢ T M i1%92...0q Na-1 - qu_1 .
e @ J ® Solvable under large-N expansion:

Y-

el

Xg © E(r) = @ = J2GT (7).
¢ o -
. _- \ - 9
@ ® Free energy is determined F' = S[G, X].

Sachdev and Ye, 1993; Kitaev, 2015.
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Early-time OTOC in SYK-like Models

Early-time OTOC, is a sum of ladders (log N > t3 > 1):

o~ T TIT -

This gives a self-consistent equation:

/dts dte K™ (t1,t2;t5,t6)OTOC,(t5, tg, t3,t1) = OTOC,(t1, 12, 15, ta).

with SYK-like retarded kernel

t1 ts
KR(t1,to3t3,t4) = ( ) ‘
to ty

K®60TOC, = OTOC.,.

Or in short

Maldacena and Stanford, 2016; Gu and Kitaev, 2019.
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Scramblons

KR is time-translational invariant. The eigenfunctions can be labeled by a
center-of-mass ‘frequency’ a:

Fa(tl,tz) =€7at142rt2 Ts(tlg), KROFQ ZkR(Oé)Fa.
The quantum Lyapunov exponent satisfies kg (—s) = 1:

1 3 et
OTOC. = M = (f 1, ) TR (t12) T4 (t34).
2 scramblon 4 e

Adding back disconnected part (log N > ts > 1):

oroc= ) ( + owwa{ +0N?

= G(t12)G(taa) + (_§Vc

) TER(t19)TA (t34) + O(N72).

Maldacena and Stanford, 2016; Gu and Kitaev, 2019.
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Large- N Expansion Revisit
Scramblons are collective modes with effective actions

S~ N(¢ G61¢+ A3¢® + Mgt + ) + Z¢X¢Xi + ...

Each scramblon propagator ~ e /N, each scramblon vertex ~ N.

t 0 t 0
O v~ N @ e~ (VY2
t 0 t 0
t 0 t 0
@ ~ e%tN72 @ ~ e%textm ]\f*2
t 0 t t t 0

1 2

1. Early-time regime ¢** ~ O(1):
Only (@) ~ N~! contributes, leads to

0TOC = ) ( + owwg +0(N7?).
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Large- N Expansion Revisit

Scramblons are collective modes with effective actions

S~ N(¢ G61¢+ 3¢ + Mgt + ) + Z¢X¢Xi + ...

Each scramblon propagator ~ et /N, each scramblon vertex ~ N.

t 0 t 0

O v~ N @ e~ (VY2
t 0 t 0
t 0 t 0

® W ~ N2 @ W ~ etz N2
t 0 t t t 0

1 2

2. Late-time regime /N ~ O(1):
D, @ ~ N° contribute, @ contributes if ¢; ~ t and t5 ~ 0.

oTOC = Y

# of scramblons
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Late Time OTOC & Scramblon Diagrams

This gives

0TOC({6.)) = ﬁw = 30 V" gy ra ),

Here the propagator of scramblons

st ise(m—01—02+03+04)/2
)\ € e
Nc Nc

Scattering amplitudes in the future/past

1 3
m = TR’m(am), *\ﬁ = TA‘"L(034).
2 4

In particular, TYR/A0(9) = G(#) and TR/A1(9) = TR/A(H).
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Coherent State of Scramblons

The trick to determine Y®™(f;5) is to condense the scramblons. Then the
two-point function of fermions is given by

1 %o m
FR(¢0,012) = (x(61)x(62)) 5, = Q b0 =3 ((Tl)! TR (fy5).

2

After obtaining fR(¢, ), we can define h®(p,6) through

0

fR(¢079) _ /OC dp hR(p, 9)e¢>np7 TR‘m(Q) — /OC dp hR(p, e)pm.
0

This gives
> A
OTOC({6;}) = ) _ m,) TR (012) TA™ (054)
m=0

dp? / dp™ WE(p™, 010)hA (07, 034) exp(—Ap"p?)
0 0
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Emergent Bulk Scattering

0TOC({0:}) = / dp® / dp® WR (A, 01) W (P, B34) exp(—ApRp)
0 0

This takes the form of a bulk scattering! No assumption of holography or
maximal chaos!

@ h*A(p,015) — Probability of having a
particle with null momentum p.

Q@ —\p¥p? —  the phase shift —id. In
particular, for zero imaginary time
separation: A = |\|e?*™/2,

@ maximal chaos — elastic scattering!

Shenker and Stanford, 2015; Stanford, Yang, and Yao, 2021.
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Extract the Scramblon Data

:
To condense ¢, we should apply an operator e**». Scramblon can be excited
by a pair of fermion operators xx:

aL < Nxx, or % ¢ e*Vxx
We choose
. N
I pert = W Z (XJ ™+ itp) X?(ﬂ' + ito)) (X?(ito) — X}-‘(ito))
—_— j=1

u

Traditional 1/N (tg — —oo and ¢1,t2 ~ O(1)):

Imt = —Ref
(—zet)m R, Z > Ret =Im@
m =g fold 2
G(t17t2) = = E TT (912) 0 =ity ol
m N U N
0 = +ito d  fold 1

t ti+t
We find ¢g = —ze”, t = 252,
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Example: Large-q SYK Model

G(t1,t2) can also be solved using the Schwinger-Dyson equation:

+o0
G(t1,12) =/ dtdt’ GR(t1,t) (J2G(t,1)7T — zue™05(t — o) d(t' — to)) G (Y, t2)

In the large-q limit, this gives

cos TV

2A
: )
vt ?
32 — o

cosh

R (zrite, ) = % (

which leads to

(cos
4)\20

71'2711)4A

2

OTOC({t;}) = S

U (2A,1,

Short-time A < 1, reduce to previous results.

Long-time A > 1, decays as te™228%,

Eberlein, Kasper, Sachdev, and Steinberg, 2017.
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OTOC

v(ty+ta)
= —Ze 2 )
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Late-time
T~ it
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Operator Size Distribution at Late Time

The Heisenberg evolution makes operators complicated:
t) = 225 i () Xy Xz - Xi
xa(t) ZZ Cin i i (E) Xiy Xin X,
n {in} length=n
In the late-time limit, we introduce n = sN, with s € [0, 1].
P(s,t) =2N Z |Ciig.. (8]
{in}
P(s,t) can be computed using the trick:

Prepare an EPR state with

Xk
(Auxiliary 1) 1 .
fi\ ¢ = ﬁ(xj + i), c}cj |[EPR) = 0.
J3J2j1 J1j27Js ny

EP
[EPR) This leads to

P(s;t) = 2(EPR[xa1 (t)0(s — an/N)Xl(t)\EPR>

J

Qi and Streicher, 2018.
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Operator Size Distribution at Late Time
Generating function method
St) = [ ds Pls,tje " =200 (B (B)e (44 2 0 00))

with 8, =it +¢, 0 =it — ¢, 63 =0, and 0, = —2¢.

A comparison:

<XiXie > Xi J> <X1Xze 225 XiXi/ >
Each insertion ~ ze*! Each insertion ~ ze*!/N
Vanishes at st ~ —log z, early-time Vanishes at »t ~ log N, late-time
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Operator Size Distribution at Late Time

Summing up scramblon diagrams gives

S(w,1) 22 annl

" {n;>0}

0

Nc

=2 /oo dpa hR(pA70)67V|:%,fA(%,O>]

identi - 1 ¢A(e”'pa )
We identify operator size s <> 5 — f —,0)!

e%t >
{ 7} TR (0) YA (0)... YA (0)

20/ = SEESEEER S T T i 1. Short-timef
—/1:2><10;1 : fA - %_#e ];]pA’ S ~ fR(#
15 A=2xIOT oot P I match Qi-Streicher result.
— A=2x10! |
o toll | [ A= | Size ~ Momentum
: ! 3 3 2. Long-time
SNl A0, P (s —1/2)
0 —— ] ‘ j maximally scrambled operator!
00 01 02 03 04 05 Size # Momentum
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Summary

Scramblon diagrams for late-time information scrambling

et 1 3
(&
- _ - TRm — TA,m )
M o @, (612), ﬁ (034)
2 4

Out-of-time-order correlator Operator size distribution

1
2 4
2

Results are closely related to gravity counterparts.

Y. Gu, A. Kitaev, and PZ, “Wormhole Teleportation in Large-N QM”, to appear.
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