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Abstract

Title: Statistical properties of partonic configurations and diffractive dissociation
in high-energy electron-nucleus scattering.

In the high-energy scattering of a quark-antiquark color dipole off a hadron, the quantum states
of the former are represented by a stochastic set of dipoles generated by a binary branching process,
in the so-called color dipole model of quantum chromodynamics (QCD). It was found that there is
a profound connection between this QCD description and the branching-diffusion processes studied
in statistical physics from which different properties of the scattering in the high-energy regime
are revealed. Our work in this thesis is aimed to exploit the cross-fertilization between QCD and
statistical physics to study the detailed partonic content of the Fock states of a color dipole subject
to high-energy evolution in the scattering off a large nucleus. We also produce predictions for
diffractive dissociation in electron-ion collisions, based on the QCD dipole picture.

In the first place, the scattering events of a color dipole, when parameters are set in such a
way that the total cross section is small, are triggered by configurations containing large-transverse-
size dipoles. The latter are due to rare partonic fluctuations, which look different as seen from
different reference frames, from the rest frame of the nucleus to frames in which the rapidity is
shared between the projectile dipole and the target nucleus. It turns out that the freedom to select
a frame allows to deduce an asymptotic analytic expression for the rapidity distribution of the
first branching of the slowest parent dipole of the set of those which scatter, which provides an
estimator for the correlations of the latter. In another aspect, the study implies the importance
of the characterization of particle distribution near the extremal particles, referred to as the “tip”,
in the states generated by the QCD dipole branching, and more generally, by any one-dimensional
branching random walk model. To this aim, we develop a Monte Carlo algorithm to generate the
tip of a binary branching random walk on a real line evolving to a predefined time, which allows to
study both rare and typical configurations.

The above statistical description proves advantageous for calculating diffractive cross section
demanding a minimal rapidity gap Y, and the distribution of rapidity gaps Y. in the diffractive
dissociation of a small dipole off a large nucleus, in a well-defined parametric region. They are the
asymptotic solutions to the Kovchegov-Levin equation, which was established more than 20 years
ago to describe the diffractive dipole dissociation at high energy. Additionally, we present predictions
for the distribution of rapidity gaps in realistic kinematics of future electron-ion machines, based
on the numerical solutions to the original Kovchegov-Levin equation and of its next-to-leading
extension taking into account the running of the strong coupling. The outcomes for the former
reflect in a qualitative way our asymptotic analytical result already at rapidities accessible at future
electron-ion colliders.
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Résumé

Titre: Propriétés statistiques des configurations partoniques et dissociation diffrac-
tive dans la diffusion électron-noyau a haute énergie.

Dans le cadre de la chromodynamique quantique (QCD), la théorie microscopique de I'interaction
forte, on montre que les états quantiques d’un quarkonium pertinents dans les collisions hadroniques
a tres haute énergie, dans la limite paramétrique théorique d’un grand nombre de couleurs, peuvent
étre représentés par un ensemble stochastique de dipodles de couleur générés par un processus de
branchement binaire particulier. Cette image des états quantiques hadroniques est appelée “modele
des dipoles de couleur”. Ce modele peut étre analysé a 'aide d’outils généraux développés pour
I’étude de processus de branchement diffusif en physique statistique et en mathématiques. On sait
par exemple que I’équation de Balitsky-Kovchegov établie dans le cadre du modele des dipoles de
couleur et qui régit I’évolution avec I’énergie d’amplitudes de diffusion d’'un quarkonium sur un
noyau atomique lourd, appartient a la classe duniversalité de 1’équation de Fisher-Kolmogorov-
Petrosky-Piscounov (F-KPP) qui régit, entre autre, 1’évolution temporelle de la distribution de la
position des particules extrémes dans le mouvement brownien branchant. Dans cette these, nous
exploitons ce lien entre physique des particules et physique statistique pour étudier le contenu
partonique détaillé des états de Fock d’un dipole dans la diffusion a haute énergie sur un ion lourd,
dont nous déduisons le comportement asymptotique des sections efficaces de dissociation diffractive
d’un quarkonium. Nous présentons également des prédictions pour les sections efficaces de collision
électron-ion.

En premier lieu, les événements de diffusion nucléaire d’un petit dipole de couleur, lorsque
les parametres sont réglés de sorte que la section efficace totale soit petite, sont induits par des
configurations contenant des dipoles de grande taille transverse. Ces dernieres sont dues a des
fluctuations partoniques rares, distribuées différemment selon le référentiel choisi, du référentiel
de repos du noyau aux référentiels dans lesquels la rapidité est partagée entre le dipole projectile
et le noyau cible. Il s’avere que la liberté de sélectionner un référentiel permet de déduire une
expression analytique asymptotique de la distribution de la rapidité du premier branchement du
dipole parent de I’ensemble des dipodles qui interagissent, ce qui fournit un estimateur des corrélations
de ces derniers. Dans un autre aspect, notre étude montre I'importance de la caractérisation de
la distribution des particules au voisinage des particules extrémales dans les états générés par le
processus de branchement de dipdles en QCD, et plus généralement, par tout modele de marche
aléatoire branchante unidimensionnelle. Dans le but d’étudier quantitativement cette distribution,
nous développons un algorithme de Monte Carlo pour générer la région frontaliere d’une marche
aléatoire unidimensionnelle avec branchements binaires évoluée a grand temps, qui permet d’étudier
a la fois des configurations typiques et les configurations rares conditionnées de sorte que la particule
extréme au temps final ait une position tres différente de la position typique ou moyenne.

Un autre résultat de notre travail est 'observation que la diffusion d’un petit dipole de couleur
sur un noyau lourd possede une interprétation probabiliste pour les sections efficaces de diffusion :

1l



la section efficace totale de diffusion est le double de la probabilité d’avoir au moins un dipole en
interaction dans I’état du dipole initial a la rapidité de diffusion, et la section efficace de diffusion
diffractive est le double de la probabilité d’avoir un nombre pair de dipoles en interaction. Cette
interprétation probabiliste ainsi que la description statistique ci-dessus permettent de dériver les
expressions analytiques asymptotiques de la section efficace diffractive conditionnée a un “gap” de
rapidité minimal Y0 ou, de maniere équivalente, la distribution des “gaps” de rapidité Ygap dans
la dissociation diffractive d’un petit dipole sur un grand noyau, dans une région paramétrique bien
définie. Nous obtenons ainsi les solutions asymptotiques de 1’équation de Kovchegov-Levin, qui a
été établie il y a plus de 20 ans pour décrire la dissociation diffractive d’'un dipole sur un noyau
dans des collisions a haute énergie. De plus, nous présentons des prédictions pour la distribution
des “gaps” de rapidité dans la cinématique des futurs collisionneurs électrons-ions, sur la base des
solutions numériques de I’équation originale de Kovchegov-Levin et de son extension a une constante
de couplage forte courante. Les résultats sont en accord qualitatif avec nos formules analytiques

asymptotiques déja a des rapidités accessibles aux futurs collisionneurs électron-ion.

v
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General introduction

Strong interactions of quarks and gluons are described by quantum chromodynamics (QCD), a
Yang-Mills gauge theory whose gauge field is characterized by the color quantum number. Due to
the color confinement, quarks and gluons do not stay isolated, but are trapped together to form
composite bound states known as hadrons. Among puzzles of QCD, the dynamics of hadronic
matter in the regime of high energy involves intriguing issues, and has been queried for a long time.
Theoretical studies on such topic are also supported by a massive amount of high-energy collision
data, which have been collected at various colliders around the world. To understand the behaviors
of hadronic matter in high energy collisions is also a main physical goal of the research programmes
at many proposed future colliders, such as the Large Hadron Electron Collider (LHeC) [1] and the
Future Circular Collider (FCC) [2] at CERN, or the Electron-Ion Collider (EIC) [3] at Brookhaven.

Many high-energy collision machines are motivated by deep-inelastic scattering of a lepton off
a hadron, which is an outstanding process to probe a variety of properties of hadronic matter, and
has been closely associated with the development of QCD from the beginning. As an example,
the observations in the MIT-SLAC experiment on electron-proton collisions during the late 1960s
and early 1970s provided the experimental evidences to support the existence of quarks and the
parton model (for a review, see Ref. [4]). In this scattering process, the interaction between the
lepton with the hadron is mediated by a virtual photon with a high-enough virtuality in order to
be able to resolve the partonic level. In an appropriate frame, the photon could be replaced by a
quark-antiquark dipole, which therefore gives rise to the study of the dipole-hadron scattering.

The scope of the thesis is limited to discussions of deep-inelastic scattering off a large nucleus,
and hence, the dipole-nucleus scattering. As a matter of fact, the latter is a remarkable process
to understand theoretically, not only by the fact that it can be factorized from the deep-inelastic
scattering of a virtual photon at high energy. Actually, it is the simplest dilute-dense interaction
process. A dipole may be a good starting point to model dilute systems, such as heavy mesons, or
maybe even specific states of proton, in order to understand some of their properties. On another
aspect, in proton-nucleus collisions, it turns out that an appropriate Fourier transform of the dipole-
nucleus total cross section is mathematically identical to the differential cross section for producing
a semi-hard jet of a given transverse momentum [5], at least at next-to-leading logarithmic accuracy
[6], which is usually referred to as transverse momentum broadening.

For the dipole-nucleus scattering, if the dipole is subject to a high-energy boost, it does not
appear as a bare quark-antiquark state when traversing the nucleus, but as a complex state
dominated by soft gluons characterized by small longitudinal momentum fractions x, as a re-
sult of quantum evolution. At low density, the growth of this gluonic system with the rapid-
ity is linear, and the behavior of its mean density is controlled by the Balitsky-Fadin-Kuraev-
Lipatov evolution equation [7, 8], which resums the leading logarithmic series of the parameter
aln(1/z) . Such linear evolution is tamed when the parton density becomes sufficiently high by
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nonlinear effects. A prominent example of equations encoding these nonlinear effects is the Jalil-
ian—Marian-Iancu-McLerran—Weigert—Leonidov—Kovner equation [9-16]. When the number of col-
ors is taken to be large, it boils down to the Balitsky-Kovchegov evolution equation [17, 18], which
lies at the basis of our studies presented in this thesis.

Apart from the mean-field evolution, there could be fluctuations in the quantum states of both
the projectile dipole and the target nucleus, which generate rare gluonic scattering configurations.
In many cases, those fluctuations can play an important role [19-23]. When fluctuations enter the
game, the foremost problem is to construct a model to describe them properly. Such description
should capture the main features of the physics we are considering, in this case, the QCD evolution.
It will then provide us with a picture of the scattering, and enable us to address certain observables
and/or to draw some consequences.

The large part of this thesis will be dedicated to discuss the nuclear scattering of a small
dipole. We shall assume that the target nucleus follows the deterministic evolution, consequently
fluctuations in the target are neglected. The scattering is then triggered by fluctuations in the
content of the Fock state of the dipole. In fact, by the analogy between the QCD dipole evolution
and a branching-diffusion process, Mueller and Munier [20] adapted a description of fluctuations in
the latter process [24] to the former, and yielded some properties of QCD scattering amplitudes. This
stochastic picture also enabled them [22, 23] to deduce an (incomplete) estimation for the rapidity
gap distribution in the diffractive onium-nucleus scattering. In this thesis, we shall improve that
description by developing a model of dipole distribution, which allows us to study the configurations
of onia in the scattering off a nucleus and a related genealogical problem.

As another remark, we will construct a formulation for diffraction of a small dipole. This
formulation, together with the description of rare fluctuations, will enable us to address important
observables of interests in diffractive dissociation.

In additional to the dipole-nucleus scattering, we shall also investigate diffractive virtual photon-
nucleus scattering base on the numerical solutions to the QCD evolution equations. The aim of this
investigation is to produce predictions for future electron-ion colliders.

The main content of this thesis consists in four chapters, which are organized as follows:

— Chapter 1 - QCD evolution of hadronic matter toward high energy: this chapter is to
review some backgrounds for the discussions in the thesis: light-cone formalism, deep-inelastic
scattering (DIS) at high energy and QCD color dipole model.

— Chapter 2 - QCD evolution in analogy with branching-diffusion processes: this
chapter is aimed to introduce the QCD nonlinear evolution for the onium-nucleus scattering
at high energy in connection to branching-diffusion processes in statistical physics, and to
present a Monte Carlo algorithm [25] to generate particles close to an extreme particle in a

one-dimensional branching random walk.

— Chapter 3 - Nuclear scattering of small onia: in this chapter, we shall present our
investigation [26] on the nuclear scattering configuration of a small onia subject to high-energy
evolution and a related genealogical structure.
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— Chapter 4 - Diffractive dissociation: this chapter is aimed at presenting our studies
[27, 28] on diffractive dissociation of a small onium and a virtual photon. For the former,
we shall introduce a theoretical formulation of diffraction from which one can derive the
observables of interest. For the diffraction of a virtual photon, we shall present a numerical
study in the framework of the color dipole formulation and produce some predictions for future

electron-ion colliders.

We shall then conclude the discussions in the thesis by summarizing the main results together
with some possible future developments. Three appendices gather some technical details for the

calculations presented in the main chapters.
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Chapter

QCD evolution of hadronic matter
toward high energy
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This chapter is aimed to review the theoretical description of high energy evolution in the
framework of color dipole formalism [29-32] in QCD. We shall start with a brief introduction of the
light-cone perturbation theory (LCPT) and the deep-inelastic scattering in the dipole picture. We
shall then present the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [7, 8] equation, which governs the
linear evolution of the gluonic content at high-energy.



1.1. QCD LAGRANGIAN

1.1 QCD Lagrangian

Quarks and gluons, which constitute hadrons, are fundamental degrees of freedom of QCD. Their
strong interaction is associated to the color charge, which is an analog to electric charge in the
electromagnetic interaction. For a general number of colors N, the gauge group of QCD is given
by the special unitary group SU(N,.). A quark of flavor f and color index i is represented by a
four-component spinor ¢/ (z) (1 <4 < N,), which is the component i of a vector of size N, in the
fundamental representation of SU(N,). Meanwhile, a gluon, which carries the strong interaction
(i-e, gauge boson), is described by a massless vector field Af(z) (gauge field) with color index a in
the adjoint representation of the SU(N,) (hence, a runs from 1 to N? —1). The Lagrangian which
describes the dynamics of those fields and their mutual couplings reads

1 N Tt i
Laop = — {E @V E (@) + 3L () [ DY — mpd] ] (2), (1.1
[f;rIW ED:LEC

where my is the mass of a quark flavor f, and the sums over color, flavor and Lorentz indices are

understood. The covariant derivative D reads D}/ = 670, — ig A% (x)td

a ?

where g, is the strong
coupling constant and t* are generators of SU(V,) in the fundamental representation. The gluon
field strength tensor Fy, is given by

Fo, = 0,A% — 0,A% + g, f“bCAZA,i. (1.2)

The real numbers 2% in the above expression of the field strength are the structure constants of
SU(N,.), which are coefficients of the linear extension of the Lie brackets of pairs of generators,
[t t°] = i fet¢. The first term in Eq. (1.1), Ly, is the Yang-Mills term concerning the dynamics
of gluons and their interactions. Unlike QED, there is an additional term in the field strength tensor
(1.2), the third term, due to the non-abelian nature of the strong interaction. This term induces
gluon self-coupling, making QCD a theory with an intriguingly rich coupling structure. The second
term in Eq. (1.1), Lpirae, is the Dirac Langrangian, which encodes the dynamics of quarks and their
coupling to gluons. The QCD Lagrangian (1.1) is invariant under a local gauge transformation with

respect to the SU(N.) group which acts on the elementary fields as

O () = Q@) 0 (@), (@) = ) (@) [Q1(@)],, (1.3a)

Au(r) = Q) A, (2)Q (z) — gi [0,2(x)] Q' (2), (1.3b)

in such a way that the covariant derivative and the field strength tensor transform in the adjoint
representation:

D, — Q(z)D,Qf (), (1.4a)

Fou () = Q) Fy (2)2 (1), (1.4b)
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where A, = ANt®, F,, = Fit* and Q(z) = e @ ¢ SU(N.,), with 6%(z) being real-valued
functions. Under the gauge transformation, each gauge field configuration develops into a class
of gauge-equivalent configurations, or a gauge orbit, in the configuration space. Gauge symmetry
implies that the physics is invariant along each such orbit. Therefore, it is, “at heart, a redundancy
in our description of the world” [33]. To avoid unphysical degrees of freedom due to the gauge
redundancy in the quantization, we select from each orbit a particular configuration by imposing a
condition on the gauge fields, which procedure is referred to as gauge fizing *. In this thesis, we fix
the gauge according to the so-called light-cone gauge condition,

n-A*=0, n*=0. (1.5)

An advantage of this gauge is that the gluons have only physical transverse degrees of freedom.
Consequently, the theory is free of unphysical ghost fields.

For the sake of simplicity, we will hereafter omit the flavor and color indices in the notation of
the quark’s spinor. Therefore, the Dirac term in the QCD Lagrangian can be rewritten as

‘CDirac = @/J(Z’) [Z,YMD/L - m] @/J(ﬂj)a (16)

where the sums over flavor and color indices are implicitly understood.

1.2 Light-cone formulation

Field theory is usually quantized in a Lorentz frame,

i = (2 2t 22 23 = (t, 1,y 2),
( )= (t2.9,2) .
G = Ny = diag(1, -1, -1, —1).

This parametrization is usually referred to as the instant form of Hamiltonian dynamics in which
the Hamiltonian of a physical system drives the evolution of the system along the ordinary time
t. It turns out that Eq. (1.7) is not the only choice: there are various possibilities to cast the
ordinary spacetime coordinates into another representation. Dirac [35] pointed out that, there are
three inequivalent spacetime parameterizations, including the instant form, in the sense that they
cannot be mapped to each other by a finite Lorentz transform. In this thesis, we shall deal with

one of them which is known as the lightcone parameterization .

IThis procedure however does not fixed the gauge completely, due to Gribov copies [34].

2In fact, under an infinite Lorentz boost (3 = 1) along the 2 direction, the instant form and the lightcone form
are mathematically equivalent. Therefore, Kogut and Soper [36] interpreted the infinite-momentum limit as the
lightcone reparametrization of the spacetime coordinates to avoid the limiting procedure.

7



1.2. LIGHT-CONE FORMULATION

1.2.1 Light-cone kinematics

In the light-cone notation, the spacetime coordinates are given by z# = (2,2, 21), which are
related to the components in the instant form (1.7) as

rt = i(xo + 2%, 2 = L(xo —2%), at= (2" 2% (1.8)

\/§ ) \/§ ) )

The component ™ is conventionally chosen to be the light-cone time. The light-cone time derivative
is denoted as 0, = 9/0x™, and the longitudinal derivative is d_ = 9/0x~. Note that 0, = 9™, and
0_ = 0". In general, for a four-vector u, the u™ and u~ are referred to as the “time-like” and the
longitudinal components, respectively, while u* are the transverse components. The metric tensor

g, in this notation reads

01 0 0
10 0 O
v — s 1.9
00 0 -1
and the scalar product of two four-vectors u and v is given by
w-v=u"v" +u vt —ut ot (1.10)

From Eq. (1.10), the light-cone energy of a free particle on the mass shell with four-momentum P

is given by

(P4)? +m?
2Pt 7

where m is the mass of the particle. Comparing to the expression of the energy in the instant form,

PY = /m?+ ]15 |2, one can see that the light-cone energy (1.11) are free of square root, and hence,
the issue of negative energies can be avoided, as pointed out by Dirac. This square-root-free feature

P = (1.11)

simplifies the perturbative calculations when the light-cone coordinates are employed. In the end,
physical results should be unchanged, since this formulation is just a spacetime reparametrization

in its nature.

1.2.2 QCD Hamiltonian on the light cone

With the light-cone parameterization, one can rewrite the QCD Lagrangian (1.1) as

1 1 -
Locp = §Fa+*Fa+* + Ffmp-m™ Z(F;“”)2 +¢ (iyt*D” +iy DY —iv "Dt —m) vy,  (1.12)
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with indices m,n € {1,2}. The elementary fields can be decomposed as follows:

A= (0,4, 4,), (1.13a)

A0~
V=9 +Y_, Yr=Ap= W@D, (1.13b)

where AL are projection operators:
Ay +A_ =1, A:A:=0, (Ay)’=Ag, (1.14)

and v* = (7° £+°)/v/2. In Eq. (1.13), we have employed the light-cone gauge condition (1.5). In
particular, we choose n = (0,1,0%), and hence, get rid of the plus component of the gauge field,
Af =0.

We are going to review the structure of the QCD Hamiltonian Hgep, which is related to the
Lagrangian (1.12) through a Legendre transform,

Hoop = / dr~d*x* , (1.15)

> T404¢ — Loon
¢

6£QCD
0(0+9)

where ¢ are the field components appearing in Eq. (1.13), and II, = are their corresponding

conjugate momenta. From the Lagrangian (1.12), the latter reads

HAgz = 8+AZL, HA; = O, (116&)
My, =ivV2el, T, =0. (1.16D)

The field components A, and i_ have zero conjugate momenta: they are not dynamical fields.
Consequently, the usual canonical quantization procedure cannot be applied on such fields. However,
they can be expressed in terms of the dynamical fields A" and ¢, by the virtue of the equations of

motion.

Quark fields

The Dirac equation in the light-cone notation reads
(iv"D™ + iy D" — iy DT —m) ¢(z) = 0. (1.17)

Acting the “plus” projector on the Dirac equations (1.17) from the left gives

V2920 1 _(x) = (iv" - D+ m) iy (). (1.18)
Hence,
V() = =2 (it D ) (2) = 22 (i D ) s (0) (1.19)
_x_\/ﬁia, iy m) ¢+ (2) = 55 (i m) (), .

9



1.2. LIGHT-CONE FORMULATION

where 1/0_ is the antiderivative operator, i.e. an integral with respect to . Eq. (1.19) includes
the coupling with the color gauge field encoded in the covariant derivative. If one sets this coupling

to zero, we obtain the so-called free “minus” components,

Do) = 11 (i 0" 4 m) i (o). (1.20)

and the free Dirac spinors reads @Z =Yy + J_.

Gluon fields

The Euler-Lagrange equations for the gluon fields are Yang-Mills equations:

o, Ft = JY, (1.21)
where the current is given by
Ty = =95 [ Fy7AG — gyt (1.22)
The equation for (v = +) reads
—PAT =0 (V- Ay) = =g, f(0-A) - AT — g0yt (1.23)

The component A~ can then be expressed in terms of A+ and 1, as

Ay = (VAL + S [0 A A+ Gy (1.24)

The first term in Eq. (1.24) is free of the coupling constant g5, and is referred to as the “free

component”:

. —a—(VLAj). (1.25)
The free gauge vector field is then
= (0,47, AL), (1.26)

Free and interaction Hamiltonians

With the help of the free fields, we can write the QCD Hamiltonian on the light cone as Hoep =

Hy + H;,, where Hy and H;,; are free and interaction parts, respectively, and are given by

1 v2
Hy == “d%xt AR =
0 2/20[:13613: {w’y o

10
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QCD evolution of hadronic matter toward high energy

Ho = [ et {oorr (107 (3, A]) - 00v 2,0+ Sv (3 7] [4,4))

+

) v

e 20

(VYA + g2 Tr ([z’a_ﬁﬂ, EM] 6 al_)2 [z'a_ﬁ”, EVD (1.28)

—gﬁ% [@'a_ﬁf‘,ﬁu} g+ @/f

( )

Quantization

To quantize the theory, we first decompose the dynamical fields 1, and A into Fourier modes.
Since the subspace image of the projection A, is two-dimensional, the spinor ¢, can be expressed

in a basis {w,,r = £1/2} of that subspace as

2ptdp* . -
Yy Z/ = 32p+ 1/4wr(p)br,i(p)e P +21/4w_r(p)di’i(p>€p }@(er)7 (1.29)

where we have recovered the quark color index . The basis spinors are chosen to obey the following
completeness and orthogonality relations:

> wpwl(p) =p Ay wip)w.(p) =pTo.. (1.30)
In the same manner, the transverse gauge field can be expanded in modes as follows:

d*ktdk* , '
. e N —ik-x Lx 1 ik-x +
Ay (z) = /(277)32k+ {EACLA,a(k)e +exra) (ke }@(k ) (1.31)

where the two transverse polarization vectors €3 are chosen to be normalised as

Zﬁfj<€§j/)* — 597, € e = Oy (1.32)
A

We then treat the fermionic and bosonic coefficients in the mode expansions (1.29) and (1.31),
respectively, as operators. Their (anti)commutation relations read

{b i(p). bl ;(q )} = (2m)2p"6(p* — ¢")8 (" — ¢) s, (1.33a)
{deiv),dl (@) } = @r)2 60" = ¢H)O* (0 — ¢*)3rsdis. (1.33)
[aw(lﬂ), a;x(k')} — 2732kt 6(kT — K (kL — K)oy (1.33¢)

All other possible commutation (resp. anticommutation) relations between bosonic (resp. fermionic)
are identically zero.
Since the Hamiltonians (1.27) and (1.28) are expressed in terms of the free fields ¢ and A The

11



1.2. LIGHT-CONE FORMULATION

spinor ¢ can then be decomposed as

Fa)y=vi+d = 3 / oA i (e ™" + dE ), )Py O, (134)

390+
r=+1/2 27T 2p
where the basis spinors u and v are given by

(v"-pt 4+ mw,, (1.35a)

J’_

_ J
vr(p) = W—_yp + 2p+

Nt
ur(p) = Wy + %ﬁ
(vt pt —m)w_,. (1.35b)

In a similar manner, we can also decompose the gauge field as

At (z) = / d2 7’: ;é’;; Z{ e 4 M (k)el (k)e* ) O (), (1.36)

where €} (k) (A = 1,2) are polarization vectors. Bosonic creation and annihilation operators )" and

a) satisfy following commutation relations:

ax k), ' (k)] = [t (k). "] = o,

, (1.37)
[ag(k), a) T(k')} = 2T (2m)35(kF — KDkt — k)00
In Egs. (1.29), (1.34) and (1.36), we use the following Lorentz-invariant integral measure:
d*k d*ktdkt
2m)o(k* —m?) = | ———0O(k"). 1.
| Gryeemate —mt) = [ SEreu (1.38)

Using the Fourier decompositions (1.34) and (1.36) together with underlying (anti-)commutation
relations, we can construct the light-cone pertubation theory (LCPT) based on the light-cone QCD
Hamiltonian. The LCPT rules can be found, for example, in Ref. [37]. In the following, we shall
introduce the interaction vertices in the LCPT, which are written in terms of the quantized fields.

Interaction vertices

Now, with the notion of quantized fields, we can interpret the terms in the interaction Hamiltonians
(1.28).

The first three terms in Eq. (1.28) correspond to the usual QCD vertices:

12



QCD evolution of hadronic matter toward high energy

Three-gluon vertex: 29 /E de~d*z* {Tr (i@“g” [g#, Zy] ) } = :i%ﬂmmw (1.39)

Quark-gluon coupling vertex: / de~d*z*t {—gSny“zzfuzz} = >VW (1.40)
)

Four-gluon vertex: /Zdyz;dZ:cL {%“%Tr <[Z“, K”] [gw A:,D } = ?‘i (1.41)

The remaining terms in Eq. (1.28) are referred to as instantaneous effective vertices, and can be
represented diagrammatically as

/ d:cd%&{gzwﬁn;;_(v%)@} - i; (1.42)
/E dr- it {ggw ([Z-a_;fu,zﬂ} ; al_>2 [ia_zv,zy])} _ :E:i (1.43)
/E dx—dw{—gﬁ(igf)g io_Ar A, {E} - ﬁg (1.44)
[ {LTed ST - E: (1.45)

where instantaneous quark and gluon lines are depicted by regular quark and gluon lines with a

short line segment cross.

1.2.3 Perturbative expansion on the light-cone

Due to quantum effects, the initial state of a system at the asymptotic light-cone time 7 = —o0
may fluctuate into another quantum state at the considered light-cone time. The quantum evolution
of the system from 27 = —oo to t = 0 is governed by the so-called evolution operator U(0, —o0),

13



1.2. LIGHT-CONE FORMULATION

which is a solution of the Schroedinger equation, as
0
|U(z" =0)) = U(0, —0)|¥ (2" = —00)) = T exp {—z/ dm'*’}-[mt} |U(z" = —o0)),  (1.46)

where 7 is the light-cone time order product, and H,,; is the interaction Hamiltonian in the inter-
action representation, which is related to the interaction Hamiltonian in the Schroedinger picture
H,,; as

Hing = 107" H,y e o (1.47)

Expanding the evolution operator U, one gets

e =0) =3 C [art oo datT (Hoa?) Hla)} 06 = o). (118)

n!
n=0

Let us denote {|w)} as the complete set of the eigenstates of the free Hamiltonian Hy corresponding
to the light-cone energy p., Holw) = p_|w). The asymptotic state |wo) = |¥(zT = —o0)) also
belongs to this set, corresponding to the energy p; . They are chosen to be normalised as

where k,); and {A)i} (k’(w/)i and {\);}) are momenta and quantum indices of n,, (n.s) particles
in the state |w) (|w')). The state |U(z* = 0)) can then be expanded in this basis as

Wt = 0) = V7 (w s mm) |

wFwo

-VZ <|W0 + Z /[ W] ¢w|{k }7{kéu)j}’{A(w)j}>j=mz>’

wF#wo

(1.50)

where v/Z is the renormalization factor for the onium wave function. The wave function ¢, of a
particular quantum fluctuation ¢ — w is defined by ¢, = (w|¥(z™ = 0)). From the expansion
(1.48), we obtain:

+oo A\n

—1
urar = Y [t AT (Mol -+ Ao} o

n=0 )

(1.51)

= <w|w0> +

(WiHinelwo) 3 (W] Hint|o') (W' | Hint|wo)
~ o — Do i€ (P, — P5 +i€)(pg, — Py + 7€)
Energy denominators in Eq. (1.51) contain light-cone energy difference the asymptotic state and
intermediate states. The states |w) and |w’) are not identical to |wg) (up to constant factor). The
terms with |w) and |w’) indistinguishable from |wg) are absorbed into the renormalization factor
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QCD evolution of hadronic matter toward high energy

V'Z, as suggested by Ref. [38] (see also Ref. [39]).The Fock state expansion (1.50) together with
Eq. (1.51) prove to be useful in constructing light-cone wave function of a system subject to quantum
evolution from the lowest perturbative order.

1.3 Deep-inelastic scattering in the dipole picture

Deep-inelastic scattering (DIS) is a scattering process to resolve the internal structure of a hadron
using a leptonic particle like electron. Typically in DIS, the hadron is probed by a virtual photon,
which usually shatters hadron, resulting in the production of a set of hadrons X in the final state.
In this section, we are going to discuss the DIS on a nucleus A at high energy, which is conveniently
described by the so-called dipole picture. This constitutes the main framework of the discussions
in the dissertation. We shall begin with a short introduction of kinematic variables in DIS.

1.3.1 DIS kinematics

An illustration of the deep-inelastic electron-nucleus collision is sketched in Fig. 1.1. We denote
p= (pT,p,pt) and p’ = (p'*,p"~,p'*) for the four-momenta of ingoing and outgoing electrons,
respectively, P = (P*, P, P*) for the four-momentum of the nucleus, and ¢ = (¢%,¢~,¢") for
the four-momentum of the virtual photon. In addition, the nucleus is supposed to move in the z~

direction, i.e. P+ = 0. The DIS can be described by following Lorentz-invariant quantities:
5= (P+ q)27 Q2 = _q27

@ - _Pu
2P - q’ K P-p

(1.52)

.Q?Bj—

The quantity 5 is the squared center-of-mass energy of the v* A scattering process. Q2 is called the
virtuality of the virtual photon. For the process to be deep inelastic, the photon should be highly
virtual, or Q% > A-p. Otherwise, when @ is negligibly small, i.e. @* ~ 0, the process is referred
to as photoproduction. Therefore, the photon’s virtuality @ provides a natural hard scale in the
DIS.

To see the physical interpretations of the quantity 7, let us consider the process in the rest frame
of the nucleus in which the four-momentum of the nucleus reads P* = (%, \%, 01), where M is the
mass of the nucleus. We have:

- : (1.53)

where ¢° and p° are the energy components of the four-momenta of the photon and the ingoing
electron written in the instant form, and F and E’ are the energies of the electron before and after
the scattering, respectively. Therefore, in the nucleus’s rest frame, 7 is the fraction of the electron’s
energy transferred to the nucleus.
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1.3. DEEP-INELASTIC SCATTERING IN THE DIPOLE PICTURE

Figure 1.1: Schematic diagram of the DIS of an electron (e~) on a nucleus (A) by exchanging a
virtual photon (7*). The nucleus is disintegrated into an inclusive set X of hadrons in the final
state.

Let us now interpret the Bjorken x variable, xp;. For this purpose, it is convenient to work in
the so-called Breit frame in which the nucleus moves very fast in the 2~ direction (P* > M),

M?
_ (pt 1
and the photon’s momentum reads
- —-(-Q.Q.0%) (1.55)
q - \/§ ) ) . .

From Egs. (1.52), (1.54) and (1.55), we have the following relation:

Q s M
P V2Pt — 5pr (1.56)
Solving this equation for P*, one get
422, M2
14+4/1+—2
pro_Y Ck (1.57)

l’Bj\/§ 2

Since the lepton current can be factorized out, from now onwards we will consider the DIS as
the deep-inelastic virtual photon-nucleus scattering. The typical time scale for the photon-nucleus

interaction is then .

Tscatter ™ @ (158)

Meanwhile, the partons inside the nucleus can interact mutually. For the nucleus at rest, the typical
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QCD evolution of hadronic matter toward high energy

time scale for such mutual interactions is of order of the size of the nucleus R ~ AQch. In the Breit

frame, this time is dilated by the Lorentz factor ¥ = Pt /M. Therefore, the time scale for partons’

mutual interactions in the Breit frame is given by

P+

Tmi. ™~ 5 - 1.59
MAQCD ( )

As PtQ > MAgep, we deduce that Tseaster << Tmai. In other words, the partons are effectively
independent during the scattering. This is the basis idea of the parton model.

7(Q%)

Figure 1.2: DIS in the Breit frame. The photon kicks out a parton (a quark in this figure),
which is effectively independent of remaining partons during the interaction. The partons after the
interaction are hadronized to form an inclusive set of hadrons X in the final state.

In the parton model, the virtual photon does not kick the hadron as a whole, but a single parton

of momentum
(k)2 + k2
2kt

see Fig. 1.2. This parton carries a light-cone longitudinal momentum fraction & = }’Z—i of the nucleus.

k= (kT k), (1.60)

After the scattering, the scattered parton carries the momentum k. Since in the Breit frame the
partons can be treated as free during the interaction, there is an energy-momentum conservation
across the electromagnetic vertex. Therefore, the parton before and after scattering is on-shell. And
since it is assumed to be massless, k> = k> = 0. In addition, as the nucleus is moving fast along
the 2~ axis, we can assume that the parton is collinear, k- = 0. We can then approximate the

four-momentum of the struck quark as
k"~ (kT,0,00). (1.61)
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1.3. DEEP-INELASTIC SCATTERING IN THE DIPOLE PICTURE

Furthermore, the conservation of four-momenta reads k" = ¢ + k. Therefore,

0=¢"+2¢ k=—-Q*+V2P"Q

cQr1+4/1+ 4z%.2M2 (1.62)
=—-Q*+
T Bj 2
We end up with following relation between xp; and &:
2 .
¢ = Z 5 ~ g, (1.63)

- Bj
/ 422, M2 M2« Q2
1 1 CCB]2 M <<Q

If M? < Q? ¢ and xp; are approximately identical. In other words, in this limit, zz; can be
interpreted as the light-cone longitudinal momentum fraction of the nucleus carried by the struck

parton.

1.3.2 Dipole picture for DIS

Let us return to the restframe of the nucleus, where P* = (M/+/2, M /+/2,0%), and choose the axis
such that the transverse components of the photon are zero, ¢* = (¢*, ¢~,0%). The components ¢~
and ¢~ obey following expressions

207" = @,
2 Y, (1.64)
c =P-qg=—=(q"+q).
22 V2
Solving this system of equations in terms of @), x, and M, one gets
2Mxp;
qi _ \/_ J}B]Q : ~ —M{L’BJ (165)
14 4/1 4 22
QQ

The coherent length, which is defined as the typical light-cone longitudinal distance of the interac-
tion, is given by
1 1

ATeop ~ —— ~ ———. 1.
Tcoh |q_| MIB]- ( 66)

It is also called the Ioffe time [40]. When zp; decreases, the coherent length increases. For small z;,
ATon becomes much larger than the size of the nucleus. Therefore, at high energy, the virtual photon
does not interact directly with the nucleus. Instead, it will fluctuate into a quark-antiquark dipole,
which is hereafter referred to as an onium, before the scattering. This onium, possibly equiped with
quantum corrections, then interact with the gluonic field inside the nucleus (see Fig. 1.3). Moreover,
the positions of the quark and the antiquark are frozen in the transverse plane: the onium does not
change size during the interaction!
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Figure 1.3: DIS in the dipole picture. The virtual photon splits into an onium (a ¢g¢ pair) of
tranverse size r before the interaction with the nucleus. The quark carries a momentum fraction z
of the photon, while the antiquark carries the remainder (1 — z2).

The small-zp; limit, which is mentioned in the previous paragraph, is equivalent to the limit of
high energy. Indeed, for large 3 such that 5§ > Q2 M2, we have

5+Q*—M?* 2P-q 1

% = 0 = o (1.67)
Therefore,
5 1
— . 1.
@~ o (1.68)

For the sake of convenience, we introduce a representation of the energy, which is called as the
rapidity Y defined by

A 2 1

3+2Q ~ln—. (1.69)
Q@ Ty

Since the virtual photon interacts with the nucleus via the onium, we can write down the following

Y=In

dipole factorization for the total cross section o7 4:
* 1 — 2 .
ol (Y, Q) = / dz / P O, 5 Q)] o (Y, (1.70)
0

| W7 =44 (r, 2; Q?)|? is the probability density for the photon with the virtuality Q2 to dissociate into
an onium of transverse size r = |r*| and a fraction z of the photon’s longitudinal momentum (their
expressions can be found in Refs. [31, 37, 38]; see also Chapter 4). The quantity o2%“™(r,Y’) is the
total cross section of the scattering of an onium of transverse size r at the total relative rapidity Y.
By the optical theorem, it is related to the forward elastic scattering amplitude 77 by

s Y) =2 [ VT 5 Y). (1.71)
In this thesis, we shall thoroughly assume the impact parameter independence in such a manner
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that the b-integration results in an overall constant oq, o2%“™(r,Y) = 02T (r,Y). This is basically
a good approximation for centered scatterings off a large, homogeneous target. From Eq. (1.70), it
is important to understand the scattering process from the onium level at high energy. The studies

of the onium-nucleus scattering are the main discussions of the work presented in this thesis.

1.4 Dipole evolution and BFKL equation

As mentioned in the previous section, the onium-nucleus scattering is the backbone of the high-
energy DIS in the dipole picture. The onium may interact with the gluonic state of the nucleus by
its bare state or its evolved state by the virtue of quantum corrections, depending on the setting.
In this thesis, we are interested in the frame where the onium is highly evolved. Therefore, it is

essential to understand the wave function of the onium subject to the high energy evolution.

1.4.1 High-energy evolution of the onium

At 27 = —o0, the onium is a bare color-singlet quark-antiquark dipole. Therefore, its asymptotic
state can be written as

_ Ak o)L N T
)= [ G g Ol e Fos.), (172

where |q(&;7,4),q(p—&; s,7)) is the qq state in which the quark of color index 4 carries a momentum
k and has the helicity 7, while p— &, s and j are of the antiquark, and ¢ = & /p™ is the longitudinal
momentum fraction carried by the quark. For the sake of convenience, in Eq. (1.72), we use the

following notation for the integral measure:

o _ Ak k!
(2m)32k+

k™). (1.73)

At the observation time xt = 0, the wave function of the onium can be dressed by gluons by the
virtue of quantum radiation. Since we consider small-zp; limit, in which only soft gluon emissions
are taken into account, the quark contribution is negligible. Using Eq. (1.50), we can write the state

of the onium at z7 =0 as

atj

dkdl NE )
(U)o = W) oo+ ) / T S (k1 €, (s, )q(p — b — 15, )g( A @)+
Aa

J/

-—
one gluon

(1.74)
where the second term is the lowest-order correction taking into account one-gluon emission. The
momenta [, k, and p — k — [ are correspondingly of the emitted gluon, quark and the antiquark. The
indices A and a are the polarization and the color index of the gluon. £ = k% /p™ and ¢ =1 /p™ are
the momentum fractions carried by the quark and the gluon, respectively. Higher-order terms are
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corresponding to further gluon emissions in the Fock state of the onium. In the above formula, the
quantum numbers of quark and antiquark are suppressed. We are going to explore the quantum

fluctuations in the onium’s state from the lowest order.

One-gluon emission

7 < p—k—1y g < p—k—1Ly
Figure 1.4: Real one-gluon emission either from (a) quark or (b) antiquark of the onium.

Using Eq. (1.51) and keeping only the lowest-order term, the wave function of the onium with a

single emitted gluon is given by

() (1L 1L o oy dk
e €)=Y [ oS

aij 70,80
10,J0
o Nl — T — 1o e (] 99| (G i Nl — b oan 7
% <q(/€,7‘,z)q(p k l757]>g(l7)‘>a’)|Hmt‘q('ﬁﬂﬂ(]?l())Q(p ﬁ7 SO?]O)) ¢7("g?so<ﬁL,C),

p—R)~+E) =k =l —(p—k—1)" o0
(1.75)

where % is the momentum of the quark before the gluon emission. The Hamiltonian HI% is the

quark-gluon coupling term (1.40),

mnt

H9 — /E detd?zt - gs%ﬂﬁzt‘@ : (1.76)
where as usual, the operators are subject to the normal ordering (: O :). Now notice that
la(k; 7, 0)q(p — k = L5, )g(l; A, a)) = ag" (DO (k) (p — k = 1)]0),

q(&; 0, i0)q(p — &; 50, jo)) = b2 (R)dT (p — £)|0), (1.77)

(0j0) =1,

where |0) is the normalized vacuum state. When expressing the field operators in the Hamiltonian
(1.76) in Fourier modes using Eqgs. (1.34) and (1.36), only two terms survive in the bra-ket sandwich,
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which can be written explicitly as follows

(gq9| H% 4q) = g5 / AR AT AR {0y (Db (k)2 (p — k — DB (R ag, (1)L ()bisT (R)dis (p — £)]0)
« aw(kquxr)ffuy(hqhé;dx+d2x¢e“?+f”>f

~ g, / ARl (Ofag (Db} (k)i (p — k — Dl (1) a), (1)}, (K )bo! () s (p — £)[0)
><vw(kﬁ¢A(F)#ﬂvy(hﬁt/§dx+d2xLe“ﬁ+ﬁ_@)?

- (1.78)

Using associated (anti-)commutation relations for the creation and annihilation operators, after

some manipulations, we end up with following expression:

[0, (R)y e (D% (k + 1)] ¢fs (K- + 15, € + &)

(1) kJ_ lJ_ 2 3 10J0
27;;( ) 7575 gs 7T TOZS% k++l+ (/{Z—i—l)_—k}_—l_
710 .70
1 [ = Ry (e — k= D] o1 (€3,
C2(pt — k) p—k)—@—-k—=10)"—1"

(1.79)
The first term is corresponding to the case in which the gluon is emitted from the quark, while the
second one is from the antiquark (Fig. 1.4). The Kronecker deltas of quark color indices represent
the color rotation of (anti-)quark after emitting the gluon. Assuming the soft-gluon emission, i.e.
the gluon emission is eikonal, from Eqs. (1.30) and (1.35) together with some algebras, we get

ar(k)7ﬂ€ﬁ*(l)tauro(k +1) ~ ar(k)VNGA*(l>tauro(k) = 2]{3”62*([)5”0,

o
(1.80)
Uso(p — k)’y“ez*(l)t“vs(p —k—1) = vs(p— k)’y“ez*(l)t“vs(p —k)=2(p— k)“ez*(l)ésso.
In the light-cone gauge, the polarization vectors read

and we will choose €y to be real. The denominators containing light-cone energies can be evaluated
as

(/{JJ‘ —f-lJ‘)Q B (kJ_>2 B (lJ_)Q ~ _(lJ_)2
okt +1F) 2k 2T T 20+

(pJ_ o kJ_)Z (pJ_ o kJJ‘ o lJ_)Q B (lJ_>2 _ (ZJ‘)Q

R —(p—k—1) —1 = ~ o)
(p=Fk)" = (v ) 20+ —k+) 2pt — kT —I+) 2 20+

(k1) —k =1 =
(1.82)
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In the end, the light-cone wave function of the onium taking into account one-gluon emission in the

momentum space reads

I+ et
o0 (KL, 11 €, €) = —2(2m) gt (H); ¢§,§>(m T+l e+ ) - ¢$§;)(l#, 3 (1.83)
ai) 2 g

Now we employ the mix representation by transforming Eq. (1.83) into the transverse coordinate

space while keeping the longitudinal component intact. One gets

O N / Pl Pk (1) /7.1 7L N kL (xt—yb) il (zt—21)
Qb)\rs(l' Y 2 7€a€): 2 2 )\rs(k al ,575)6 v
aij (2m)% (27)2 " i (1.84)
— 27/9 taQE(O)(ZEl . yL g) (‘CEJ_ - ZL) : Ei_ . (yL - ’ZJ_) ' Gi_
Y ¥rs ’ (xL _ ZJ_)Q (yJ_ _ ZJ_)2 ’

where ¢ denotes for the transverse Fourier image of ¢, and -, y* and 2 are the relative transverse
positions of the quark, the antiquark and the emitted gluon, respectively (see Fig. 1.4). To arrive at
the second line of Eq. (1.84), we employ the formula Eq. (B.22) in Appendix B and also suppress the
quark color indices in the wave function of the onium before emitting the gluon. Squaring the wave
function gz_SE\?S, summing over all possible quantum numbers and integrating over the longitudinal
momenturrf Zgmd over the transverse position of the gluon, the leading-a, order probability to find a
soft gluon in the wave function of the onium is then given by

min(§,1-§) dél a.C TJ‘Q i
2 1L Qs E 0 1 5
/5 ?/d " w2 L2 (pl )2 Z |61 (4, €I, (1.85)
’ r,s

where oy = ¢2/(4r), rt =zt — yt, 't = 2t — 2zt The factor Cp = (N? — 1)/(2N.) is the
fundamental Casimir. We see that, in the coordinate space, the wave function of the bare onium

totally factorizes. Furthermore, there are two types of logarithmic singularity occuring in Eq. (1.85).
The first type is the soft divergence corresponding to the limit £ — 0. Therefore, we introduce an
IR cutoff & in the integration. The second one is realized when z* approaches either z+ or y*. In

such cases we have collinear divergence.

Large-N, limit

Let us now consider the onium wave function in the limit of large V., which was introduced by ’t
Hooft [41, 42]. As we shall shortly see, this limit will eliminate a class of diagrams which matter at

higher-order gluon emissions, which simplifies the construction of the onium wave function.
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1.4. DIPOLE EVOLUTION AND BFKL EQUATION

We start with the Fierz identity for the SU(N,.) generator ¢, which reads

@0 1 1
Lijlh = §5il5kj - 2_M5ij5kl
i i i ] P ] (1.86)
_ 1 v4 !
2 2N,
1 k ] —<+— —<—k ] —<—k

When the number of colors N, is taken to be large, the second term in Eq. (1.86) is negligible. The
gluon is then equivalent to a zero-size quark-antiquark pair. In this limit, the emission of one soft
gluon of momentum fraction z at position z* from the initial onium is essentially a dipole branching
process: the initial onium of size 7+ = x* —y=* splits into two daughter dipoles of size '+ = z+ — z*+
and rt — 't (see Fig. 1.5). From Eq. (1.85), the probability of this process, up to dz and d*z+,
given by
dv d*r'* rt?
&_ 2 9
x o 2m LR (pl gLy

(& J/

(1.87)

~~
dpl%Z(errlL)

with Cr ~ N./2 at large N. and a = (asN.)/m. The dipole splitting rate dp;_,» in Eq. (1.87) can
be decomposed as

/J_)

12 1L L /L
1 1 1 2 . —
dp1_>2(TL, r r rt = — ( + v ! )> d>r'*.
r

1
%T,/H(TL — )2 2T

(1.88)
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Figure 1.5: The large N, limit of the Fig. 1.4

The first two terms in Eq. (1.88) is corresponding to the first and the second diagrams on the right
of Fig. 1.6, while the last term is from the last two inteference diagrams. The full dipole kernel is
represented by the diagram on the left of Fig. 1.6.

The emission of one soft gluon, or a single dipole branching, given by the probability (1.87) is
one step of the evolution of the dipole when boosting the bare onium to a higher rapidity. Instead
of the momentum fraction x, we can write the splitting probability in term of the evolution rapidity,
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! !
! !
| |
| |
| |
| )
| |
| |
| |
| |
[ [

Figure 1.6: Squared onium wave function with a single soft gluon at large N.. The dashed line
separates the wave function (to the left) from its complex conjugate (to the right).
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Figure 1.7: Triple gluon vertex in the large N, limit.

which is given by the logarithm of z, ¥ = In(1/x). The probability (1.87) can be rewritten as

adY dpy_o(r®, b)), (1.89)

which is the probability of dipole branching into a pair of dipoles of sizes 7'+ and r*+ —7* up to d*r'*+
when advancing the rapidity by a step dY. This one-gluon emission is the first-order modification
to the wave function of the onium in the leading-a, In(1/x) approximation (LLA).

Moving on to the higher-order corrections requires the triple-gluon vertex. In the eikonal limit,
both the quark-gluon and the triple-gluon vertices are the same, in particular of the form 2gsk - e,
where k* and e* are the momentum and the polarization of the emitted soft gluon, respectively. Fur-
thermore, in the large- N, limit, the triple gluon vertex, as shown in Fig. 1.7, has two configurations:
the planar color flow (the first diagram on the right of Fig. 1.7), and the non-planar one (the second
diagram on the right of Fig. 1.7). When taking the trace of color matrices, which is tantamount to
connect 7 and j, and 7" and j’ in Fig. 1.7, the former consists of three color loops (N?) and hence, its
contribution is of order (a,N.)?, after averaging over all colors. Meanwhile, the contribution from
the non-planar diagram is of order (i, N.)?/N2, which is suppressed by the square of N,. The triple
gluon vertex can then be represented by the planar configuration at large N., which is similar to
the quark-gluon coupling. In general, in diagrams of the same order of a/N., non-planar diagrams
are suppressed by powers of N.. Therefore, we can neglect all non-planar diagrams at large N..
This is an important consequence of the large N, limit, which greatly simplifies the analyses of the
evolution of the onium Fock state.
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1.4. DIPOLE EVOLUTION AND BFKL EQUATION

Higher-order corrections

When adding additional gluons to the Fock state of the onium, to obtain contributions at the LLA,
a gluon emitted later in the light-cone time must be softer than another gluon emitted earlier. In
other words, there should be a strong ordering in the light-cone longitudinal momenta of gluons,
If > 15 > 15 > -, in accordance to their emission times (see, for e.g., Fig. 1.8). Consequently,
the diagrams containing instantaneous interaction vertices are subleading.

> I
Wﬂ@%ﬂ s >0 >0

&wﬂ“l?)

Figure 1.8: An example of a LLA diagram. The minimal value for the longitudinal momenta of the
emitted soft gluons is fixed by the total rapidity of the evolution.

The treatment of the higher-order soft-gluon emissions can be simplified due to the following
facts. First, as in Eq. (1.85), in the transverse coordinate space each step of evolution well factorises
from the previous step. Second, the eikonal emissions of gluons from a quark and from a gluon can
be treated identically. Finally, since the non-planar diagrams are suppressed, each subsequent dipole
in the Fock state of the onium at each evolution step evolves independently. Therefore, in the large-
N, and eikonal limits, the evolution of the onium toward high energy (or high rapidity) is essentially
the iteration of dipole branching (Fig. 1.9). Eventually, the Fock state of the onium is a stochastic
set of dipoles with different transverse sizes.

b1
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Figure 1.9: A realization of the squared wave function of the evolved onium at large N..

The formalism presented in this section is referred to as Mueller’s color dipole model [32].
Knowing the structure of the wave function of the onium subject to high energy evolution at LLA,
it is important to resum all the LLA terms. It was done by the virtue of evolution equations.

1.4.2 Dipole number and BFKL evolution

Consider an onium of size r evolved to a rapidity Y > 0. Let us denote by n(r,Y; R) the mean

number of dipoles of (scalar) transverse size R in the Fock state of the onium r = |rt|. We are

going to derive an equation to control the rapidity evolution n(r,Y; R) at LLA.
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QCD evolution of hadronic matter toward high energy

Let us start with a bare onium at Y = 0, and evolve it to Y + dY. After an evolution step
dY , there are two possibilities. In the first place, the bare onium can split into two dipoles of sizes
r" = |r't| and |rt — 7"*|, with the probability given by Eq. (1.89). These two daughter dipoles
evolves in the rapidity interval of width Y, from dY to Y + dY. The total mean number of dipoles
then comes from the contributions of both offsprings. On the other hand, the initial onium may not
split and hence, the mean number of dipoles is unchanged after the boost dY. In this case, there
may be totally no soft-gluon emission in the wave function of the onium during the rapidity step
dY , or virtual emissions: the soft gluon is emitted and reabsorbed before dY. Therefore, the mean
number of dipoles at the rapidity ¥ + dY is given by

n(r,Y +dY;R) = ddY/dpl_,g(rL,T'l) [n(r',Y; R) +n(lr —r"*|,Y; R)]
(1.90)
+ [1 —adY / dpm(rar’i)] n(r,Y; R).

-
b n(r.Y;R) 3
_—n — —_—«——_—_—_—_—_—_—_—_—_—_____

dy Y dYy Y

Figure 1.10: Illustration of two terms in Eq. (1.90). The first one is due to the real emission, while
the second one represents the virtual correction.

Taking the limit dY" — 0, the equation above turns into the following integro-differential evolu-

tion equation:

a%n(r,Y; R) = d/dpl_,g(rl,rd) [n(r',Y;R) +n(lr — ™|, Y;R) —n(r,Y; R)] . (1.91)

Since at Y = 0, the onium is in the bare state, the initial condition for n reads n(r,Y = 0; R) =
i (3).

The equation (1.91) is known as the BFKL equation [7, 8] (see also Refs.[32, 43-45]) written in
the transverse coordinate space. Its more general form includes the impact parameter dependence.
However, as mentioned previously, we shall neglect such dependency in this thesis.

1.4.3 Solution to the BFKL equation

The equation (1.91) can be rewritten as
8yn(r,Y;R) = KBFKL(X)TL(T,Y; R), (192)
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1.4. DIPOLE EVOLUTION AND BFKL EQUATION

where Kppgy is the integral kernel in the BFKL equation, which acts on the mean dipole number
n. We observe that,

T2 Y - dZT/J_ 7“2 7“'2 Y |7“J‘—7”/J‘|2 Y 7“2 Y
Korwso () o [ G (3) + (=) [} (@) - a9

We can rewrite the integral in the curly bracket as

d27,/J_ 72 7“/2 v |7"J‘ _ 7n/J_|2 v TJ‘ . 7“”‘ + TJ_ . (TJ‘ _ T’J‘)
o 7“/2’1”J‘ — L2 2 + r2 - 2|t — L2

dr'df r AN (1.94)
= — —cosf| .
/ 2 r2 4712 —2rr'cosf <r) €08
Performing the angular integration and putting u = 7’/r, we obtain
) 2 2y 2 1 1 — 2 1 2y—1 1-2v _ 2
/ PRl Gt Vil “|_/ du u (1.95)
0 2ull — u?| 0 1 —u?

Using the integral representation for the digamma function ¥ (z) (the Appendix B), we end up with
the following final expression for the integral in Eq. (1.93), which we shall hereafter denote by x(7):

xX(7) = 29(1) = ¥(y) — (1 — 7). (1.96)

Therefore, the functions (r?/R?)” are the eigenfunctions of the BKFL kernel, corresponding to the
eigenvalues ax(vy). The function x(7) has simple poles at integers, v = k, k € Z. The principal
branch of x(v) lies on the domain 0 < Re(y) < 1. A graphical illustration for real arguments
showing its principal branch and two other branches on both sides of the principal one is plotted in
Fig. 1.11.

With the help of the eigenfunctions, the general solution of the BFKL equation (1.91) can be

written as " .
CT100 d _
arvi = [T (1) we), (1.97)

c—100 2mi

with ¢ a real constant. The coefficient function n(y,Y") satisfies the following differential equation:

Hn(y,Y) = ax(y)n(,Y). (1.98)

with the initial condition n(7y,Y = 0) = 1. Consequently, n(~,Y) is given by

n(y,Y) = e, (1.99)
and the solution (1.97) becomes
c+i00 d 2\ 7Y
. o YT ax(y)Y
TL(T’,Y, R) = /c_ioo 2_7'['2 (@) (& x() . (1100)
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QCD evolution of hadronic matter toward high energy

A — x(y)

15

10

A

Figure 1.11: The function x(7) on the real domain. The principal branch is on the range (0, 1).

Now let us evaluate the mean number of dipoles for a special case in which r/R < 1. In this limit
the integral in the solution (1.100) is dominated by the region v ~ 1, and then the eigenfunction
X () can be approximated as x(v) ~ 1/(1 — 7). Eq. (1.100) can be rewritten as

c+1i00 d TQ aYy
nr<r(r,Y; R) ~ / %eXp {vlnﬁ t1- V]' (1.101)

c—100

o =1 — 4| (1.102)
In(R?/r?)

provided that In(R?/r?) > aY. Setting ¢ = ysp and performing the integration in Eq. (1.101) in

2
2(/ay In %] (1.103)
T

This solution is referred to as the double logarithmic approximation (DLA), as it resums two large

The saddle point is located at

the saddle point approximation, one yields

2 (ay)s
2R (In(R? /r?)**

npra(r,Y; R) ~ exp

logarithms per each power of a: aln(1/x)In(R?/r?).

When In(R?/r?) is not large, and hence is not important to resum, but @In(1/z) is still large,
the integration in Eq. (1.100) is dominated by the saddle point at x'(7.) = 0, or 7. = 1/2. Using
the saddle point approximation with the contour being the line parallel to the imaginary axis and
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passing through the saddle point, we get the following result:
. [ In® = }
XD |~ g(i/2a7
e&X(%)Y 2x"'(1/2)

.
n r,Y,R) ~ —
el )~ % 2" (1/2)ay

(1.104)

with x(1/2) = 4In2 and x"(1/2) = 28¢(3) (¢(z) is the Riemann zeta function). We see that the
density exhibits an exponential growth in the rapidity with the slope ap —1 = @x(1/2). This slope is
usually referred to as the intercept of the BFKL pomeron, in reference to the Regge phenomenology
(for a review, see [46]).

1.5 Summary

We close this chapter by summarizing some remarks. The process of deep-inelastic scattering
at high energy can be conveniently described using the dipole formulation in which the virtual
photon interacts with the target via its onium state. This formulation enables us to turn the
discussion of virtual photon-hadron scattering into that of the onium-nucleus interaction, which
,to a certain extent, requires the understanding of the onium wave function at high energy. The
latter is dominated by soft gluons and turns out, in the large N, limit, to be a set of color dipoles
of various sizes. The resummation of small-x gluon emissions at the leading logarithmic accuracy
can be done by the virtue of the linear BFKL evolution equation. The discussions in this chapter,
especially on the onium wave function at high energy, are the basis for further discussions in the

thesis, which are mainly on the onium-nucleus scattering.
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In the previous chapter, we dealt with the wave function of an onium subject to a high-energy

evolution. In the present chapter, we shall introduce the Balitsky-Kovchegov (BK) equation [17, 18],

which governs the high-energy onium-nucleus interaction, and demonstrate its relationship to the

Fisher-Kolmogorov-Petrovsky-Piscounov (F-KPP) equation [47, 48], which describes the reaction-

diffusion processes in statistical physics. We shall then report on one of our original contributions

[25]. In particular, we will present a Monte-Carlo algorithm to generate particles of a branching
random walk (BRW) in the vicinity of a leading particle, or the “tip” of the BRW, which allows to
investigate the particle density in the tip as well as the structure of the evolution.
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2.1. NUCLEAR SCATTERING OF ONIA

2.1 Nuclear scattering of onia

2.1.1 Balitsky-Kovchegov evolution equation

Consider the scattering of an onium of size r off an nucleus of mass number A at total relative
rapidity Y. We denote by S(r,Y) the S-matrix elements for that scattering process. At high
energy, cross sections are purely absorptive, so the S-matrix elements are real. To remind, we
assumed that S depend neither on the impact parameter nor on the orientation of the dipole in the
transverse plane.

The evolution equation for S can be established using the same technique as for the mean
number of dipoles n. Let us stay in the rest frame of the nucleus, and boost the onium to the
rapidity Y +dY. In this frame, S(r,Y") can be intepreted as the probability that an onium of size r
evolving to the rapidity Y does not interact with the nucleus at rest. After an evolution step dY at
the beginning of the dipole evolution, the initial onium r may split into two dipoles of sizes r’ and
|r+ —7+|, with the probability given by Eq. (1.89); or it may stay unchanged. Hence, the S-matrix
elements at Y +dY, S(r,Y + dY'), reads

S(r,Y+dY) = @dY/dplﬁg(rﬂr’l)S(r’,Y)S(|7’L—T’L|,Y)+ [1 - ddY/dplﬁg(rl,r’L)l S(r,Y).
(2.1)
Taking the limit dY — 0, S(r,Y") solves the following evolution equation:

Oy S(r,Y) = @/dplﬁg(rﬂru) [S(?"’,Y)S(]rl — " Y) = S(r, Y)} ) (2.2)

Equivalently, one can write the evolution equation for the forward elastic scattering amplitude
Ty(r,Y)=1—S(r,Y), which reads

OTi(r,Y) = a/dpl_g(rﬂ ') [T(r",Y) + T (jrt =, Y) = T4 (r,Y) 23

~Ti(r' V)T (Irt — ", Y)].

The equations (2.2) and (2.3) are two equivalent forms of the Balitsky-Kovchegov (BK) nonlinear
evolution equation [17, 18] written for the S-matrix elements and the forward elastic scattering
amplitude, respectively. From now on, we shall refer to the former as the S-type BK equation,
and to the latter as the T-type BK equation. If one neglects the nonlinear term, the T-type BK
equation (2.3) becomes the BFKL equation for the forward elastic scattering amplitude. The initial
conditions for S and 7" are scattering profiles determined at a particular rapidity Y. Normally, they
are set at zero rapidity, which can be chosen, for example, to be the McLerran-Venugopalan (MV)
49, 50] amplitude

Q% 1
Ty(r,Y =0)=1-9(Y =0)=1—exp |— Inlet+t—5=5—11, (2.4)
4 m*Aoep
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or the Golec-Biernat-Wusthoff (GBW) [51, 52] amplitude

(2.5)

22
Ti(r,Y =0)=1-S(r,Y =0)=1—exp {_r QA}’

4

=0)

T(r,Y:

0.0

r=1/Qa e
-~

101 10° 10! 102
1/r

Figure 2.1: Two initial conditions for the BK equation: the MV model (dashed curve) and the
GBW model (solid curve). The inverse saturation scale 1/@Q) 4 is shown, which separates the 77 ~ 1
regime from the 7} ~ 0 regime. Parameters are set as Q4 = 1 GeV and Agep = 0.2 GeV.

where the A-dependent momentum ()4 is called the saturation momentum characteristics of the
nucleus. In such models, the scattering amplitude monotonically decreases as the size r becomes
smaller, and asymptotically reaches 1 when r — oo (black-disk limit) and 0 when r — 0 (color
transparency limit). The transition between the two regimes T} ~ 1 and 77 ~ 0 occurs around r ~
1/Q4 (see Fig. 2.1). Due to the evolution, the saturation scale will acquire a rapidity dependence,
as we shall shortly see.

Before finishing this paragraph, let us write the T-type BK equation (2.3) in the transverse

momentum space by the following Fourier transformation

Ti(k,Y) = / P ity (rY) = / S )T Y) (2.6)
1 ) - V72 1\, - 0 r 0 1\ ) :
which shows that T; depends only on the magnitude of k*, k = |k*|. We first deal with the linear
BFKL sector of Eq. (2.3). Expressing 77(r,Y") by the virtue of the inverse Mellin transformation,
one obtained:

. %Jrioo 00
k= /é—ioo % W(Y)/O d(rQa)(rQa)" " Jo(kr) .
[ B (£) T |
%—ioo i A L= v
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2.1. NUCLEAR SCATTERING OF ONIA

Reminding that (rQ4)? are eigenfunctions of the BFKL kernel with the eigenvalues ax(7), we have

> dr ° dr ati g
[ Enter Ko oty =a [ L) [T 0@ )
= il 2y—1 v = 7oL
= —T,(Y)2% — _— = —0p)T1(k~,Y
“ NG (g7) s = IR
where L = In(k?/Q?).
For the nonlinear term, its Fourier transform reads
_ d2TJ_ 7’L’kL'T'J‘ dQT/J_ T2 1 1
a/ omr2C / 2 r2|rd _r/LPTl(T/’Y)Tl(’T —r"7Y) 2.9
_ d?r'+ —ikLop L / d2<TJ_ — Tu_) —ikL (rt =L = |7 2 '
=a [ o se Ti(r',Y) me Ti(re,Y) = @ [T1(7€,Y)]
To the end, the BK equation in the transverse momentum space is given by
OTi(k,Y) = ax(—oL)Ty(k,Y) —aT?(k,Y). (2.10)

One can easily observe that, the linear parts of the BK equations in the coordinate and momentum
spaces are similar. In particular, the coordinate-space BK equation in the linear regime reads

on'Ti(p,Y)=ax(—0,)Ti(p,Y), (2.11)

with p =1n[1/(r*Q?%)].

2.1.2 Solution to the BK equation

a. General properties of the solution

The BK equation (2.3) has two fixed points: the stable 77 = 1 and the unstable 7} = 0. In the
vicinity of the latter, the amplitude is small, 77 < 1, and one can neglect the nonlinear term in
Egs. (2.3) and (2.11). The BK equation then becomes the BFKL equation, and the amplitude
grows exponentially as in Eq. (1.104), Ty ~ e®(1/2Y When T} approaches the stable fixed point,
the nonlinear term becomes important. The effect of this term is to compensate the growth of the
amplitude, and to cause it to saturate at the value 77 = 1 when Y — oo. In other words, the
nonlinear term in the BK equation comes from the requirement of the unitarity of the scattering
amplitude.

Therefore, the scattering amplitude 7(r,Y") solving the BK equation is a smooth curve con-
necting two states 7} = 1 and 77 = 0. The transition between two limits occurs at some scale
rs = 1/Qs(Y), where Qs(Y') is the saturation momentum at the rapidity Y. The value of the latter
at Y = 0 is the momentum (@) 4 in the initial condition.
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QCD evolution in analogy with branching-diffusion processes

b. Asymptotic solution outside the saturation region

Let us now derive a solution for the BK equation at an asymptotic large rapidity for the case T7 < 1,
taking into account the saturation correction near r ~ 1/Q4(Y"). We begin with the linear equation
(2.11) whose general solution reads

1/2+i00
e y) = [ I T el (0= v)ay)), (2.12)

J2—ioo 270

where v(y) = x(7)/7. The solution Eq. (2.12) can be interpreted as a linear superposition of
elementary travelling waves of the form e~"(?=v™aY) " They propagate at different velocities given
by v(7y). The minimum velocity of such waves is v(7), with 0 < 79 < 1 solving the equation

X(%)

- (2.13)

v'(70) =04 X' () =

In numerical values, vy = 0.6275, x(7) =~ 3.0645, X" (7o) ~ 48.5176.

Now let us expand the kernel x(—d,) around 7, and truncate the series at the second-order
term. This truncation would limit the applicability of the approach: in particular, it does not work
in the DLA limit. The equation (2.11) then becomes

NTi(p,Y) = ax(v)0vTi(p,Y) — ax'(70)(9, +0)T1(p, Y) + %@X"(’Yo)(ap +7%)°T(p,Y). (2.14)

The equation (2.14) is the so-called diffusive approximation of the BFKL equation. It is equivalent
to saddle point method, with the saddle point located at vy. We find the solution to Eq. (2.14) in

the form

Ti(p,Y) = e "2G(A,Y), (2.15)
where A = p — v(vyy)aY. From Eq. (2.14), the function G solves the following diffusion equation:
1
OG(AY) = Jax" (WARC(A, V). (2.16)

The presence of the diffusion equation is natural: the dipole evolution is essentially a dipole branch-
ing process in which the subsequent dipoles diffuse in size. For the initial condition, we can approx-
imate the MV or the GBW conditions by a step function at p = 0. Then the function G at Y =0
can be approximated by a Dirac delta function,

G(A,Y = 0) = §(A). (2.17)

The diffusion equation (2.16) with the initial condition (2.17) has the following solution:

! ( A’ ) (2.18)
ex e — . .
21X (o) Y’ P\ 2 (o)ay
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For the nonlinear term, it is challenging to treat it in a direct way. Instead, we notice that its effect
is to tame the exponential growth of the amplitude predicted by the linear BFKL evolution. The
evolution is then driven by the linear kernel. We can treat the nonlinear effect on the solution by
putting an absorptive boundary which moves as the rapidity increases. In particular, we require
that

G(A=-CY)=0, (2.19)

where C' is a constant. To satisfy this boundary condition, one should substract from the solution
Eq. (2.18) a similar gaussian term centered at A = —2C. This is the basic idea of the method of
image. Consequently, the solution for GG in the presence of the absorptive boundary (2.19) is given

by
1

GaY)= o (_%@W)_xp(_%ﬂ (2:20)

For A and C small compared to vaY, the amplitude 77 reads

A+C A?
T V) ~ B JA =
1(0, ) cr (@Y)g/ze eXp < QXH(”YO)@Y) ( )
2 2.21
B _ —70(p—v(r0)aY +52- In(ay) (p —v(y)aY)
=cr(p—v()aY +C)e oot i ) o <_ 2x" ()oY )

We require the amplitude is a constant of order unity along the saturation line p = p, = In(Q*(Y)/Q%).
To this aim, we pull back the boundary by 3/(27) In(aY’). Eq. (2.21) then becomes

—Yo(p—ps (p—ps)?
T(p, Y) >~ CT<p — Ps + COHSt)e o(p=ps) exp [—W s (222)
where 3
ps = v(y)aY — —In(aY). (2.23)
2%

Returning to the physical variables, the forward elastic scattering amplitude T;(r,Y") solving the
BK equation at large rapidity is given by

1 In*(r?Q%(Y))
T (rY) ~ In —— t 20%(Y))" IR U LA A 2.24
() = er [0 s const]| (RQUY)exp [ ECD ]
and the saturation momentum reads
3
Q) = Quexp (@)Y — 5 ufay)). (2.25)
0

The solution (2.24) is valid for 1 < In(1/72Q%(Y)) < 1/X"(y0)aY, i.e. within the diffusion radius.
When In(1/r2Q*(Y)) < v/X"(70)aY, we can neglect the gaussian term, and the dipole scattering
amplitude T} effectively becomes a function of a single variable In(1/72Q?%(Y")), which is referred
to as the scaling variable. This properties is known as the “geometric scaling”. It was manifested
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in the analysis of the HERA data on the electron-proton collision [53]. The geometric scaling of
the solution to the BK equation outside the saturation region was first presented in [54], but the
subleading term at large Y was incorrect therein. The derivation presented here is based on the
method in Ref. [55] by replacing the nonlinearity by an absorptive barrier. The results (2.24) and
(2.25) can also be obtained by exploiting the fact that the BK equation is in a universal class of
the reaction-diffusion equations (see below), and at large rapidity its solution converges to traveling
waves [56]. The geometric scaling is then corresponding to the traveling wave solution.

We have derived the solution to the BK equation for small onia outside the saturation region.
The solution deep inside the saturation domain, r > 1/Q(Y’), can also be obtained by realizing
that, for such large onium’s sizes, T} ~ 1. Equivalently, the S-matrix is small, and one can neglect
the nonlinear term of in the BK equation (2.2) for the S-matrix. We can eventually obtain the
following expression [57]:

(2.26)

T (r,Y) ~1— Spexp [—M} :

2X'(70)

Several comments are in order. Firstly, the geometric scaling also manifests inside the saturation
regime. At very large onium’s size, the amplitude (2.26) approaches the black-disk limit value
T} = 1. The unitarity is then preserved, as discussed previously. The amplitude (2.26) also grows
with the rapidity. However, this growth gets slower at larger rapidity or at larger onium’s size. At
asymptotic rapidity, it eventually terminates at the black-disk limit.

c. Numerical solutions

We now present numerical solutions to the BK equation, with the initial condition given by the MV
model (2.4) at the rapidity Y = 0. The initial saturation scale is chosen to be Q4 = 0.25 GeV.

Other parameters are set as in Appendix C.

The dipole scattering amplitude T3 (r,Y") is plotted in Fig. 2.2. As the rapidity Y increases, the
perturbation around the unstable state T} = 0 moves toward the saturation value 77 = 1. It then
remains unchanged at this value. As a result, the solution is pushed forward to small onium sizes.

The asymptotic solution (2.24) can be visualized by plotting the function Ty (r, Y)e0 (/7@ ()
as the function of the scaling variable In(1/r?Q?(Y")) (see Fig. 2.3). We see that for a positive-
value domain of the scaling variable close to 0, the rescaled amplitude is roughly linear, which is
more evidently at higher rapidities. At small onium sizes far from the saturation line, the gaussian
suppression becomes significant.

We conclude this paragraph by reminding that, the BK equation in Eq. (2.3) (or equivalently
Eq. (2.2)) is written at leading order (LO). Its next-to-leading order (NLO) extension was already
known [58-65]. In addition, it was shown [66-70] that the BK equations at both LO and NLO could
describe HERA data on electron-proton collisions.

37



2.1. NUCLEAR SCATTERING OF ONIA

1.0

0.8

0.6

T(r,Y)

0.4

0.2

0.0

100 102 10% 10°

Figure 2.2: Dipole scattering amplitude T7(r,Y") at various rapidities. Due to the nonlinear evolu-
tion, the amplitude 7} is driven toward small values of r (horizontal arrow). Meanwhile, at a fixed
size r, the amplitude approaches the unitary limit as Y increases (vertical arrow).

2.1.3 Dual intepretation of the BK equation

From the above discussion, the BK equation (2.3) appears as the equation governing the nonlinear
evolution of the forward elastic scattering amplitude 77 (r,Y") of the nuclear scattering of an onium
with size r off a large nucleus at the total relative rapidity Y. In the restframe of the onium, this is
equivalent to the deterministic evolution of the set of gluons in the nucleus in rapidity characterized
by the nuclear saturation scale Q4(Y"). The scattering then just measures the opacity of this gluonic

system.

The BK equation also accepts another probabilistic interpretation in a frame where the onium
is evolved to, for e.g, a rapidity Y < Y. At the rapidity 17, the Fock state of the onium in the
large- N, limit is essentially a stochastic set of color dipoles of various sizes generated by the dipole
branching with probability given by Eq. (1.87). We define P(r,Y; R) as the probability of having
at least one dipole larger than R in the onium Fock state. It is then straightforward to show that,
the probability P(r,Y; R) solves the BK equation (2.3). The initial condition for P is given by

P(r,0;R) =0 {m ;—22] . (2.27)
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Figure 2.3: The dipole scattering amplitude T7(r,Y') rescaled by e~77 as a function of the scaling
1

variable 7 = In =0T at different values of rapidity.
Therefore, the BK equation is also the evolution equation for a measure of the stochastic evolution
of the onium Fock state. As we shall shortly see, although the initial conditions for 1" and P are
different, the asymptotic solutions at large rapidity for them fall into the same universality class.
One then can identify the QCD scattering amplitude 7'(r, Y") with the probability P(r,Y; R = 1/Q4)
of having at least one dipole larger than the inverse saturation momentum of the nucleus at rest in
the onium Fock state at Y, starting from a bare dipole r at Y = 0,

large Y

Ti(r,Y) = PrY;1/Qa). (2.28)

In the spirit of the probabilistic interpretation, the BK equation is an equation controlling the
rapidity evolution of an observable on a branching-diffusion process. It is therefore natural to relate
the QCD dipole evolution to branching random walks described in the statistical physics.

2.2 Dipole evolution and branching random walk

2.2.1 Mapping the BK equation to the F-KPP equation

We are going to show that, under the aforementioned diffusive approximation, the BK equation can
be mapped into a nonlinear partial differential equation which is well-known in the context of the
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statistical physics.

Let us return to the BK equation in the momentum space (2.10). In the diffusive approximation,

it reads .
9,1 = —x' ()0 T1 + 5X" (%) (Or +70)*Th — T
2 (2.29)

1 ~ - S
= §><”(%>8%T1 + [vox" () = X' (10)] OLT1 + §7§x”(%)T1 —T7

where y = aY, and the relation vox'(70) = Xx(70) is used. We perform the following change of

variables (y, L) — (t,z) [71]:
2

Y= 5t
76x" (0)
) , (2.30)
;= 20ox"(0) = X' ()],
gl 76X (70)
The equation 2.29 then becomes
2.1 " 2. - 2., " .
%XQ(%) 0,7, = X (0) T, + %X2(70)T1 _7e (2.31)
Defining a new function U = [2/(72X" (70))] Ty, we end up with following equation for U:
OU(t,x) = 2U(t,x) + U(t,z) — U(t, x). (2.32)

This equation shows the manifestation of the Galilean non-relativistic symmetry on the transverse
plane within the light-cone description (with the “time” variable ¢ ~ y and the “space” variable
x ~ |k.|). It belongs to a family given by [48]

OU(t,z) = DO*U(t,z) + F(U), (2.33)
where D is the diffusion coefficient, and F'(U) is a smooth function satisfying following conditions:

F(0)=F(1) =0,
F'(0) =7 >0, (2.34)
FU)>0(0<U<1), FFlU)<r (0< U < 1).

The general equation (2.33) is known as the F-KPP equation [47, 48] describing reaction-diffusion

processes. For a comprehensive review on the F-KPP equation, see Ref. [72].

We have presented a rigorous mapping between the QCD BK equation in the diffusive approx-
imation and the F-KPP equation in the context of the statistical physics. However, as the dipole
evolution is similar to branching-diffusion processes, it would be expected to have a more profound
relation between them. It is indeed the case: the BK equation is in the same universality class of
the F-KPP equation. We shall address this universality shortly, after discussing the emergence of
the F-KPP equation in a stochastic process of interest: one-dimensional branching random walk
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(BRW).

2.2.2 F-KPP equation and branching random walks

a. General features of the solution to the F-KPP equation

We now consider the following particular form of the F-KPP equation:
OU(t,x) = DO2U(t,x) + U(t,z) — U*(t, z). (2.35)

The F-KPP equation of the form (2.35) has two fixed points at U = 0 and U = 1. If we start by
a small perturbation in the vicinity of the latter, it will move back to that fixed point. Therefore,
U =1 is called the stable fixed point. On the other hand, if we start with a small perturbation
around U = 0, it will grow towards U = 1. U = 0 is then the unstable fixed point of the equation.
At a sufficiently large time, U becomes close to unity and the nonlinear term is essential. In such
case, it tames the evolution and makes the solutions saturate at the stable fixed point U = 1. This
property of the solutions to the F-KPP equation is similar to those of the BK equation.

Let us now come into the so-called travelling wave solution of the F-KPP equation. First, we
notice that the eigenvalue of the linear kernel xr(9,) = D9?+1 of the F-KPP equation corresponding
to the eigenfunction e™7* is given by

xr(y) = Dy* + 1. (2.36)

We denote by 7o the solution of the equation xz(7) = vx=(7), or 7o = 1/v/D.
We choose an initial condition such that it falls monotonically and smoothly from 1 to 0 as x

goes from —oo to co. In addition, at large positive x, it behave as
U0,z) ~e ™ (B> ). (2.37)

For a certain point of = such that U(0,z) < 1, when the time elapses, the solution grows, and then
stops at U = 1, as discussed above. However, for larger values of x, the growth continues, and a
wave front establishes and moves toward large positive x as a traveling wave. The traveling wave
is characterised by its position X (), which can be defined by, for e.g., the requirement U(t,z =
X(t)) = 1/2. At asymptotically large values of t, U is effectively a function of a single variable
x— X(t),

Ult,z) ~U (x — X(t)), (2.38)

and the position of the front is given by:
, 3
X(t) = xXr(0)t — 5 Int+ O(1). (2.39)
0

This result constitutes a part of the Bramson’s theorem [73] for the traveling wave solution to
the F-KPP equation. We see that the characteristics of the traveling wave is determined by the
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linear kernel. Interestingly enough, the position of the front X (¢) is similar to the logarithm of the
saturation scale (2.25) in the case of the BK equation, up to some appropriate substitutions.

b. A simple BRW
Consider a one-dimensional lattice labelled by x, with lattice spacing dx. Let us start with a single
particle located at x = 0 at time ¢ = 0, and evolve the system forward in time. After a time step
0t, a particle at a site x can

(i) jump left or right with the same probability u, or

(ii) duplicate with probability A, or

(iii) remain unchanged with probability 1 — 2u — A,

conditioned that 2u + A < 1.

t t @ t t @ t t @ }
t + 6t —@ t t } t @o— —0i0—

Ox

Figure 2.4: Elementary processes for a simple BRW: diffusion to adjacent sites and branching. The
case in which particle remains unchanged is not shown in this illustration.

We define by u(t, z) the probability to have at least one particle located to the right of position
x (including z) at time t (or after the evolution in the time period ¢). The equation for u(t + 6, x)
can be obtained by tracking the initial particle at (¢,x) = (0,0) as follows:

Proba. to have particle(s) to the left of x at time t 4 dt) =
(Proba. that the initial particle at t = 0 jumps left after dt)
x (Proba. to have particle(s) to the right of x + dx after the time period ¢ from &t to ¢ + dt)
+ (Proba. that the initial particle at t = 0 jumps right after ot)
X (Proba. to have particle(s) to the right of x — dx after the time period ¢ from §t to t + ot)
+ (Proba. that the initial particle at t = 0 duplicates after ot)
X (Proba. that at least one offspring generates particle(s) to the right of z
after the time period t from ot to t + 6t)
+ (Proba. that the initial particle at t = 0 does nothing)
x (Proba. to have particle(s) to the right of x after the time period ¢ from §t to ¢ + dt).
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The above rule can be written in terms of u and the probabilities A and p as follows:

u(t +6t,x) = pfu(t,z + 0z) + ut,x — 0x)] + A [2u(t, ) (1 — u(t, z)) + u*(t, z))
+ (1 =2 — Nu(t,z) (2.40)
= u(t,z) + plu(t, z + 0x) — 2u(t, z) + u(t,z — 0x)] + A [u(t, z) — u*(t, z)] .

We set A = 0t and pdz? = t, and go to the continuous limit 6¢, 5z — 0 (the limit of branching
Brownian motion (BBM)). The equation (2.40) then becomes

Ouu(t, ) = Ou(t,r) +u(t,z) — u?(t, x), (2.41)

which is exactly the F-KPP equation. As, we start with a single dipole at the origin, the initial
condition for u(t,z) is simply a step function,

u(0,z) =1 —O(x). (2.42)

In reference to the QCD dipole evolution, one can see that both the BK and the F-KPP equations
control the evolution of the probabilities of the same type: u(t, z) is analogous to P(r,Y’; R) defined
previously.

Before moving to the next case, let us derive an equation for the mean particle number (n (¢, x))
on a site x at time ¢, starting from a single particle at (¢,2) = (0,0). The contribution to the mean
particle number (n(t+0t, x)) at t+ 40t comes from following contributions. First, a portion u(n(t, z))
is extracted from the total mean number (n(¢,x)) by the diffusion either to the left or to the right
of the site x. A component A(n(t,x)) is added to (n(t,x)) due to the duplication. Furthermore,
w(n(t,z+dzx)) and p(n(t,r — ox)) particles from the sites z + dx and x — dx, respectively, diffuse to
the site z after . Combining all such contributions, the equation for the mean number (n(t+dt, z))
reads

(n(t+ ot,z)y = (n(t,z)) —2u(n(t,x)) + Mn(t,x)) + p[(n(t,x — dz)) + (n(t,x + dz))].  (2.43)

Similar to the above discussion, let us set A\ = dt and pdx? = 6t, and take the limit dt, o — 0. The
time evolution of the mean particle number (n(t,x)) is given by

Oi(n(t, x)) = 02(n(t, x)) + (n(t, x)). (2.44)
Eq. (2.44) differs from the F-KPP equation by a nonlinear term. In the following example, we will

see that, by including a nonlinear recombination mechanism, this term can be recovered.

c. A BRW with recombination

We now introduce to the simple one-dimensional BRW defined aboved an additional recombination
process: two arbitrary particles located at the site  can recombine to become a single particle
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at the same site with probability A\/A/, where X is the duplication rate as before and A is a new
parameter. Then the equation for the mean particle number at ¢ + §t reads

(n(t+dt,x)) = (n(t,x)) — 2u{n(t,z)) + Xn(t,z))+p [(n(t,x — ox)) + (n(t,x + ox))]

\ (2.45)
— Lt ) (n(t,x) = 1)),

t — — — — — — — t —
. Y J \
t + 6t —@———+— ————— — t — — —

Ox

Figure 2.5: Elementary processes for a BRW with recombination: diffusion to adjacent sites, branch-
ing, and recombination. The case in which particle remains unchanged is not shown in this illus-
tration.

where the first four terms are the same to Eq. (2.43), and the last term encodes the recombination
mechanism. Due to the presence of the latter, this is not a closed equation. Now assuming that the

number of particles is large, we can employ the mean-field approximation and get

(n(t+dt,x)) = (n(t,z)) — 2u(n(t,x)) + Xn(t, z))+u [(n(t,z — dz)) + (n(t, z + dz))]
A (2.46)
-2t

Taking the continuous limit as before, we arrive at the following equation:

Ou(n(t,z)) = 0*(n(t,z)) + (n(t,z)) — %(n(t, r))?. (2.47)

We rescale the mean particle number by A by introducing a novel function w(t, z) = (n(t,z))/N.
From Eq. (2.47), this rescaled mean particle number obeys the F-KPP equation,

ow(t, ) = Pw(t,r) + w(t,z) — w(t, z). (2.48)

If we start with a single particle at the origin and take A to be a large number, the initial condition
for w is a small perturbation around the unstable fixed point. Following the previous discussions,
when the time is not sufficiently large such that the mean particle number is small compared to
N, the linear part of Eq. (2.48) dominates the evolution, and hence the recombination is negligible.
However, when the particle number becomes comparable to A/, the contribution of the nonlinear
recombination effect is essential, causing w to saturate at the stable fixed point w = 1. Therefore,
N can be interpreted as the saturated value of the mean particle number, and the saturation is due
to the recombination.

The above-mentioned situation is in analogy to the QCD in the regime of high parton density. For
the latter, the QCD dynamics is dominated by saturation effects (including the gluon recombination)
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which kill certain partons resulted from the evolution (or, maybe more realistically, slow down their
splittings) and, hence, tame the rapid rise of the linear evolution. It is described by nonlinear
equations, for example the BK equation, which is analogous to the F-KPP mentioned above. In
the context of two BRW models hitherto, the BK and the F-KPP equations are similar in their

interpretations.

2.2.3 The BK equation in the Fisher-KPP universality class

Let us return to the QCD high-energy evolution. From previous discussions, there is very close
correspondance between it and the branching-reaction models introduced above. In the first place,
the dipole evolution is a branching-diffusion process: dipoles diffuse basically in the In(1/r?) space
during the rapidity evolution. The dipole elastic scattering amplitude 7'(r,Y"), which is essentially
equal to the number of dipoles of size r in the onium Fock state multiplied by o2, is corresponding
to the rescaled particle density in a BRW with recombination.This saturation dynamics is also
observed in the model of BRW with recombination.

The BK equation and the F-KPP equation are also very similar. The F-KPP equation has two
interpretations as shown in two above BRW models, which are corresponding to two interpretations
of the BK equation discussed previously. More importantly, two equations have a lot in common in
their structure. They can be divided into linear and nonlinear parts: the linear parts are differential
kernels, and the nonlinear parts are quadratic. In addition, they have two fixed points at 0 and
1, with the former is unstable while the latter is stable. When the solutions are in the vicinity of
the former, the linear kernels dominate the evolution. The nonlinear corrections become important
when approaching the stable fixed point: the solutions hence saturate. In both QCD evolution and

a BRW model with recombination, saturation is shown to happen when the system becomes dense.

From these considerations, the BK equation is in the same universality class of the F-KPP
equation. One can make a correspondance between the two equations, as summarized in Table 2.1.

Table 2.1: The correspondance of the FKPP equation and the BK equation

Reaction-diffusion QCD dipole evolution
FKPP equation BK equation
Linear kernel Xr(—0z) x(=9,), p=In[1/(r*Q%)]
Evolution variable time ¢ rescaled rapidity aY
Diffusion space spatial axis x logarithmic transverse size p
Characteristics Wave front position X (¢) | Logarithmic saturation scale In [Q?(Y")/Q%]

One can check this correspondance by looking into the asymptotic solution (2.22) of the BK
equation. In appropriate limits, it is actually in agreement with the travelling wave solution (2.39)
in the F-KPP case. The logarithmic saturation scale Eq. (2.23) is similar to the F-KPP front position
(2.39). In addition, the relevant initial conditions (either MV or GBW) for the BK equation, at
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small 7 (r < 1/Q4), can be rewritten as

Lo ] T Ly (2.49)

Ty(r,Y =0) ~1—exp [_4_16 1

o ln =L
which is steeper than e 0 @4, with vy defined in Eq. (2.13). Therefore, the asymptotic solution
of the BK equation outside the saturation region obeys the Bramson’s theorem for the travelling
wave solution of the F-KPP equation.

2.3 Particles in the tip of BRW: a Monte-Carlo algorithm

2.3.1 Motivation

BRW and its continuous limit, BBM, [74] are important stochastic processes which appear in many
contexts in different fields including physics, biology, chemistry, computer science and economical
science [75-80]. Particularly, from the discussions in the previous section, the QCD dipole evolution
is in analogy to one-dimensional BRW; and to some extent, one can replace the highly-evolved
onium state in the high-energy onium-nucleus scattering by a state created by a BRW.

As we shall see in the next chapters, the nuclear scattering of a small onium is dominatedly
triggered by largest dipoles in the onium Fock state. Such largest dipoles are corresonding to
particles located in the vicinity of the rightmost (or leftmost) particle of BRW (BBM), which
is referred to as the “tip” region. In many applications of BBM and BRW, it is important to
understand the distribution of particles residing on the tip [81-84]. From the first model of BRW
(BBM) presented in the previous section, the F-KPP equation can be used to characterize the tip;
therefore one method is to explore the solutions to the F-KPP equation. However, such method is
not omnipotent: for example, the genealogical structure of the rightmost particles [85] cannot be
obtained in this way.

One available method to study the tip of a BRW is to generate it and, then, measure observables
of interest from resulting realizations. Nevertheless, direct Monte Carlo simulations are impractical
for large time, due to the exponential increase of the number of particles with time. In addition,
it is almost impossible to use it to study the events in which the rightmost (or leftmost) particle is

far from its expected position, since they are particularly rare.

In the following, we shall report our work [25] on establishing a Monte Carlo algorithm to follow
only a tree of selected particles in the tip to cure the above issue. In particular, that algorithm
is designed to generate all particles which are close to the rightmost particle, when the latter is
conditioned to arrive to the right or exactly at some given position. This algorithm can be used
to study the tip in both typical (with the rightmost particle located in the vicinity of its expected

position) or rare events evolved to a very large time.
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2.3.2 Generating particles in the tip of a BRW
Model definition

We consider a one-dimensional BRW on the z axis with lattice spacing dx, and in discrete time
with step 0t. The system starts with one single particle located at x = 0 at time ¢t = 0. After each
time step, a particle at x can

e[| jump from z to x + dx probability p,,
‘ol | jump from = to x — 6z  probability p, (2.50)

oi: branch without moving probability 7,

with p, +p; +r = 1. Let us denote by u(¢, z) the probability to have at least one particle located to
the right of = at time ¢. Following a similar discussion as in Section 2.2.2; it satisfies the following
equation:

u(t + ot,x) = pu(t, x + dz) + pyu(t, z — dz) + ru(t, z) [2 — u(t, x)]

2.51
= Lu(z,t) — ru*(x,t), (251)

with the initial condition u(0,2) =1 — O(z). L is a linear operator acting on u defined as follows:
Lu(z,t) = pu(t,z + 0x) + pou(t,z — 0x) + 2ru(t, z). (2.52)

Eq. (2.51) is in the universality class of the F-KPP equation. The mean position of the rightmost
particle is at m;, which reads

3
my = X5 (70)t — =— Int + O(1), (2.53)
27

where x;(7) is the eigenvalue of the linear operator £ corresponding to the eigenfunction e, in
analogy to Eq. (2.36), and -y, solves x3(7) = vx,(7). The expression of x,(7) is

1
X6(7) = 5 I [ppe?” 4 pre” % 4 2] (2.54)

We take a large time T', a position X, and a distance A. By the time evolution, a particle at an
intermediate time ¢t < 7" will bring about descendant(s) at 7', and among the latter, the rightmost
one is either to the right of X, to the left of X or exactly at X. For the sake of convenience, let us
define following particular sets of particles.

Definition 1. A particle is red if its rightmost offspring at T resides in [X, +00).
Definition 2. A particle is if its rightmost offspring at T resides in [X — A, X).
Definition 3. A particle is blue if its rightmost offspring at T resides in (—oo, X — A).

(See Fig. 2.6). In addition, we introduce following notations:
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AL

Figure 2.6: An illustration of the red, and blue particles.

X -—A X

e P(A): the probability for A to happen,
e P(A; B): the joint probability for A and B to happen together,

e P(A|B) = P(A; B)/P(B): the conditional probability for A to happen provided that B is
realized.

Ultimate goal

We now aim to generate all particles in the interval [X — A, +00), provided that the rightmost par-
ticle is located in [ X, +00). In other words, it is to track all the red and particles, starting
from an initial red particle. In a variant, the rightmost particle will be fixed exactly at X. The
algorithm is constructed as follows.

Generator

a. First goal: Tracing particles arriving in [ X, +00)

The first target of the algorithm is to keep track of the paths of all red particles in the BRW,
provided that the initial particle is red.

Let us define U(t, z) to be the probability that a particle at (¢,z) is red. By definition, U(¢, x)
is related to u(t,z) by
U(t,x) =P(@isred ) =u(T —t,X — x). (2.55)

The probability that a particle at (¢, x) is red and jumps right is
P(Le ;@ is red) = p,U(t + 6t,x + dz). (2.56)
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Then the probablity that a particle at (¢,2) jumps right given that it is red reads

U(t+ ot,x + ox)

P( 1o is red) = p, 2.57
(107 | o s red) = p A (2.57)
Similarly, the probablity that a particle at (¢, ) jumps left given that it is red is given by
t+o0t,x — ¢
Pl | @ is red) = p At oLz = ) (2.58)

U(t,x)

In the case of a particle at (¢, ) branching into two offsprings at (¢ + 6¢, x), there are two relevant

situations. If those two offsprings are both red, then

2
P (03:11233 | @ is red) = ru—g; it) I). (2.59)

Otherwise, only one of them is red. In the latter case, the conditional probability for a red particle
to branch into a red and a non-red (non-red = + blue) is

2U(t+ 0t x) — U(t + o, )
U(t, x) '

P (.gored q |eis red) =r (2.60)

onon-re

With Eq. (2.51), one can check that the sum of the conditional probabilities in Eqgs. (2.57) to (2.60)
is unity. Those probabilities allow to generate realizations of the trajectories of all the red particles
given that the initial particle are red. In the last case given by the probability (2.60), we can ignore

the non-red child in the next evolution steps.

b. Second goal: Tracing particles arriving in [X — A, X)

We can now extend the above algorithm to furthermore track the paths of all the particles arriving

in [X — A, X) (the particles), in addition to the red ones.
Introduce Va(t, z) as the probability that a particle at (¢, ) is . Va is related to U by
Va(t,x) = P(®is )=U(t,x+A) —U(t, x) (2.61)
An particle can be created by the branching of a red particle. The conditional probability
for a red particle to branch into a red and a is
d : 22Ut 6t 2)Va(t + 6, )
P (oi:re | @ is red> =r Uit ) : (2.62)
Similarly,
d : Ut z) [1 = U+ Otz + A)]
P (oj:fﬁue | @ is red) =r (i) : (2.63)
Once the particles are created, we should follow their trajectories. Given that a particle is
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, it can jump right and left with following corresponding conditional probabilities:

Va(t + 0t,x + dx)

P(Llel i =D 2.64
(Lol | @ is )=p Va(t 2) ; (2.64)
: Va(t +dt,x — )

P (" = ’ 2.
(Lol | @is ) =npi Va(t.2) (2.65)
Additionally, it can branch into either two or one and one blue. Their correspond-

ing conditional probabilities read
. VA(t + 0t, x)
P(er® ° —pa 2.66
(es80rnze Lwis orane ) = rAEELE), (2.60)
, 2VA(t + 0t z) [ —U(t + 5t . + A)]

P (e19 = : : : 2.67
CHEHEEE )= Valt,7) (2.67)

In the cases given by probabilities (2.67) and (2.63), we ignore the further evolution of blue particles.
Combining the two goals, it is possible to generate realizations in which all the trajectories of the
particles arriving in [X — A, 400) at time T are tracked, provided that there is at least one particle
to the right of X.

To implement the algorithm, we present the state of the system at a given time ¢ by two arrays
indexed by bins in the z axis containing the numbers of red and particles. To advance
the system from t to ¢ + dt, one observes that on each bin in each array, the numbers of particles
undergoing the different possible events obey multinomial laws with parameters that we can compute

from w(t, ). This requires to integrate numerically Eq. (2.51) before the event generation begins.

We set the probabilities of the elementary processes to p, = p; = % (1 —6t),r = 6t, and lattice
spacing to 6t = 0.01 and éx = 0.1. Relevant front parameters for this model are vy = 1.43195- - -
and (7o) = 1.99666 - - - . A realization of this conditioned BRW is shown in Fig. 2.7.

In order to validate the algorithm and its implementation, we measured the expected number of
particles at distance a from the rightmost particle. Based on the formalism developed in Ref. [82],
this observable can be computed using the formula

(n(a)) = 2 / dw Ry (t, 7). (2.68)
where the function R,(t,x) obeys the following equation:
R(t+6t,x) = pR(t,x + dz) + p,R(t,x — 6x) + 2r [1 — u(t, z)| R(t, z), (2.69)
with u(¢, x) defined in Eq. (2.51). The initial condition for R(t, z) reads

1 for0<z<a,
R(t=0,z) = ol (2.70)

0 otherwise.
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Figure 2.7: A realization of the desired conditioned BRW up to T' = 50 with X = 85.1 ~ m; +3vT
and A = 5, where m; is the expected position of the rightmost particle at time t. The inset is a
zoom of the final times showing the red and particles. Figure is adapted from Ref. [25]

We solved Egs. (2.51), (2.68) and (2.69) numerically and compared to the measured values from the
Monte Carlo simulation. The results shown in Fig. 2.8 exhibit a perfect agreement between both
methods within statistical uncertainties.

I I I I [ I i ] 4 1

<n(a)>e_70a
1 0.1

0.01

o 1 2 3 4 5 6 7 8 9 10

Figure 2.8: The expected number of particles (n(a)) at distance a from the tip particle, rescaled by
e~ as a function of a, for T = 400 and two values of X. The dotted are obtained from 3 x 10°
realizations of the BRW generated by the established algorithm. The lines are from numerical
solutions obtained from Egs. (2.51), (2.68) and (2.69). For a = 0, we removed 1 from the count of
particles. Figure is adapted from Ref. [25].

The above-presented algorithm enables the study of tip observables of a BRW for which no other
method is available to date. For example, we measured the distribution of the number of particles at
distance a to the left of the rightmost particle, in typical and rare realizations, for which a heuristic
calculation have been published recently [86]. The result is shown in Fig. 2.9.
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Figure 2.9: Rescaled tail distribution P(n > (n)z) as a function of the rescaled factor z for the
number of particles at distance a to the left of the rightmost particle with T" = 400, for two values
of X and three values of a. The distribution of n is roughly exponential in the typical case (X = m;),
while it exhibits a much fatter tail for the rare configuration (X = m, + 3v/T). Figure is adapted
from Ref. [25].

c. Variant: Fixing the rightmost particle

Instead of letting the rightmost particle to be located in [X, +00), we can vary the algorithm in
such a way that the rightmost offspring of the red particles is fixed exactly at position X. The
probability for a particle currently at (¢,z) to reach (7', X) is

Ult,z) =u(T —t, X —z) —u(T —t, X —x + dz). (2.71)

Then following the same argument as above, the evolution probablities for these “new red” particles
are given by Egs. (2.57) to (2.59) and (2.62) with U replaced by U, and by Eq. (2.63) with the two
U outside the square brackets replaced by U. With these new probabilities, one can follow “new

red” and particles (the definition of particle is kept the same).

2.3.3 Continuous limit: Conditioning the BBM

BBM is the continuous version of BRW. Passing to the continuous limit, each of the particles in the
above BRW model follows an independent Brownian motion, and branches with rate 1 (during each
infinitesimal time dt, each particle splits with probablility dt). The algorithm developed above can
be adapted to the BBM. We are going to discuss about it, with the goal being to offer a starting
point to analytical studies of the tip of the BBM, not to generate realizations.

Introduce as before the probability u(t,z) that the rightmost particle at ¢ is on the right of z.
It satisfies the F-KPP equation

1
Ou = iﬁiu +u — u?, (2.72)

with the initial condition u(0,x) = 1 — ©(x). Eq. (2.72). The only difference compared to the

52



QCD evolution in analogy with branching-diffusion processes

previous version of the F-KPP equation (as in Eq. (2.41)) is in the diffusion coefficient, which would
not change the discussion. This version of the F-KPP equation is in fact the continuous limit of
the discrete equation (2.51) when the parameters p,., p;, 7 and (dt, dz) are set properly, for instant,

as in arriving at results shown in Figs. 2.8 and 2.9.

Given X and T, we define red particles as above. The probability of a particle at (¢,x) to be
red is still U(t,z) = u(T —t, X — x). The conditional probability for a red particle to branch into
two red between t and ¢ + dt can be obtained from Eq. (2.59) when dt is infinitesimally small,

P (oizggg | @ is red) =8t U(t,z) + O(5t?), (2.73)

with r = dt. Similarly, the conditional probability for a red particle to branch into a red and a
non-red is

P <.g:;gg_red | @ is red) =6t 2[1 —U(t, )] + O(5t?). (2.74)

The conditional probability that a particle at (¢,2) moves during 6t by Ax € [e, e + de] (for a €
[b, b+ db] we will hereafter write a € db for short) provided that it is red is

P(Azx € de | @is red) = %de X utt Zét’;+ 6). (2.75)

Multiplying the probability (2.75) by € and integrating over €, we obtain after expanding for small

0t the average drift distance of a red particle:
(Az | @is red) = 6t O, InU(t,z) + O(5t?). (2.76)

With Egs. (2.73) and (2.76), we thus obtain the following result:

“The trajectories of the particles in a BBM ending on the right of X (X included) at time
T, conditioned on the event that there is at least one of them, is a BBM with a space- and time-
dependent drift 0, InU(t,x) and a space- and time-dependent branching rate U(t, x).”

If particles are needed, one checks that a red particle branches out an particle
at rate 2VA(t,x), that an particle branches into two at rate Va(t,z), and that
particles have a drift 0, In VA (¢, x).

Similar to the BRW, one can modify the algorithm to fix the rightmost particle at X in the
BBM. In that case, the probability for a particle to end in the range [X, X + dX] is 0,U(¢, x)dX.
The “new red” particles follows a Brownian motion with drift 0, In[0,U (¢, x)].

There is another way to construct the tree of red particles in the BBM. Consider a particle at
(t,x) and call (71,&;) the time and position of the next branching event (7; > t). For z; € R and
t; > t, one has

(z 732)2
F ( < dt f d ) == (tl t)dt X —2(11 i d (2 A l)
T X € ax =€ Zq. .
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For t; < T, the conditional probability of a red particle to branch at (71,&) is

(@1 —a)?
‘ o 301 U(ty,x1) [2 —U(ty, 1))
Piredt ; & ed d) = et dty, x ~——d : — @
(redh; & edr |eisred) =c L ot — ) Ult, ) (27%)

This probability is not normalized: the integration over x; € R and t; € [t, T is smaller than 1. Its
unitary complement comes from the event that the next branching occurs after the time 7'. In such
case, the trajectory up to T' of the red particle is simply a Brownian motion conditioned to arrive
to the right of X.

With the probability (2.78) one can draw the coordinates (71, &) of the next branching event.
The trajectory between ¢ and ¢; is then a Brownian motion conditioned to be at position (7, &;).
With no conditioning, the probability to branch into two red is U?(7y, &), and the probability to
branch into one red and one non-red is 2U(7,&;) [1 — U(m1,&)]. Then, given that the branching
particle is red, the probability that it branches into two red is U(7,&;)/ [2 — U(m,&)]. Its com-
plement is the probability that only one offspring is red. The algorithm is then repeated at each
branching point.

2.4 Summary

In this chapter, we have reviewed the BK nonlinear evolution equation at leading order, which con-
trols the rapidity evolution of the forward elastic scattering amplitude (or, equivalently, the elastic
S-matrix element) of the onium-nucleus scattering. It was shown to be in the same universality class
of the F-KPP equation, which describes branching-diffusion processes in statistical physics. This
universality enables to treat the dipole evolution as a peculiar BRW, and hence, the highly-evolved
onium Fock state as a state generated by a BRW. Consequently, many asymptotic features between
two sectors can be linked together, creating a cross-fertilization with many potential applications.

With the need to characterize the frontier region of the BRW, which is important for both QCD
and statistical physics, we developed a Monte Carlo algorithm to follow only a tree of rightmost
particles at a time 7', with the rightmost particle is conditioned to located to the right of X, or to
be exactly at X in a variant. It enables the study of observables of the tip as well as the structure of
the evolution. When X is larger than the expected position mr of the rightmost particle at T', our
algorithm allows to study rare realizations, while with X close to my, it allows to generate more
typical realizations.

One potential application of the algorithm is to investigate the distribution of the genealogical
tree of the particles in the tip [85, 87]. The algorithm may also be used for a numerical analysis of
the order statistics [81, 82, 88-90] of particles near one tip, or the statistics of the spatial span [91],
i.e. the distance between the leftmost and the rightmost particles, of a BRW.

Furthermore, the algorithm is believed, by the virtue of the aforementioned universality, to be
able to generate the tip of realizations the Fock state of an onium subject to high-energy evolution.
Therefore, one can use this algorithm to check certain results in QCD. For another possible develop-
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ment, we can also extend the algorithm for a real QCD dipole evolution: it just amounts to replace
the rule (2.50) in the considered BRW by the dipole branching with the probability (1.89), and the
discrete equation (2.51) by the BK equation. As a matter of fact, there have been Monte Carlo
studies on the high-energy QCD dipole evolution (see, for e.g., OEDIPUS [92-95]), but without
conditioning. An extension to the case of conditioned events may, therefore, be worthy.

While our main focus is BRW, we have also extended the algorithm to provide a theoretical
description of the conditioned BBM. This may be useful to construct a mathematical description
of the tip as in Ref. [84], in order to compute tip observables in a systematic way.

95



2.4. SUMMARY

o6



Chapter

Nuclear scattering of small onia

Contents
3.1  Why scattering configuration matters? . . . . . . . . . .. ... .. ... ..... 58
3.2 Formulations for scattering amplitudes . . . . . .. .. ... ... 000 59
Exact evolution equations in the color dipole model . . . . . . . . . . .. 59
Frame-dependent formulation . . . . . ... ... ... 00000 61
3.3 Model for dipole distribution . . . . . . . .. ... ... .. o 63
3.4 Heuristic calculations of scattering amplitudes . . . . . .. ... ... ... ... 66
Amplitudes in a frame in which the nucleus is highly boosted . . . . . . 69
Amplitudes in a frame in which the nucleus is slightly boosted . . . . . . 73
Nucleus at rest . . . . . . . . L 7
3.5 Numerical evaluation of the ancestry distribution. . . . . . . ... ... ... .. 78
QCD evolution equations . . . . . . . . .. ... o e 79
A branching random walk model . . . . . ... ... 80
3.6 SUMMATY . . . . c o e e e e 84

In this chapter, we shall report on our recent study [26] on the configuration of the Fock state of a

small onium in the scattering off a large nucleus. The analysis is based on a phenomenological model

of dipole distribution, which is constructed from the understanding on the asymptotic solutions of

the BK equation, and on the statistical properties of the QCD dipole evolution, which were presented

in the previous chapter. To initiate, let us figure out the motivation of the problem.
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3.1. WHY SCATTERING CONFIGURATION MATTERS?

3.1 Why scattering configuration matters?

As being discussed in the previous chapters, the QCD evolution towards high energies of an onium is
a gluon branching process which, in the limit of large number of colors, boils down to the iteration of
independent one-to-two dipole splittings. This process results in realizations of a specific branching
random walk. In the nuclear scattering of a highly-evolved onium, the scattering amplitude is a
collective quantity, which depends on how each single dipole in the Fock state interacts with the
nucleus. This consequently leads to the question of dipole distribution. In addition, for a particular
scattering set up, there should be a class of realizations of dipole distribution which produce the
dominant contribution to the scattering. Therefore, it is of interest to look into the detail of the Fock
state of the onium in the interaction with the nucleus, and the relevant evolution configurations. The
latter naturally prompts the investigation of the correlation among participating dipoles, or their
genealogical tree, which is analogous to a similar problem for a specific set of particles generated
by a one-dimensional BRW (or BBM) [85, 87].

In this chapter, we shall investigate the scattering amplitudes for onium-nucleus collisions at
high energies in the geometric scaling region in which, as discussed in the previous chapter, the
forward elastic scattering amplitude is small and its asymptotic expression is known to effectively
depend only on the scaling variable of the rapidity and the size of the onium. In particular, we
shall study the amplitude in the framework of the color dipole model, in terms of fluctuations
of the partonic content of the onium, in different reference frames related to each other through
longitudinal boosts. The use of boost invariance is natural. First, it is the fundamental symmetry
of scattering amplitudes. An interesting issue arising here is to understand theoretically how this
symmetry is manifested at the microscopic level in the regime in which the onium can be considered
as a set of independent dipoles generated by a branching process. In addition, it is already well-
known that using boost invariance helps formulate the calculation of observables. In our case, we
will take advantage of boost invariance to select a specific class of frames which enables us to derive

a particular distribution, which is a priori very challeging to calculate.

The main outcome of the investigation is a partonic picture of the scattering in different frames.
Such picture allows to extract the asymptotic expression of the probability distribution of the
rapidity at which the latest ancestor of the dipoles in the Fock state of the onium effectively
interacting with the nucleus has branched. The latter characterizes the rapidity correlation of the
interacting dipoles. And, as mentioned previously, this is in analogy to the genealogical problem to
figure out the splitting time of the last common ancestor of a specific set of particles, which is of

particular interest in the study of BRWs.

We will start by introducing formulations for scattering amplitudes. An approximation scheme
for the dipole distribution for the scattering is then constructed. Finally we shall use this scheme to
investigate the scattering configuration of the onium in different reference frames, and to compute
observables of interests.
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3.2 Formulations for scattering amplitudes
We are interested in the following quantities:
(i) the forward elastic scattering amplitude 77,

(ii) the probability to have at least two dipoles in the onium Fock state to scatter off the nucleus
TQ, and

(iii) the distribution of the branching rapidity of the last common ancestor of the dipoles which

scatter G, which is a particular derivative of T3 (see below).

All the above quantities are defined at a fixed impact parameter. We are going to construct two
different formulations for these quantities. The first formulation is the evolution equations. We
already knew the equation for the amplitude 7}, which is the BK equation. We shall hence derive
equations for the two remaining quantities. Despite the fact that it is difficult to find the exact
analytical solutions to these equations, they can be solved numerically, and hence, can provide a cross
check for the results obtained from other possible approaches. The second formulation is a frame-
dependent representation of the solutions to those QCD evolution equations. This representation is

the starting point to construct the above-mentioned approximation scheme for further calculations.

3.2.1 Exact evolution equations in the color dipole model

In the previous chapter, we introduced the BK equation for the forward elastic amplitude T} (r,Y).
As a matter of fact, T1(r,Y’) can be interpreted as the probability to have at least one dipole in the
Fock state of the onium of size r to scatter with the nucleus, when the total relative rapidity is Y.

Let us now consider also the case of multiple scatterings. We define Ty(r, Y'; Y5) as the probability
that at least two dipoles in the Fock state of the onium in the reference frame where the nucleus
is boosted to a rapidity Yy < Y and the onium evolves to the remaining rapidity 370 =Y — Y, are
involved in the scattering. We can derive the evolution equation for 75 using the similar technique
to derive the BK and BFKL equations. If one increases the total rapidity by dY while keeping
the rapidity of the nucleus fixed at Yj, the former is then an infinitesimal boost of the onium.
Furthermore, we can place that infinitesimal boost at the beginning of the evolution of the onium.
In such set up, after the interval dY from zero rapidity, the initial onium can branch into two
dipoles with the probability adY dp;_.(r*,r't), or stay a single dipole with the probability 1 —
adY [ dpio(r*,r'h).

For the ensemble with no branching, To(r, Y + dY’; Yy) is just To(r, Y; Yp). Instead, for events in
which the initial onium 7 branches into two daughter dipoles 7’ and |r+ —rt|, there are two possible
cases. If one of two daughter dipoles (either r’ or [r+ —7'+|) results in no offspring scattering with the
nucleus, the set of offspring of the other should contain at least two interacting dipoles. Otherwise,
each daughter dipole should give at least one interacting offspring. Therefore the equation for
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To(r,Y +dY;Yy) reads

To(r,Y +dY;Yp) = (1 — adY/deg(ri, wﬂ) Ty(r,Y; Yo)

+ady / dpra(r, ) [ T, YT (It — 7, Y) (31)

+To(r", YY) S(|rt — v Y) + To(|rt — 4], YY) S (1, Y) } )

The coupling constant & always enters as a scaling factor of the rapidity. Therefore, for convenience,
we will absorb it into the rapidity variable by defining the rescaled rapidity y = aY. From now
on, we will use this rescaled rapidity and keep calling it as the "rapidity”, when there is no further
notice. Enforcing the continuous limit dy = adY — 0 and writing S = 1 — T}, we obtain the
evolution equation for 7, in the form of the following integrodifferential equation:

0, To(r,y; o) = /dplﬁ(rﬁru) [To(r', y; o) + Ta(r — "], y5 90) — To(r,y3 4o)

—TQ(T/> Y; Z/o)Tl(TL - T/l|> y) — T2(|7”l - T/J_|7 y;yO)Tl(Tla y) + Tl(T/a ZJ)T1(|7“L - T/L|7?/)} .
(3.2)

In the frame where the nucleus is boosted to the total rapidity yo = y, the onium appears just as a
bare dipole. Therefore, there is no possibility to pick at least two dipoles in the Fock state of the
onium, T5(r, yo; yo) = 0. This identity is used as the initial condition for Eq. (3.2).

When tracking backward the evolution, since we start with a single dipole (the initial onium),
and since the evolution in rapidity is driven by elementary 1 — 2 dipole splitting processes, the set
of dipoles which are involved in the interaction with the nucleus necessarily stem from the branching
of a single dipole at a certain rapidity. This dipole is called as the “last common ancestor” of that
particular set. We are going to address the calculation of the distribution of the branching rapidity
11 with respect to the nucleus of this ancestor.

To quantify this problem, let us introduce G(r, y; y1 ), the joint probability distribution that there
are at least two dipoles in the Fock state of the onium of size r involved in the interaction with the
nucleus at the total rapidity y, and that their last common ancestor has splitted at the rapidity y;.
Using the same method as for S and T3, we could derive the evolution equation for G. However,
the latter can be obtained by using the following simple relation between G and T5:

Yy
T2(T,y;yo)=/ dyiG(r,y; 1), (3.3)
Yo
or,
OT5(r, y;
G(ry;yn) = — —2(8 bit0) (3.4)
Yo Yo=y1

Taking the derivative with respect to yo of Eq. (3.2) and using the relation (3.4), we end up with
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the following evolution equation for G:

0,G(r,y; 1) = /dp1—>2(7"L77’,l) [G(r' y; ) S(Ir™ =7 y) + Grt =™y ) SO y) — Glr,ys )] -

(3.5)
The initial condition is set when the total rapidity coincides with the branching rapidity of the last
common ancestor: y = y;. In this case, the only possibility is that the onium has to branch at this
very rapidity y; (or at the very beginning of its evolution), and each of its offspring must scatter
with the nucleus. This condition can be translated into the following relation:

G(r, Y13 yl) = /dp1a2(7"L,7’lL) [1 - S(\TL - T’L\, yl)] [1 - 5(7“/, y1)] . (3-6)

The evolution equations (3.2) and (3.5) for 75 and G can be solved numerically, but no analytical
solutions are known. However, as we will shortly see, we can obtain exact asymptotic expressions
for the ratios Ty/T) and G/T} in a picture expected to capture the main features of the QCD color
dipole model and of more general branching random walks. For this purpose, we shall introduce a
formulation in which 77, 75 and G can be represented in terms of the dipole density and the nuclear

scattering amplitude of a bare dipole as the starting point.

3.2.2 Frame-dependent formulation

We are going to formulate the solutions to the above evolution equations in such a way that it is
useful to set up approximation schemes, from which we are able to find asymptotic expressions.

Consider a reference frame in which the nucleus is boosted to a rapidity yg, and the onium is
at rapidity 9o = vy — yo. From now on, we use a notation with tilde g; for rapidities counted from
the onium, and without tilde y; for rapidities counted from the nucleus (; + y; = y). For the
sake of convenience, instead of using as variables the transverse sizes r of dipoles and the saturation
momentum at y, Qs(y), we shall express all expressions in terms of the logarithms of these quantities,
which are defined as

Q% (y)
Q%

Let us start with the S-matrix element S(z,y). Since all dipoles in the Fock state of the onium

T

and X, =1In (3.7)

| 1
=ln——s,
r2Q%
interact with the nucleus independently, its exact representation reads

S(z,y) = <H S($i,yo)> ) (3.8)
{zi}

%ﬂo

where the averaging (- - - >MO is over all dipole configurations of the onium x at rapidity ¢, repre-
sented by the set of logarithmic (log) sizes {x;}. While on the left-hand side, S(z,y) is the S-matrix
element for the scattering of the evolved onium x off the nucleus at the total rapidity y, the S-matrix
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3.2. FORMULATIONS FOR SCATTERING AMPLITUDES

element on the right-hand side S(x;,10) is for the scattering of an elementary dipole in the Fock
state of the onium off the nucleus boosted at the rapidity 3. Due to boost invariance, the former
should be independent of the chosen frame, or yg, used in the right-hand side.

One could check that the S-matrix element defined in Eq. (3.8) obeys the S-type BK equation
(2.2). Indeed, increasing y by dy is tantamount to increase gy by the same amount dy (while
keeping o unchanged). After the infinitesimal boost dy, the initial onium can branch into two
dipoles Z = In1/(r*Q%) and T = In1/((r' — r'+)2Q%), both of which develop into two sets of
dipoles {7;} and {7;}, respectively, at the rapidity g,. Otherwise, it remains unchanged. The
decomposition into these two possibilities can be written as

<{H} S, y0)> = (1 — dy/dpm(rij ru)> <{H} S(xl-,yo)>x

z,Jo+dy Yo (39)
+dy/dp1ﬁ2(7”a7’/l) <H S(Ti;yo)> <H S@z’,?/o)>
{jl} *750 {iz} %)go

After simple manipulations and the continuous limit dy — 0, we recover the BK equation (2.2).

Let us introduce the number density n(z) of dipoles of log size x in the wave function of the

onium. We can rewrite Eq. (3.8) as

S(z,y) = <H (', yo>]"<f’>‘”>

{='} z,J0
(3.10)
= <exp {/ dm/n(l’/) In S(x', yo):| >
dz’'—0 z,90
_ -1
= <€ (y0)>z,gjo ’

where the product is now over all the bins in dipole size of with da’, and we have defined

I(yo) = /d$'n(x')lnm = /dx'n(m') In m. (3.11)

Since dipole evolution is a random process, n(z’) is a random density. The distribution of this
random density would depend on the size of the initial onium and on the evolution rapidity .
From Eq. (3.10), the expression for the forward elastic amplitude 7} = 1 — S reads

Ti(z,y) ~ (1 —eTW0)) (3.12)

Z,Yo

Let us take the initial onium to be small such that its size is much smaller than the inverse saturation
scale at the total rapidity y. We assume that the dipoles that effectively contribute to the integral all
have log size ' such that T7(2', yo) < 1. This is verified if the configurations of the onium Fock state
which contain individual dipoles larger than the inverse nuclear saturation scale at yo, i.e. 2’ < X,
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only bring a negligible contribution to the overall amplitude. We shall check a posterior: that it is
a consistent assumption. With this approximation, we can expand the logarithm in Eq. (3.11) and
obtain:

I(y) = /dx'n(m')Tl(x',yo), (3.13)

which is the overlap of the dipole-nucleus scattering amplitude and the dipole density in the onium
Fock state.

Let us now turn into the case of multiple scatterings. The complement to unity of 75 includes
the probabilities of no scattering and of having only one dipole in the Fock state of the onium

involved in the scattering. Therefore, its exact formula reads

Tz,
Tz(x,y;yo)=<1— 1+251x 500 HS mz,yo> : (3.14)

{=i}

Z,Y0

Again, we can show that this expression obeys Eq. (3.2) in the same way as for the S-matrix element
above.
Recall that relevant configurations contain only dipoles of log sizes x’ such that T3 (2, y) < 1,

or equivalently S(z’,yp) >~ 1. Going to the continuous limit, we get

Ty(x,y;90) ~ (1 — [1+ I(yo)] e @) (3.15)

@0

The equation for G' can be obtained from a derivative w.r.t yo of T5, as shown in Eq. (3.4).
Our main task in this chapter is to evaluate the right-hand sides of Eqgs. (3.12) and (3.15). Since

the density n(z’) is a random quantity, and since its distribution is unknown, these evaluations

cannot be done through a straightforward calculation. Instead, we will develop a simple model

for the realizations of branching random walks and dipole evolution, which can quantify the above

randomness and, hence, enables us to perform such task.

3.3 Model for dipole distribution

Typical evolution

Since it is impossible to calculate the dipole distribution in an exact way, an approximation scheme
is needed. We start with an onium of log-size x. At low rapidities gy ~ 1, since there are few
dipoles, the density is very noisy. When g, becomes large, the density becomes smooth around the
log-size x, since the typical number of dipole increases exponentially with g,. However, the number
density in the tail |z — 2’| ~ x’(70)7o is still low, and hence, the distribution remains noisy. We can
take into account the effect of this statistical noise in the first approximation by putting a moving
absorptive boundary, which is also known as the Brunet-Derrida cutoff [96], on the solution to the
BFKL equation (the latter is the mean dipole density). This boundary is actually the largest-dipole
tail of the dipole distribution in a typical evolution. This approximation gives the typical dipole
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3.3. MODEL FOR DIPOLE DISTRIBUTION

density n(z’ — x, 7o) of log-size 2’ near the largest dipole, which reads [20]

' —x— XZ?O)Q

-~ O —z—X;), (316
2X"(70) %o ( w)  (316)

A — 2,40) = Ci(a — & — X, )&= %0) exp [—<

where the displacement X%’ at large 7o, reads

~ 5 3 B
Xgo = =X (0)50 + 5~ gio + O. (3.17)
Yo

When extrapolating to the nonasymptotic regime of gy, the logarithmic singularity when gy — 0 is
. . S yo—0
regularized in such a way that X; — 0.
The formula (3.16) represents the dipole density in a typical realization of the dipole evolution,
in the absence of a large fluctuation, in a region of size of order /7, from the typical log-size x + Xy,

of the largest dipole. The latter is the moving absorptive boundary mentioned above.

Single fluctuation

As mentioned previously, we are interested in the nuclear scattering of a small onium whose size x is
in the window 1 < z— X, < \/m, where y is the total rapidity, which defines the scaling region
up to strong inequalities. For such a small onium, all the dipoles in its typical configuration will be
much smaller than the nuclear saturation scale, in every reference frame. The overlap between the
mean density of a typical configuration with the dipole-nucleus scattering amplitude would then be
negligible.

Therefore, on top of the above deterministic evolution, we assume that one single fluctuation
occurs after some random evolution rapidity 0 < 7; < gy from the beginning of the dipole evolution.
We assume that this fluctuation creates a dipole of size larger than the largest dipole in typical
configurations by a factor €/2. In other words, the absolute difference between the log size of that
large dipole and the typical log size of the largest dipole in typical configurations is 6. Therefore,
we will hereafter call § the “size” of the fluctuation.

We need the distribution for the fluctuation size ¢ in our calculations. Since we are interested in
large fluctuations, the particle distribution near the fluctuation is very dilute. We conjecture that
the distribution for the fluctuation size can be approximated by the probability of observing the
largest dipole with a log size shifted by (—d) with respect to the mean-field tip. From the discussion
on the dual interpretation of the BK equation in the previous chapter (see Section 2.1.3), the latter
solves the BK equation. The rate for a fluctuation size ¢ at a large rapidity y; reads

52
p(8,7,) = Coe % exp (——~) 0(9), 3.18

where C' is a constant. When the fluctuation occurs, it will develop into a smaller front. And
the small onium always scatters exclusively with the nucleus throught this secondary front. Each
elementary dipole 2’ in the state of the onium interacts independently with an amplitude T} (', o)
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Figure 3.1: An illustration of the phenomenological model for dipole distribution in the nuclear
scattering of a small onium. The initial onium x develops into a deterministic front whose contribu-
tion to the scattering with the nucleus, represented by the dipole-nucleus amplitude T (', o) (the
blue curve), is negligible. The essence of the model is the occurrence of a fluctuation containing one
unusual large dipole at some rapidity 7;, which builds up, by further dipole branchings, another
deterministic front. The overlap with the nucleus (circled by the orange oval) is then dominated by
the dipole density of this small front.

that solves the T-type BK equation and has the form given by Eq. (2.24). In the notation (3.7), we
can write the latter as follows

(2" = Xy,)?

T / —C I X *’YO(x/*XyO) —
(@', y0) = Cala’ — Xy, )e P 2 (o)wo

] O’ — X,,), (3.19)

where, again, the saturation log-scale X, is regularized in such a way that X, = 0.

The model of dipole evolution presented here is a slightly modified version of the model for
the evolution of general branching random walks, which was initially developed in Ref. [24] and
applied to QCD in Ref. [20]. In that original model, the mean number density is deformed by large
fluctuations which may occur in two different situations. First, they are likely to arise in the early
stages of the evolution when the system is stochastic since the overall number of dipoles is small.
Due to further rapidity evolution, the effect of the early fluctuations is to shift the mean-field value
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3.4. HEURISTIC CALCULATIONS OF SCATTERING AMPLITUDES

of the largest dipole at a rapidity y; by an random amount Ay whose probability distribution is
denoted by pr(Ay, ;). Therefore, this type of fluctuations is referred to as “front fluctuations”.
At a large rapidity §; > 1, when the total number of dipoles becomes large, fluctuations can still
occur near the tip of the mean-field distribution, and hence, are referred to as “tip fluctuations”.
These tip fluctuations send randomly a small number (typically 1) of dipoles ahead of the mean-field
tip by some distance A, with the rate given by p;(A;). The expressions of ps(Ay, ;) and p(A;)
read [20, 24]

pr(Ap, i) ~ e MO(A), and  p(A) ~ e 02 O(A,), (3.20)

where for the former, it is expected to have a cut-off at Ay ~ \/g; given by a gaussian term (due to
diffusion effect), which can be neglected for Ay < 1/7;. In fact, we can roughly recover Eq. (3.18)
from Eq. (3.20). In particular, at the rapidity ¢;, the mean-field front is deformed by a fluctuation
0, which can be decomposed into a front fluctuation of width Ay and a tip fluctuation of size
Ay =6 — Ay. Given the probability distributions (3.20), the probability distribution of the whole
fluctuation 0 can be computed as

1)
p(8, 1) ~ / dApe 087007 R) = o100, (3.21)
0

Up to a gaussian cutoff (which is the effect of diffusion), this coincides with Eq. (3.18). Therefore, we
could think of the net fluctuation whose probability density is given by Eq. (3.18) as a combination
of a front fluctuation and a tip fluctuation in general.

3.4 Heuristic calculations of scattering amplitudes

At this moment, we have the necessary ingredients to evaluate Egs. (3.12) and (3.15). Before doing
so, let us briefly summarize the picture. We are considering the scattering of a small dipole x in
the scaling windows off a large nucleus at the total rapidity y, in a frame where the nucleus is
boosted to yo and the onium evolves to the remaining rapidity 7. In the first place, the initial
onium will develop into a deterministic front until a random evolution rapidity ;. At this rapidity,
a large fluctuation 0 whose probability density is given by Eq. (3.18) occurs, which sends a dipole
ahead of the mean-field boundary. A small deterministic front in the rapidity interval gy — ¢, which
stems from this dipole and is characterized by a dipole density then overlaps with the dipole-nucleus
scattering amplitude given by Eq. (3.19) to produce the dominant contribution to the scattering.
In this picture, the overlap (3.13) reads

I(Z/o; J, yl) = /dm,ﬁ(f’cl - Eé,z]nzjo - ?/~1)T1 (33I> yO)a (3-22)

where =55, = o + )?zh — 0 is the log size of the lead dipole created by the large fluctuation at the
rapidity ¢;. The average over dipole configurations in Eqs. (3.12) and (3.15) in the current approx-
imation is tantamount to the average over all possible fluctuations. Consequently, the expressions
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for T7 and T5 are given by

y )
Ti(x,y) = / dy1/ dop(0,71) (1 — e’I(y‘”‘s’yl)) , (3.23)
Yo 0

and
Y 00
T2(x,y;yo)=/ dyl/ dop(8,71) {1 — [1+ I(yo; 6, y1)] e T o)1, (3.24)
Yo 0

We can also obtain a formula for G itself in the framework of the phenomenological model. From
Eq. (3.3), the only difference in the expressions for G and T5 is the integration over the fluctuation
rapidity y;. Indeed, the essence of the model is to single out one dipole in the state of the onium
evolved to the rapidity g, that will play the role of the last common ancestor of all dipoles which
scatter after evolution to the rapidity go. Therefore, the distribution G reads

G(z,y;4) = / dop(8,51) {1 — [1+ 1 (yo; 8, y1)] e~ @000} (3.25)
0

We introduce the logarithmic distance between the tip of the dipole ditribution (i.e. of the small
front) and the top of the nuclear scattering amplitude (i.e. the saturation log-scale),

A(yo; 6,y1) = Xgo—gr + Zsn — Xyo- (3.26)

In other words, A(yo;d,y1) is the logarithm of the squared ratio of the size of the smallest dipole
which would scatter with probability of order unity with the nucleus at rapidity yo, and of the size
of the largest dipole in the actual state of the onium at rapidity 7. Substituting the expressions
for the terms on the right-hand side of Eq. (3.26), the distance A(yo;d,y1) can be rewritten as

3 . (U0 — J1)volh

A(yo;d,y1)) =2 — X, —0+—1In

3.27
2% Yy (3.27)

As commented after Egs. (3.17) and (3.19), the logarithmic term has to be regularized in the limits
y1 — y and y; — yo. Furthermore, with the considered choice of frame and parameters, it is always
small compared to x — X,,.

We shall first show that it is safe to disregard fluctuations such that A(yg;d,41) < 0, or 6 >
do=x— X, + % In W To this aim, we estimate Eq. (3.23) in that region by noticing that
it is bound from above as

y 00
Ty(2,9)| aco §/ dyl/a dop(6, 71)- (3.28)
Yo 0

The integration over § can be performed simply by a notice that the Gaussian factor in p(d, ;) can
be replaced by an effective upper cut-off, set at d; = /2x”(70)7:1. For the integration not to be
null, the condition §; > dy should be satisfied, which implies y; < y — (z — X,,)?/[2x"(70)]. After
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these manipulations, we obtain

, (3.29)

C 1 Y BT Co] Y 3/2
Ti(x,y)] < ———(x—X )6_7°($_Xy)></ diy, (
B0 g 32 ! w0 (v —y1) (1 — %)

regularized

where we have emphasized that the singularity at the lower bound of the integral needs to be
regularized, so that the integral is finite of order 1. To see that, one could replace the lower bound
by 4o + a, where a is a positive constant of order unity, and notice that the integration over the
small domain [yo, yo + @] should be at most of order of a after the regularization. The y;-integral
can then be computed, and the result is of order (y/7)*? ~ 1. From Eq. (3.29), we see that T} is
suppressed by at least a factor yg’/ > > 1 with respect to the expected result; see Eq. (3.19) with y

replaced y and 2’ replace by x. This proves that we can restrict ourselves to the region § < .

Actually, a closer look would show that only the region with A > % Inyo contributes signif-
icantly. This means that the relevant configurations contain dipoles such that their correspond-
ing scattering amplitude, at rapidity 7o, is very small. This confirms our assumption that led to
Egs. (3.12) and (3.15) (also Egs. (3.23) and (3.24)).

We see that the functions T, 75 and G are all written in terms of the probability density p and
the overlap I. For further calculations, let us write down the explicit expression for the latter, using
Eq. (3.22) and the expression for 7 and 77,

103 8,31) = CrCae™ X0 ~=6) /dﬁﬁ/(‘”/ — Xjoiu — Zagu) (@' — Xy)

X exp

(:L“/ B )Z?Jo—zh — = ?31)2 (‘T/ — Xyo)2 / y — /
- ) Oz’ — Xy 5, — Z5)0(2' — X,).
2X//(,70)(g0 _ gl) 2X”(’70)y0 (CL’ Jo—11 5»?!1) (J} yo)

(3.30)

We shall now compute the scattering amplitudes T} and 715, and the distribution G in the framework
of the phenomenological model for dipole distribution, in two different types of reference frames,
which are different to each other by the ordering of two variables yo and (z — X,)%. In particular,

we are interested in
e a frame in which the nucleus is highly boosted: 1 < (z — X,)* < yo, and
e a frame in which the nucleus is slightly boosted: 1 < yo < (z — X,))%

(See Fig. 3.2 for an illustration). For completeness, we also consider the frame that the nucleus is at
rest to verify the boost invariance of the amplitude 77, though this frame is not useful to compute
the quantities T, and G for multiple scatterings.
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Figure 3.2: Three different frames for the onium-nucleus scattering with the total rapidity y shared
differently between the nucleus (yo) and the onium (g): (a) the nucleus is strongly boosted, (b) the
nucleus is slightly boosted, and (c) the nucleus is at rest.

3.4.1 Amplitudes in a frame in which the nucleus is highly boosted

Let us consider the frame in which the nucleus is boosted to a rapidity g, such that
1< (z - X,)? < . (3.31)

In the expression (3.30) for the overlap, we shift the integration variable z’ by defining z = 2’ —
Xﬂo—@h —Zs,4,, which represents the relative “distance” between the log size of the interacting dipoles
and the log size of the largest dipole in the mean-field front that stems from the fluctuation. The
overlap then reads

: A%(yo; 6
I(yo; 0,41) = CyCoe 0200w exp (——(,%O’ ’yl))
2x"(70)y1

00 2
o Y1 - 95— Yo
X dzz [T + A(yo; 6, exp | — — <x—|— A(yo; 9, ) .
/0 7+ Alooi 9] exp [ 2x"(70)y0(%o — 1) et ]

(3.32)

We observe that the integral is determined by a large integration region, up to z ~ /yo. Since
(z — X,)* < yo, we can neglect A(yo;d,y;) compared to Z in the second Gaussian term, and the
integral can be evaluated exactly. Moreover, we will check a posteriori that typically, 7; < y, or
y1 ~ y; hence, the first Gaussian factor involving A(yp;d,41) can be set to unity. The evaluation
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yields the following result:

L \73/2
[(y0.5 y1) _ 0102\/E€770A(y0;5,y1) 2X”(70)y0(y0 - y1) / . (3.33)
» 4 yl
Substituting the expression (3.26) of A(yp;d,y1) into the above formula, we arrive at
p 3/2
Y05 0,y1) = C1C24 [ 5IX (00)]7 e viil——| e .

[( 5 ) C.C \/7[ l/( )]3/2 Yo(z—Xy) |: Y 1 Yoo (3 34)

2 N

We eventually see that, I appears to be independent of yo. Let us isolate the d— and y; —independent
factor by introducing the following notation:

p = CiCy \/g (X" (0)]?2e7 0=, (3.35)

The product pie? is then just the overlap of the front of the nucleus with that of an onium if the
latter were involved in a purely deterministic way starting at a log size x — . Having I at hand,
we are now able to compute the functions 77, T3 and G.

a. Forward elastic scattering amplitude T}

Substituting the expressions of [ in Eq. (3.34) and of p(d,7;) in Eq. (3.18) into Eq. (3.23) and
bearing in mind that A > 0, we obtain

Y ) 52 y 3/2
Ti(x,y) = C’/ dyl/ déde 1% exp <—ﬁ> 1—exp |—p (—~> el . (3.36)
v 0 2X"(70) 91 Y1l

We shift the variable ¢ by defining a new variable 0’ = § + % In ﬁ Since the integration domain
in ¢’ extends up to &' < (r — X,), a region much larger than any logarithm of rapidities appearing
in this problem, the lower bound of the ¢’—integral can be kept to 0, and the logarithmic term in
the Gaussian factor can be omitted. The upper bound can be set to oo since the region § >
always gives a sub-dominant contribution. Therefore, Eq. (3.36) can be rewritten in term of the

new variable §’ as

e ’ / Yo Yy 3/2 6/2
Ti(z,y) = C’/ do's'e= 10 [1 — exp(—p1e™® )} / diy, (—N) exp (—ﬁ) . (3.37)
0 0 Y1t 2X" (70) 1

where we have used the fact that §; = y — y1. The integration over g, is dominated by the region
71 < y, or y; ~ y. Therefore we can replace the upper bound by oo and get

90 3/2 2 0 g~ 2 7
_ [y o N di 0 /27X ()
/o di; <—~) exp (_—2)(" ~ ) _/0 Wexp (— N ) = 5 . (3.38)

(0 (70) 71 (70) 71
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Eq. (3.37) then becomes

Ti(z,y) = Cv/2mX" () / do'e [1 — exp(—p1e™”)| . (3.39)
0

From the aforementioned interpretation of p;e™?® | this expression effectively represents the nuclear
scattering of an onium whose size, or equivalently whose evolution front, is shifted by a log size §’.
This is due to a fluctuation happening at the very beginning of the evolution, 7; < 7o (or y; ~ y),
with the weight given by e~%%. This is exactly the front fluctuation, which was already discussed
in Section 3.3.

Equation (3.39) can be rewritten with the help of the integral I; defined in Appendix B as

Ti(z,y) = %v 21X (70) % Li(p1).- (3.40)

Using the evaluation of the integral I; in Eq. (B.2) and replacing p; by its definition in Eq. (3.35),
the final result for the amplitude T} reads

Ti(z,y) =~ CCLCor[X"(70))* (z — X, )e 0= Xv), (3.41)

We have just recovered the scaling limit of the known solution to the BK equation; see Eq. (3.19)
(with the substitutions yo — y and 2z’ — z). Due to the strong assumption (z — X,)* < v,
we cannot get consistently the finite-y correction that appears in the form of a Gaussian factor
exp [—(z — X,)?/(2x"(70)y)]. The calculation in this section indicates that, in the current con-
sidered frame, the realizations of the Fock state which trigger scattering events look like typical
realizations, as far as their shape is concerned, but are overall shifted towards larger dipole sizes by
a multiplicative factor (or additive term in the log scale), through a front fluctuation.

b. Multiple scatterings: 7; and G

From Eq. (3.24) and the expression of I(yo;d,y1) in Eq. (3.34), the full expression of the amplitude
T, for scattering at least twice reads

gO 50 52
TZ(£7 Y; yO) = C/ dg1/ ddde 100 exp (—ﬁ)
0 0 2X"(70)%h

3/2 3/2 (3.42)
X {1 —[1+pm (LM) 6%(1 exp [—pl (L) 670‘1 } .
Y11 Y1t

In the above formula, the dominant contribution still comes from the fluctuations of size § < dg, as

we will check a posteriori. The evaluation of Ty goes along the very same lines as that of T above.
After performing the y; integration, we are left with an integral over the shifted variable ¢,

Ta(7,y;90) = Cv/ 27TX”(’VO)/ d'e ™% [1— (1 + p1e*) exp (—p1e™)] . (3.43)
0
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Again, we make use of the integral I defined in the Appendix to rewrite Eq. (3.43) as

To(e, ;o) = %\/QWX”(%) % Iy(p1). (3.44)

Substituting the formula for I in Eq. (B.2) and the expression (3.35) of p; into Eq. (3.44), then
dividing the latter by 77 in Eq. (3.41) we eventually get

T ; 1
27, yiv0) . (3.45)
Ti(z,y)  wo>@-x,)? Y0(r — X,)
For fluctuations such that § > &y, we have a very similar estimation as that for 77,
gO e °] 52 T]_ T]_

Tr(z,y; Yo < C'/ dgjl/ dédse 1 exp (——~) < const X < .

( )|5>50 0 % QX”(%).% y({)}/Z '70($ _ Xy)
(3.46)

This again proves that no single dipole has a significantly probability to scatter with the nucleus in

relevant configurations within this picture.

Now we are going to evaluate the genealogy distribution G. Its explicit expression only differs
from the expression for T in Eq. (3.42) by the absence of the integration over y,

) 52
G($7 Y; yl) = C/ d(5(56_706 exp (_—~)
0

2X"(Y0) 11
X {1 —

3/2 3/2 (3.47)
4! - € €xp P1 p e .
Y191 N

Again, since the integration region d > §y only gives an unimportant contribution, we can replace

3/2
the upper bound &, by co. By a change of variable t = Ae¢™°, where A = p, (ylyyl> , Eq. (3.47)

becomes - i /A
t t In“(¢
G(x,vy; :—A/ ln( )exp[ —} 1—[1+t]e? 3.48

( Y yl) 73 A 2 A 270X"(% n { } ( )

Using the integrals R and Sy defined and evaluated in Appendix B, with Sy up to next-to-leading-log

order (Eq. (B.19)), we can rewrite G as:

In? 1

A
4 | 3.49
273><”(’yo)y1] (3.49)

with By = 272" (7). Replacing A and p; by their explicit expressions, we obtain

G(z,y391) = cac: \/g[x”('yo)]”2 (4)3/2 (z — X,)e %) exp {—M} . (3.50)

Yo Y11 2X"(v0) 9

Gl yi 1) = %A RO = o) = $i(4)] = Sl g exo

C 1
2
0 0

Divided by T3, the distribution of the splitting rapidity y; of the slowest parent dipole of the set of
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dipoles which scatter reads

Glr,y;y0) 1 1 y 3/2 . (@ —X,)?
Ti(z,y) 70 /2mx"(%0) [yl(y - yl)} P { QX/'(’VO):%] ' (3:51)

Analogy to a genealogical problem of a branching-diffusion process

Consider a branching-diffusion process (e.g., a BRW) on a real line x evolving in time t with a
diffusion coefficient D and a branching rate r. The mean density n of particles solves the following
equation:

on(x,t) = xp(—0y; D, r)n(z,t), (3.52)

where xr(—0,; D,7) = D?+r is the branching-diffusion linear kernel (this is the generalization of
the FKPP kernel discussed in the previous chapter by including general constants D and ). This
kernel admits the eigenfunction e=?*, corresponding to the eigenvalue xr(3; D,r) = D% +r. After
some predefined time 7', let us pick up two leftmost (or rightmost) particles, or any pair of particles
in the tip (e.g., the 2"¢ and the 5 leftmost particles), and ask for the branching time #; of their
last common ancestor (see Fig. 3.3). This is not exactly the same problem as that of the dipole
evolution discussed above, but they are similar. According to Derrida and Mottishaw in Ref. [85],
the asymptotic distribution of ¢; reads

1 1 T 3/2
pltiT) = Bo \/21Xn(Bo: D, 1) [tl(T— tl)] ' (3:53)

where fy solves the equation Box'w(5o; D,7) = xr(Bo; D,r). One sees that, except for the Gaus-
sian factor, there is a perfect analogy between this result (Eq. (3.53)) and our result presented in
Eq. (3.51), up to the following substitutions:

y<t, et xX() < xp(B;D,r), and vy < Bo. (3.54)

3.4.2 Amplitudes in a frame in which the nucleus is slightly boosted

We now investigate the case in which the nucleus is slightly boosted, in such a way that
1<y < (z—X,)° (3.55)

Due to the reversed ordering between yo and (z — X,)?, some approximations at the very beginning
of the calculations in the previous case are no longer valid in this type of frames. Therefore, this
case is much more troublesome to deal with. We shall demonstrate how the estimations of 77 and
T go, which will enable us to figure out how dominant configurations look like in this frame.

As usual, we will start by the calculation of the forward elastic scattering amplitude 7. Bearing
in mind that the configurations with a non-zero overlap with the saturation region of the nucleus
contribute sub-dominantly, the overlap I(yo;d, 1) is then small. So we can expand the exponential
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- B T T T T T

0.0 0.5 1.0 15 2.0 2.5 3.0
T

Figure 3.3: A realization of a branching random walk starting from a particle at (7,x) = (0,0)
evolves up to T' = 3. The branching of the last common ancestor of two leftmost particles is circled.

The red lines represent the genealogical trajectories of the latter particles up to the last common
ancestor.

in Eq. (3.23) to get
Y )
Tl(:p,y):/ dyl/ dop(6, 1)1 (yo; 6, y1)- (3.56)
Yo 0

Replacing the overlap I by its expression, we obtain

CCLC: %0
Ti(z,y) = y31/22 e Xy)/ dy1/ 5d5/

(2 — X,,) exp [——(x/ — Xyoq

2Xx"(v0)yo |
M

yo 71 +5s 71

3/2 / = 2 2
y - — (2" = Xgo—in — Zs3) { J 1
X | ——— xr — X~ —i :‘57~1 exp [ — = — eXp |l —7———=—| -
[yl(yo - yl)} ( o ) [ 2" (90) (%0 — ) 2x" (70)7

N J/

-

(1) (1)

(3.57)

It is unfeasible to compute these nested integrals in a relatively straightforward way. Instead, we will
exploit the Gaussian factors (I), (II) and (III) whose presence sets effective cutoffs, and hence, helps
define the dominant contribution in the asymptotic limit. The first Gaussian factor (I) implies that
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the subdomain such that (2' — X,,) < \/yo will contribute dominantly. Since 2’ is larger than the
leftmost tip (or the largest dipole) in the dipole distribution, the dominant contribution to 77 comes
from fluctuations such that the “distance” between the largest tip of the distribution and the top of
the nucleus amplitude A(yo; d,y1) is also at most of order ,/yo. Since A(yo;d,y1) =~ v — X, — 6, the
size of relevant fluctuations should be § ~ (z — X,), up to O(\/yp). Combining with the factor (II),
it is required that o — 91 < yo, i.e., §1 = Jo up to corrections of order yy. Now, since § ~ (z — X))
and the initial onium x is chosen to stay in the scaling region (z — X,) < \/y ~ /%o, the Gaussian
factor (IIT) can be safely set to unity.

Since the y; dependences in A, or &y, and Xﬂo—gl + =54, appear in the form of logarithmic terms,
which are assumed to much smaller than any rapidity scales in the calculation, and since there
is no exponential which can enhance those log contributions, we can replace dy by (z — X,) and
)Z'go_gl +Z55 by (z+ Xﬂo —¢0). Then we can first perform the integral over y;, which reads

[ [xf—@uzg—(s>}exp[—["”C'*“X%‘W]=m7 (359)

(y1 — y0)3/? 2X"(70)(y1 — %o)

where we have used the fact that (7:/y) ~ (1/90) ~ 1, and hence, the integral is dominated by the
region y; ~ yo. Consequently, we can replace the upper bound y by oo.

In the next step, the integration over x’ is simple to perform,

] r_ X 2 o0 72
/ da' (2" — X)) exp {—u] ~ / dTT exp {—x—}

5. I . Oy
+ X5 X" (70) 0 X, X" (70) 0 2 (3.50)
= X"(7)yo X exp {——(x — X, = 9) ] -
2X" (o) Yo

The only remaining intergration to perform is the integral over the fluctuation size §, which reads

/Ox—xy 5o [_ w } ~ \/g VX (o) % (& — X,). (3.60)

2X"(0)Y0

We see that the integral over 0 is dominated by a window of size ~ ,/yo near the upper bound
(x — X, ), which brings about a factor ,/yy. Gathering all factors together, we get

Ty ) hayeexyp2 = COCIN" ()P — X, )¢ me ), (3.61)

which is perfectly identical to the expression (3.41) for 7 in the case of the nucleus being highly
boosted,

Tl (ZE, y) |1<<y0<<(a:—Xy)2 - Tl (I7 y)|1<<(;r—Xy)2<<y0 : (362)
Therefore, we have verified explicitly that boost invariance actually holds in our phenomenological
model.

It would be interesting to note that, while the form of T} is fully preserved, the physical pictures
in the two frames are very dissimilar. In the current case with the slightly-boosted nucleus, the
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above analysis of the dominant integration domain implies that the fluctuation typically occurs late
in the evolution of the onium, at a rapidity 7, close to 7y, in a window of order yy. The small front
from the fluctuation is, hence, developed in a window of that size, in such a way that the overlap
with the nucleus amplitude, whose scaling area has size of order ,/yo, should be significant. This is
necessary since the fluctuation needs to extend far out of the “mean field” region and thus, requires
a large rapidity range to develop. The size of the front which results from the fluctuation is then of
order /Yo, which is just the right size to have an optimal overlap with the front of the nucleus.

Returning to the previous case of the highly-boosted nucleus, we already pointed out that the
fluctuation is likely to occur in the early state of the evolution (7; < 7o), and hence the fluctuation
has a window of order gy — 91 =~ 9y to develop its front. This is also the most favorable shape, since
in this case, yg ~ 7. Therefore, in both cases, the dominant configurations are selected by the
universal requirement: the overlap between the dipole density and the nucleus amplitude should be
optimized.

Now we move on to the calculation of the amplitude 75. In this case, the expansion of the
exponential in Eq. (3.24) is not usable, since we will loose the control of the overall constant factor
multiplying the leading term. It turns out that the direct treatment for the integrals in Eq. (3.24)
does not look possible.

Physically, to have at least two scatterings, the fluctuation should be typically pushed as far as
the largest dipole in the distribution gets close to the top of the nucleus front, such that the overlap
I(6,y1) ~ 1. The typical values for the fluctuation is then limited in a narrow range of order unity.
Consequently, the integral over the fluctuation’s size 6 would not generate a factor /y, as in the
calculation for 77 presented above. Therefore, one could guess the following parametric form of T5:

Tl(xay)
T2, 3 90) 1 cypc(a—x,)2 ™ Vi (3.63)

For a better estimation, we may use the fact that the distribution G/7} is boost invariant, and the
integration of this ratio over the rapidity y; will give the ratio T»/77. With Eq. (3.51), the latter
reads

Tﬁﬁﬁw ot 27r>1<” o /yy o [yl(%—yl)} : =P {_ 2x’§(x’yo_)()?jyfy1)} ' (364

Since §; ~ o ~ y, we can replace (y — y1) by y in the above integral. The integral over y; is then

trivial, and we obtain

T: ; 1 2 1

2(*757%90) ~ - . (365)
T(xv y) 1<yo<L (z—Xy)? Yo\l TX (70) \/%

The result has the same parametric form as that of the guess Eq. (3.63), but the overall constant is

completely determined.

More generally, we can do the integration Eq. (3.64) in an exact way. By the change of variable
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u=1y/(y — ), we have

Ty(z,y;90) 1 1 1 /°° udu p{ (“"_Xy)Qu}
= — e —/——— X —
Ti(z.y) %0 /21x"(70) VI Jysie (w—1)%2 2Xx" (70)y

("L"*Xy)2
1 1 exp [— " ] >0 11 - X,)?
1 2x" (vo)y / dt <1_/2 1 %) exp {_ (x _ y) t}
Yo v/27x" (Y0) VY Yo/Jo ¢ t 2x"(0)y
(ff*Xy)Q
1 1 exp [_2x”(’yo)y] 2ﬂx”(70)yerfc r—Xy [
Y0 /27" (o) VY r— X, VX" (70)y V Yo

(m—Xy)2@} @_\/ﬂ(x—Xy) o t—Xy [y
2X" (7)Y Jo VX" (o) Voo ) |

(3.66)

+ 2exp {—

er
Yo o V2X"(0)y

As we are in the scaling region, (x — X,)* < y, we can replace the complementary error functions
erfc(u) and the exponential functions appearing on the above expression by 1 (actually, the expo-
nential outside the curly bracket should disappear if we include the same factor in the expression
of T1). Also, due to the same reason, the last term is negligible compared to the first two terms in

either cases. Finally, for the leading contribution, we get

T ; 1 1 2 1 J
2<$7y7y0) ~ + = . - @ (367)
Tizy) vl =Xy) 70\ 7x"() Vo || ¥
In the first case, 1 < (v — X,;)? < yo, we recover Eq. (3.45) (the first term in Eq. (3.67)); while for
the opposite ordering, we get Eq. (3.65) (the second term in Eq. (3.67) with gy =~ y).

3.4.3 Nucleus at rest

The forward elastic scattering amplitude 77 was already analyzed in the rest frame of the nucleus
(yo = 0) in Ref. [20]. A crucial point is that, unlike the above two frames, the nucleus in this
case has not developed a universal front, and is characterized by a steep amplitude which can be
approximated by a step function (see the initial conditions for the BK equation in the previous
chapter). The scattering amplitude of a dipole becomes very small as soon as the size of this dipole
gets smaller than the inverse saturation scale 1/Q 4. Consequently, the overlap between the small
front developed from the fluctuation at a rapidity 71 (Jo — 91 < 1) and the tail with the nuclear
amplitude is negligible. Instead, the dominant contribution should come from a fluctuation occuring
at the very end of the evolution of the onium, which is referred to as the tip fluctuation. Therefore,

the formulation for T} reads
Th(z,y), 00 = /dx/p(ac + X, — 2, y)Ti(2',0), (3.68)
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where = + )?y — a2’ is the probability of having dipoles of log size smaller than 2’ in the distribution,
i.e., the size of the fluctuation. We can replace T'(z’, 0) by a Heaviside distribution supporting values
of 2/ such that 2’ <1In(1/Q4),

T(a,0) ~ © (— In é) | (3.69)

Eq. (3.68) can be rewritten as

In -—
@ oy e /
Ti(z,y)l,y=0 / 4 da'(z + X, — a')e e exp

—0o0

B (x + )N(y —2')?
2X"(0)y (3.70)

x ¢ ((L’ _ Xy)e—VO(x—Xy)7

which can be obtained easily by noticing that the integral is dominated by a narrow range of x’
near the upper bound; hence, we can set the Gaussian factor to unity. The above result is what
is expected at the parametric level. However it is not possible to relate the constant ¢ to the
constants C', C; and (5 defined in the phenomenological model before. This is because the latter
are unambigously defined for evolved universal fronts, once a convention for the definition of the
front position or saturation scale has been chosen. However, the transition from the initial condition
to the well-defined front is not controlled analytically in the very early stage of the evolution.

Unlike T7, which can be estimated at the parametric level, T, and G cannot be calculated in this
frame. Indeed, their evaluation requires a precise understanding of the particle distribution near
the tip. However, the fluctuation in the current case is typically at the end of the evolution of the
onium, and hence, does not have enough rapidity to develop into a well-defined front. Its particle
content is still a puzzle, which in turn prevents our effort to calculate T, and G.

We have derived the expressions for the ratios T5/T) and G /T with well-defined overall constant
factors, based on the assumptions of our phenomenological model. Whether these constants are the
correct ones for branching random walks and for the QCD color dipole model depends on the
ability of the phenomenological picture to capture accurately enough the features of the latter

models. Therefore, we shall perform numerical calculations to check the validity of the model.

3.5 Numerical evaluation of the ancestry distribution

In this section, we are going to check the result we have obtained from the phenomenological model
for the distribution of the branching rapidity of the last common ancestor by solving numerically
the exact evolution equations governing it. We will consider both the QCD evolution equation
(see Eq. (3.5)) and its corresponding version for branching random walk models. While the former
can give us a visualization of the numerical solutions in comparison to the analytical result, the
latter can help us assess quantitatively how the solutions approach the asymptotics, since we can
technically go to much higher rapidities in this case. The employment of the BRW model in this
check is motivated by the property that the asympotics is the same for all models in the universality
class of branching-diffusion processes, as discussed in the previous chapter. The only difference when
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switching between models is to change the numerical values of the kernel parameters vy, x” (7o) and
X'(70), which depend on the detailed elementary processes.

In order to compare more easily different values of y, it is useful to introduce the rapidity overlap
q = 11 /y. Its distribution is simply given by Eq. (3.51) up to a change of variable,

11 1 1 p[ (:E—Xy)Ql}’

—_— exp | — - 3.71
VY0 /X" (o) €2 (1 = q)3/2 2X" (7)Y ¢q (3.71)

Too(q; 2, y) =

where the oo subscript is to remind that this distribution is valid for asymptotic values of y. In most
cases, we will restrict ourselves to values of ¢ such that ¢ > (z — X,))?/[2X"(70)y] (the right-hand
side is small in the scaling region we are interested in). Therefore, we can neglect the Gaussian
factor in Eq. (3.71), and the y dependence simply appears as a prefactor.

3.5.1 QCD evolution equations

As being discussed previously, the probability G solves the evolution equation (3.5), which depends
on the solutions to the BK equation for either the S-matrix element S (Eq. (2.2)) or the forward
amplitude 77 (2.3), in the framework of the QCD dipole model. While it is impossible to find
exact solutions to such equations, we can solve them numerically. The strategy is simple: we evolve
the S-matrix element S from the initial condition at zero rapidity to the rapidity ¥;, then use this
solution to construct the initial condition for G' according to Eq. (3.6). We then further advance G
to the total rapidity y by the virtue of Eq. (3.5), and eventually divide it by 7} to get the desired
distribution. For the initial condition for 77, we choose the MV model (2.4), with parameters set
as follows:

Qa=1GeV, Agep =02 GeV. (3.72)

In order to satisfy the condition 1 < z — X, < /X" (70)y (here we recover the factor x” (7)), or
1 < In[1/(r*Q%(y))] < v/X"(70)y, we pick the onium size r such that

In m = Vry'/4, (3.73)
with a constant x which enables us to move more or less deep into the scaling region by varying its
value. This choice of r is proportional to the geometric average of the two boundaries of the scaling
region.

We plot the overlap distribution 7(q) rescaled by the factor /y for different values of the total
rapidity y in Fig. 3.4, with x = 20. The numerical solutions are shown to have the similar shape of
the expected asymptotics, and get closer to it when increasing the total rapidity y. However, the
convergence seems to be very slow. Unfortunately, we cannot go to a very high rapidity in this case
due to technical reasons. Therefore, it is a big challenge to test the convergence to the analytical
asymptotic result just by using the numerical solutions to the QCD evolution equations. Instead,
we will employ the asymptotic universality of branching-diffusion processes, see the next section.

In addition to check the convergence to the asymptotics, we also plot the distribution for dif-
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Figure 3.4: Distribution of the rapidity overlap at different values of the total rapidity from the
solutions to the QCD evolution equations (full lines). The onium size r is picked according to the
condition In[1/(r2Q%(y))] = v/20y*/*. The expected asymptotics is also superimposed for compari-
son (dashed line).

ferent values of k, i.e. for different onium sizes, for a fixed value of the total rapidity to see its
behavior when approaching the right boundary of the scaling region (see Fig. 3.5). We see that
the distribution in the region of small values of the overlap ¢, corresponding to small gy, is sup-
pressed. In addition, this suppression seems to be similar to a Gaussian suppression, which appears
in Eq. (3.71). These observations indicate qualitatively that the analytical asymptotic expression
found from the phenomenological model for the ancestry distribution is reasonable.

3.5.2 A branching random walk model

To see better how the distribution approaches its asymptotics, we consider a branching random walk
in discrete space and time, give by a lattice with parameters (dz,dy), which is defined as follows.
After an evolution step dy, a particle on site  can jump to the site on the left (x — dz), or on the
right (2 + dz) with respective probabilities 1(1 — dy). Otherwise, it may branch into two particles
on the same site x with probability dy.

This is exactly the BRW model defined to construct and to implement the Monte Carlo algorithm
in the previous chapter. This model differs from the QCD dipole evolution by the facts that in the
latter, the diffusion and the branching occur at the same time through a single process, and that
QCD is a theory in the continuum. However, these two points should not alter the asymptotic
behavior of the distribution we are considering.

By the previous discusssions, the equivalence to the forward elastic scattering amplitude T} in
QCD is the probability 77 (z, y) to find at least one particle to the right of the site = at the rapidity y.
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Figure 3.5: Distribution of the rapidity overlap at different sizes of the onium (full lines), when the
total rapidity is fixed at y = 40. The expected asymptotics is also superimposed for comparison

(dashed line).

The latter solves the finite difference equation (2.51), which can be rewritten in our new notations
as

TiCe,y+0y) = 5(1 = 80) [Tie = 62,9) + ToCe + 60, 0)] + yTales) 2~ T, (374)

which is analogous to the T-type BK equation in QCD and the FKPP equation for branching
diffusion. The initial condition is given by the Heaviside distribution 7 (z,0) = O(—z). The
branching diffusion kernel of Eq. (3.74) linearized near the unstable fixed point 7 ~ 0 accepts e?*
as the eigenfunction, with the corresponding eigenvalue given by

1. [1
x(7) = 5 | o(1 - oy) (77 + e770%) 4 26y | . (3.75)

Now we turn into the genealogical problem. The equivalence to the QCD evolution equation for
the probability G in this BRW model reads

1
G(z,y+0y;1) = 5(1 —0y) [G(z — bz, y;11) + Gz + oz, y; 1)) + 209G (z, y;11)S(z,y), (3.76)

with the initial condition given by
G(z,y1501) = T2(957?/1)- (3.77)
G(z,y;y1) in this model is precisely the probability for the last common ancestor of all particles to
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the right of  at the rapidity y to branch at the rapidity y; (see Fig. 3.6).

400
—600 —400 —200 0 200 400 600

Figure 3.6: A realization of the BRW model described in this section evolving up to y = 400 in
which there are particles to the right of the position X ~ X,—400 + v/2 x 400"/, The grey zone is
the set of occupied lattice sites for all values of the rapidity. The black lines represent the worldlines
of all the particles that end up with a position to the right of X (including X) at the final rapidity
y = 400. The last common ancestor of these particle branches at the rapidity y; ~ 192.43. The
inset is a zoom on the region around the branching rapidity y;, which illustrates that this common
ancestor is from a large fluctuation, as assumed in the phenomenological model. This realization is
generated using the algorithm presented in the previous chapter. Figure is adapted from Ref. [26].

For the implementation, we set the lattice parameters to the following values:
dr =0.1, dy=0.01. (3.78)

With this choice of the lattice parameters, the values of vy, x'(7) and x"(7), where 7y solves
Yox'(70) = x(70), are given by

vo=143195--, x'()=1.39436---, x"(70) = 0.96095 - - - . (3.79)

As in the previous section, in order to optimally satisfy the condition that z is well located in the
scaling region, 1 < x — X, < ,/y, we set = to a value X such that

X ~ X, + ry'4, (3.80)

(see Eq. (3.73)). The constant x is now picked in the set {1,2,4}. Since we are working on a lattice
and the right hand side is generally off the lattice, it is not possible to set X exactly to the value
on the right hand side. Instead, we pick the closest lattice site to the left of the latter.

The current model allows us to boost y up to O(10%). In Fig. 3.7, we plot the distribution
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m(q) of the rapidity overlap ¢ at a finite rapidity, rescaled by ,/y, for different rapidities and for
k = 2. The asymptotic distribution 7. (¢q) in Eq. (3.71), with the Gaussian factor suppressed, is
also superimposed.

We see that, when increasing the rapidity, the distribution obtained from the numerical solutions
get closer to its expected asymptotics. To perceive this convergence quantitatively, we pick a value
of ¢ and plot the quantity 1 — m,(q)/7m(q), which is expected to tend to 0 when y — oo, as a
function of Iny/,/y. For ¢ = 0.5, the result is shown in Fig. 3.8. (We also checked for some other
values of ¢ which are not close to 0 and 1, and got the same results.)

—— y =100 x 4~
---- expected asymptotics

0.0 0.2 0.4 q 06 08 1.0

Figure 3.7: Distribution of the rapidity overlap for different finite rapidities y = 100 x 10* (full
lines), with & running from 1 to 6 from bottom to top. X is set to the value X, + v2y'* in each
case. The asymptotic distribution (without Gaussian factor) is also plotted for comparison (dashed
line). Figure is adapted from Ref. [26].

For a better estimation, we fit the following function to the numerical data points:

m(a=05) |, buliytby

m fit NG, (3.81)

The values of the parameters a, by; and by5 obtained from the fit is shown in Table 3.1. They appear
to be reasonable: a is close to zero by the order of one percent, while by; and b5 are of order 1.
Therefore, we conclude that our analytical formula in Eq. (3.71) is well-supported by the numerical
calculation.

From these numerical results, it is also important to note that the finite-y corrections are sig-
nificantly sizable and the convergence to the asymptotics is slow. Figure 3.8 and the fit seem to
indicate that the leading finite-rapidity correction to the asymptotic distribution 7. (¢) may take
the form of a multiplicative factor (1 + const x Iny/,/y). However, there is no theory up-to-date
that may enable us to understand the form of the distribution beyond the asymptotic level.
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0.4 -

0.3 1

1= 7y (q)/ 7o (q)

0.1

0.0+ .
0.0 01

Figure 3.8: The unity complement of the ratio between the finite-rapidity and the asymptotic
distributions at the overlap ¢ = 0.5 for values of k € {1,2,4} and for different values of the total
rapidity y as a function of Iny/,/y. The points come from the numerical solutions of Eqs. (3.74)
and (3.76). The continuous lines represent the fit according to the function (3.81), while the dotted
lines are extrapolations outside the domain in which the fit is performed. The oscillations observed
in the small-y tail is due to the fact that X is not exactly at X, + VEy/4, but at the nearest site
compared to the latter. Figure is adapted from Ref. [26].

Table 3.1: Values of the parameters in Eq. (3.81) obtained from the fit to the numerical points
shown in Fig. 3.8.

X -X, a bu bia
yl/4 1.26 x 1072 1.10 —0.52

V2yt4 0.91 x 1072 0.90 —1.17
21 /4 0.59 x 1072 0.81 —1.28

3.6 Summary

In the scattering of an onium off a large nucleus at a large rapidity Y, in a frame in which the onium
is boosted to a large rapidity Y, the latter interacts via its highly-evolved quantum state which can
be represented by a set of color dipoles of various sizes, which are randomly distributed. As the
interaction between each elementary dipole with the nucleus is encoded in a scattering amplitude
whose values monotonically decrease from 1 to 0 as the dipole size gets smaller, it turns out that
only a subset of those dipoles actually scatter off the nucleus in a particular realization. Requiring
to have at least one dipole in such subsets defines the forward elastic scattering amplitude 77.
Another interesting quantity is the amplitude T5 to have at least two dipoles in the set that scatter,
which provides a measure of the correlations of the dipoles involved in the interaction. The detailed
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scattering configuration would depend upon the kinematical regime of interest.

In the current chapter, we have developed a phenomenological picture for the dipole distribution
of a small onium evolved to a high rapidity in the scattering off a large nucleus. The picture involves
of the mean-field evolution and a rare fluctuation occuring in the course of the evolution of the onium
in such a way that it creates a large dipole of size much deviated from the typical value of the tip
of the dipole distribution at the rapidity of the fluctuation. We have shown that the dominant
pattern of the partonic configurations qualitatively contigents on the chosen reference frame, which
is to guarantee that the overlap between the dipole distribution and the dipole-nucleus amplitude
is optimal. In particular, if the nucleus is boosted to a rapidity Yy much larger than In*[r2Q2(Y)],
the fluctuation substantially takes place at the top of the evolution, and effectively shifts the whole
distribution toward larger sizes. This type of fluctuations is therefore called the “front fluctuation”.
On the other hand, if the nucleus is less boosted, 1 < aYy < In?[r?Q?(Y)], the fluctuation occurs
preferably near the tip of the well-developed front of the onium at a rapidity g, close to the bottom
of the evolution. Finally, in the extreme case when the nucleus stays at rest, the scattering is
dominated by a large fluctuation at the very end of the evolution, which would create a dipole of
size at least touching the inverse saturation scale of the nucleus.

Apart from the forward elastic scattering amplitude 77, which is boost invariant, switching to
a frame such that the fluctuation is sufficiently developed enables us to calculate the asymptotic
amplitude of scatttering twice T, whose ratio to T} is determined with no free parameters,

Ty(r,Y;Yo) 1 1/ 2 1 [y-y
TrY) = /22N e\ e var VY (3.82)

in which we have relaxed to the QCD variables.

More interestingly, we have deduced the full analytical expression for the distribution of the
branching rapidity Y; of the last common ancestor of the set of dipoles that effectively interact with
the nucleus at an asymptotic total rapidity Y. In the QCD variables, it reads

Gnysvy) 11 1 { Y )]3/26;([ 7[> () (3.83)

T(rY) — Van2mi (o) [ Y T ()aly — i)

This equation makes the main qualitative result for the chapter. The expressions in Egs. (3.82)
and (3.83) are valid for the onium size located in the scaling region, which is defined as

1< In < vay. (3.84)

1
r2Q3(Y)

In another aspect, we expect Eq. (3.83) to represent the distribution of the branching time of the
last common ancestor of all particles that end up to the right of some predefined position x in
the scaling region for general one-dimensional branching random walk models, after the following
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identifications of time and space variables:

t+aY, t & aY,

(3.85)
x < nf1/(r*Q%)],  Xi < [QI(Y)/Q%],

and with the kernel parameters depending on the specific elementary processes. Furthermore,
we observed that our result coincides with a conjecture by Derrida and Mottishaw [85] for the
distribution of the branching rapidity of the last common ancestor of the two particles picked in the
tip. While they derived that distribution based on the generalized random energy model [97, 98],
our result is from the phenomenological picture of branching random walks. Indeed our approach
cannot be applied to the type of genealogical problems addressed by Derrida and Mottishaw to find
the complete distribution, since we do not have an enough understanding on the distributions of
particles near the tip and on their correlations. Finding a good description for the latter still needs
more efforts.

In addition to the asymptotic understanding of the ancestry distribution, it is also important
to develop a formalism which enables the calculation of finite-rapidity (time) corrections, as the
convergence to the asymptotics appears to be very slow. It is of interest not only for particle
physics but also for the investigation of branching diffusion processes in statistical physics, and
therefore, an exciting challenge for further developments.

Last but not least, the probabilities 75 and G discussed in this chapter are related to the
diffractive scattering cross sections for the diffractive dissociation of a small onium off a large
nucleus. Understanding the latter is our initial motivation for the current project. We will discuss

diffractive disscociation in the next chapter, with a reminiscence to those probabilities.
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In the previous chapter, we introduced a phenomenological model of dipole distribution which
enabled us to study the structure of the dipole evolution of a small onium in the scattering off a large
nucleus. For the current chapter, we shall keep working with the nuclear scattering of small onia,
focusing particularly on an analytical study of the diffractive dissociation process at asymptotics.
In addition, the diffractive dissociation of a virtual photon will also be analyzed numerically based
on QCD evolution equations aiming at producing predictions for future colliders. These are our

recent results [27, 28] on diffraction.
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4.1. DIFFRACTIVE PHENOMENA IN HIGH-ENERGY SCATTERING

4.1 Diffractive phenomena in high-energy scattering

In high-energy particle scattering, diffraction is defined to be a process in which there is an angular
region with no particle produced in the final state, which is referred to as the rapidity gap [99, 100]
(see also Ref. [101]). It has been observed in the scattering of hadrons and nuclei [102-107]. There
were also direct evidences for diffraction in deep-inelastic electron-proton scattering at DESY HERA
[108-110]: it was reported that about 10% of the inclusive DIS cross section is diffractive.

The history of diffraction in the physics of high-energy nuclear scattering can be traced back to
the 1950s, when that term was first introduced in the literature [111-114]. Good and Walker [115]
then provided a modern description for hadronic diffraction and established an elegant theoretical
framework in which inelastic diffraction is related to the dispersion of the forward elastic scattering
amplitude. In the mean time, it was also formulated in the framework of the Regge theory [116—
119] in which diffraction is due to the exchanges of color singlet objects called “pomerons”. The
discussions in those studies all focused on soft diffraction. It was not until 1985 that the hard
diffraction was first discussed by Ingleman and Schlein [120]. The striking experimental observations
at DESY HERA [108-110] and Tevatron [106, 107], as mentioned above, then made an impressive
boost to the physics of diffraction.

We are interested in hard diffraction in DIS, which is traditionally divided into two classes: the
quasi-elastic scattering in which the diffractive system is typically a vector meson or a hadronized
open quark-antiquark pair, and the diffractive dissociation in which the virtual photon is dissociated
into an inclusive set of particles in the final state. While there has been a great advance in the
study of the former recently (see e.g. Ref. [121] for a review), the diffractive dissocation has drawn
less attention. To gain insights into the latter phenomenon is our spotlight in this chapter. As a
major motivation, the detail investigation of diffraction, including diffractive dissociation, is a main
goal at future electron-ion colliders [1, 3, 122].

Diffractive DIS can be described on the basis of the color dipole formulation, in which the virtual
photon interacts via its quark-antiquark dipole state (onium). Nikolaev and Zakharov [31, 123, 124]
were pioneers in using the color dipole approach for the inclusive diffractive dissociation of a virtual
photon off a proton. Employing this approach together with a description of saturation effect,
Golec-Biernat and Wusthoff [51, 52] were able to succesfully describe the HERA diffractive data.
On a further development of the dipole formulation including the high-energy evolution, Mueller
[32] showed that, at high energy and in the limit of large number of colors, the S-matrix of the
hadronic scattering of the dipole state of the virtual photon is diagonal in the transverse size (see
Chapter 1), which consequently enables to link the Good and Walker mechanism [115] to QCD to
describe the hard diffractive dissociation in DIS [19, 23, 125, 126]. Based on this QCD color dipole
model, Kovchegov and Levin [127-129] established an elegant formulation, which provide detailed
predictions for diffractive cross sections in the scattering of an onium with the nucleus in the form
of nonlinear evolution equations whose leading-order version was then studied in detail numerically
[130-132].

Interestingly enough, the Kovchegov-Levin formulation enables us to address the distribution of
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rapidity gaps (see Egs. (4.7) and (4.8) below), which shows up as an important observable. On the
experimental side, the existence of rapidity gap is a typical signature to detect diffractive events.
Also, since the partonic content of the hadrons has signature in the final state, such as the rapidity
gap, such observable could provide indications on the microscopic mechanism of diffraction. As a
matter of fact, a recent study [22, 23] has suggested a picture at the partonic-level for diffraction in
the nuclear scattering of a small onium, from which the authors enabled to derive the asymptotic
rapidity gap distribution.

In this chapter, we shall investigate the diffractive dissociation of a virtual photon off a large
nucleus, focusing on the diffractive scattering cross sections and the rapidity gap distributions. Our
aims are twofold. First, we would like to develop a theoretical formulation from which one can derive
diffractive observables in an onium-nucleus scattering in a particular kinematic regime of interest.
Second, we aim to produce predictions for the distribution of rapidity gaps in realistic kinematics
of future electron ion colliders, based on the numerical solutions of the original Balitsky-Kovchegov
and the Kovchegov-Levin equations at their next-to-leading versions. Both analyses are all based
on the QCD color dipole picture, which will be recalled in the next section before coming to the
main results.

4.2 Dipole formulation for diffractive dissociation in DIS

As discussed in Chapter 1, deep-inelastic virtual photon-nucleus scattering at high-energy can be
conveniently described in a frame, e.g. the target rest frame, in which the virtual photon (v*)
interacts with the nucleus (A) via its color-singlet quark-antiquark dipole state, i.e. onium. Such

dipole picture allows for the following dipole factorization for the total cross section:

1
ol (Q%Y) = / drt / a3 [0 Q) o), (41)
O L1y
which is a virtuality (Q?)-dependent and rapidity (Y')-dependent weighted average of the total cross
section of the onium-nucleus scattering thgtA over onium transverse sizes 7+ and over longitudinal
momentum fractions z of the virtual photon carried by the quark (or the antiquark) (see Eq. (1.70)).
The rapidity Y encodes the squared center-of-mass energy § of the process as Y = In[(5 + Q?)/Q?].
The weight is given by the probability density functions "I’Z; s (1, 2, Q2)‘2 of the quantum pair
creation v* — ¢yqs in the longitudinal (L) and the transverse (T) polarizations for a quark flavor
f, whose expressions are given by [38§]

2 apuNe

‘\IIZ A (r, z, QQ)‘ 52 4Q%2*(1 — z)Zechg(raf), (4.2a)
* q 2 aEMNc
‘\IJ; T (e 2, QY| = Wefc {achf('r’af) [22 +(1— 2)2] + m?Kg(raf)} , (4.2b)
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4.2. DIPOLE FORMULATION FOR DIFFRACTIVE DISSOCIATION IN DIS

where agys is the electromagnetic coupling and afc = Q%2(1—2) + mfc, with m; and ey being the
mass and the electric charge of a quark of flavor f, respectively. Ky ;(z) are the modified Bessel
functions of the second kind.

7 (@)~

Ty

Yo=Y - Y,

Figure 4.1: A diagrammatic visualization of the diffractive dissociation of a virtual photon in the
dipole picture. The onium state dressed by quantum radiations of the virtual photon is, after the
interaction with the nucleus, dissociated into a set of final-state particles, while the nucleus is kept
intact. There is a gap in rapidity between the slowest particle in that set and the nucleus, which
defines diffractive event. Figure is adapted from Ref. [28§].

The diffractive dissociation can also be formulated within the dipole picture. The difference
between diffraction and the generic DIS process is the fact that, while produced particles can
distribute at any rapidity in the latter, there is a rapidity gap with no particle observed for the
former case (see Fig. 4.1). This gap is deserved to the color-singlet nature of the overall gluonic
exchange state in diffraction. Similar to Eq. (4.1), the diffractive cross section for the diffractive
dissociation of a virtual photon with a minimal gap Yy (0 < Yy <Y') can be factorized as

adlff (Q%Y,Y,) = /d2 l/ dz Z |1 (r, 2, Q%) \ ag;f;; (r,Y,Yy). (4.3)

p=L,T;f

The factorizations in Eqgs. (4.1) and (4.3) indicate that it is natural to analyse the nuclear scattering,
including the diffractive dissociation, of an onium. Indeed, the latter is better controlled theoreti-
cally. And, due to the weight average, the behaviors of the nuclear scattering of the onium would
be present in that of the virtual photon, which helps gain some insights into the latter process, at
least at a qualitative level.

We thus now focus on the diffractive dissociation of an onium. As a reminder, the total cross
section 0% (r, V) is related to the forward nuclear elastic scattering amplitude Ty (r,Y) (assumming
the impact parameter independence) of an onium of size r at the total rapidity Y at a fixed impact
parameter by o2 (r V) = 0¢2T1(r,Y), where oy ~ mR% (R4 is nuclear radius) is a surface that
stems from the integration over impact parameter. At high energy and in the limit of large N., T}
solves the T-type BK equation given in Eq. (2.3), assuming large nucleus. We also hereafter denote
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by or(r,Y) the total cross section per unit impact parameter, op(r,Y) = 277(r,Y).
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Figure 4.2: A large-N. diagram contributing to the cross section for diffractive dissociation of an
onium. The grey vertical line represents the final state at the lightcone time zt = +oo. The
amplitude is to the left of this line, while the conjugate amplitude is to the right. Interacting
dipoles in the Fock state of the onium exchange gluons with the nucleons (black dots) constituting
the nucleus.

As for diffractive dissociation, we define op(r,Y;Ys) to be the diffractive cross section per unit
impact parameter with rapidity gap not less than Y. The cross section aggjflf(r, Y;Yp) is then related
to op(r,Y;Yy) as

ag%a(r,Y; Yo) = ogop(r,Y; Yy), (4.4)

Figure 4.2 represents a diagram contributing to the cross section op(r, Y; Yy). At large N.., Kovchegov
and Levin [127] (see also Ref. [37]) established an evolution equation governing the high-energy
evolution of op(r,Y;Yy). This equation reads

Oyop(r,Y;Yy) = d/deQ('r’L,r'L) [op(', YY) +op(|rt —r'=|,Y;Ys) —on(r,Y; Y)

205, Vi Ya) Ty ([ = ") = 20p((r* = 14 Y YOT (7, Y) (4.5)

+op(r, Y Y))op(|rt — v, YY) + 2T (7, Y) Ty (Jrt — o4, V)]
The initial condition for Eq. (4.5) can be set at Y = Yj: in this case, the scattering is elastic,
op(r,Yo; Yo) = TE(r, V). (4.6)

In this chapter, we are interested in the following quantities:

i. the ratios between the diffractive cross section and the total cross section: op(r,Y;Yy)/or(r,Y)
(for onium) and Jg;ﬁ(QQ, Y:Yy) /o (@2, Y) (for virtual photon); and

ii. the distributions of rapidity gaps, which are defined as the ratios between the diffractive cross
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section at a fized rapidity gap Y, and the total cross section:

1 80D
YY) = ———— 4.7
W(Ty bl g p) O_T a}/'o Yozygap ( )
for an onium in the initial state, and
1 90y
H(Q2’Y;Ygap) = -—— 57 (4.8)
UtOt 0 YO:Ygap

for a virtual photon.

The diffractive-to-total cross section ratios estimate the possibility of observing diffractive events
in the scattering. Meanwhile, the distributions of rapidity gaps tell us how likely to observe a

diffractive event of gap size Y,

which may help in the selection of gap events at colliders.

The analysis of the above quantities requires the solutions to the Kovchegov-Levin (KL) equation
(4.5). Due to its complex structure, to solve it analytically, in a direct way, is still not possible.
However, it can be solved numerically, and we shall use its numerical solutions to investigate the
quantities of interest at kinematics accessible at future electron-ion colliders. Prior to that, in the
next section, we are going to introduce a formulation for diffraction based on which we can derive
analytical solutions to the Kovchegov-Levin equation at an asymptotically large rapidity for a small
onium size r, based on the phenomenological model for dipole distribution presented in the previous

chapter and on a probabilistic picture of scattering cross sections.

4.3 Analytical asymptotics for diffractive dissociation of an

onium

We consider the scattering of an onium of size r off a large nucleus A, at the total relative rapidity Y.
The onium is picked such that its size is well located in the scaling region, 0 < In[1/(r?Q*(Y))] <
vaY . Inherited from the previous chapter, as we are dealing with the leading-order evolution, we
shall rescale rapidity variables by multiplying them by &, and the new rescaled rapidity variables are
denoted by lowercase letter, for example, y = @Y. In addition, it is convenient to use the logarithms
of tranverse sizes and saturation scales defined in Eq. (3.7) instead of the original variables.

We are going to use the aforementioned phenomenological model of dipole distribution for our
next calculations. Therefore, it is necessary to consider a reference frame in which the rapidity is
shared between the projectile and the target: the nucleus is boosted to the rapidity y, and the
onium evolves to the rapidity 7o = y — yo. All the relevant rapidities are assumed to be large,
Y, Yo, Yo > 1, so that the variables of well-developed mean-field fronts can be used properly.
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4.3.1 Formulation of scattering cross sections

a. Frame-dependent representation of cross sections

In the reference frame we are considering, by the dipole branching process, the Fock state of the
evolved onium at the rapidity gy consists of elementary dipoles of various log sizes x’. The scat-
tering cross sections can be expressed using the S-matrix element S(z’, 1) for the scattering of an
elementary dipole 2’ off a nucleus boosted to o, as in Egs. (3.8) and (3.10). To this aim, let us
denote S(1p) being the S-matrix element for the scattering of a particular realization of the Fock
state of the onium at g, represented by the number density n(z’), off a nucleus at yo. In term of
the density n, S(yo) reads

S(yo) = [ Stwirwo) = [T 1S/ o)™
o ) (4.9)

1

see Eqgs. (3.10) and (3.11). Again, note that, since n is a random distribution, (1) is also a random

quantity.

With the help of S(yy), we can rewrite the S-matrix element for the nuclear scattering of the

initial onium x at the total rapidity y as

S(,y) = (S(Wo))ag, (4.10)

By the optical theorem, the total cross section reads

or(2,y) =2 (1 = S¥o))s, (4.11)

or(z,y) should be boost-invariant: while g is present in the right-hand side of the representation
(4.11), the explicit expression of op(z,y) does not depend on it. We showed in the previous chapter
that, in the framework of our phenomenological model, this is in fact verified.

Now we move on to the diffractive cross section. According to the Good-Walker mechanism
[115], diffractive dissociation cross section (opp) is related to the dispersion of the forward elastic

scattering amplitudes when evaluated in the different Fock states,

opp(@,yiy0) = (2. ol T (y0) (o) |z, Go) — (2, Jo|T(yo) |, Go) |, (4.12)

where |z, 7o) is the quantum state of the initial onium of log size = evolved to the rapidity 7o, and
T(yo) is the interacting (transition) matrix (T-matrix) representing the interaction of a dipole state
when the latter traverses the nucleus at rapidity yo. opp(z, y;yo) is different from op(x, y; yo) by the
elastic term. In other words, opp(x,y; yo) is the cross section for inelastic diffraction. Introducing
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{Im)} as a complete set of dipole states, we can rewrite Eq. (4.12) as

opp(,yiyo) = Y (@, Golm) (m[TF (yo) ') (m/| T (yo) [m") (m" |, Go)

2 (4.13)

> Golm) (mI T (yo) | m') (m'|, Go)

m,m/’

In the color dipole model for the onium-nucleus scattering at high energy, the dipoles are eigenstates
of the T-matrix. Therefore, we can rewrite Eq. (4.13) as

2

>~ (&, golm) (mT(yo) Im) {mlz, §o)

m

> [, Go)l* (m[T(yo)|m)

o (@, Y y0) = Y (. Golm) [(m[T(yo)[m)[* (mlz, Go) —

m

= >~ [l o) P {mIT(yo) ) * -

2

Y

(4.14)

where 1, (x, o) = (m|z, 7o) is the probability amplitude for the Fock state of the onium z at the
rapidity 7o to be the dipole state m. We denote by T (yo) the T-matrix element for a particular
scattering dipole state, which is the forward elastic amplitude for the scattering of a particular
realization of the onium Fock state at gy with the nucleus at yy. From Eq. (4.14), the diffractive

dissociation cross section reads

opp(, y:y0) = (T*(wo)), . — (T W))2 s - (4.15)

z,90

where the average over possible dipole realizations (---) . is corresponding to the sum over dipole

magO

eigenstates |m) with weights |1, (z, §o)|* in Eq. (4.14). Since T (yo) = 1 — S(yo), we can also write
the cross section opp as:

o (%, Y5 90) = (S*(W0)), 5, — (SW0))2 5, - (4.16)

To obtain a representation for op, we just need to add the elastic contribution (1 — S(yg))> s+ The
diffractive scattering cross section with a minimal gap vy eventually reads

op(z,y;0) = ([1 = S(yo)]*) (4.17)

x:ﬂO

Finally, the inelastic cross section is the difference between the total cross section and the diffractive
cross section,

Tin(2,y590) = (1 = S*(%0)),, 5, - (4.18)

In comparison to the total cross section o, the cross sections op and o;, depend on yy. The rapidity
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gap distribution can be expressed in term of either op, as in Eq. (4.7), or oy,

( ) 1 aO'D 1 aain
T\X, Y Ygap) = —— (7 — = .
“ or ayo Yo=Ygap or ayo Yo=Ygap

(4.19)

So far, the above representation of the S-matrix element and cross sections with S(yg) given by
Eq. (4.9) is valid in the dipole model for the QCD evolution of the onium Fock state and with the

assumption that the nucleus is large.

b. Probabilistic picture for cross sections of small onia

Let us recall that we are interested in the nuclear scattering of small onia with size in the scaling
regime. In this case, the scattering is effectively dominated by the Fock state configurations in
which the probability for each individual dipole z’ to scatter with the nucleus is very small (i.e.,
S(z',yo) ~ 1), which was already verified in the framework of our phenomenological model of dipole
distribution. This implies that the probability for the same dipole to scatter more than once is
negligible. Then, we can approximate I(yo) by Eq. (3.13), which is now denoted by I (1),

IW (yo) = /dz’n(x')ﬂ(m’,yo). (4.20)

In the last chapter, this integral was called "the overlap”. It corresponds to the sum of diagrams in
which one single dipole in one given realization of the onium Fock state interacts by exchanging a
single color-singlet two-gluon state with the nucleus. The approximation leading to Eq. (4.20) shall
be referred to as the “single-exchange approximation”. This is the meaning of the superscript (1)
in the notation 7™ (y,) of the overlap.

For our purpose, let us define

FN(T) = % (4.21)
and
Gi(T) = Fp(T)e ™t (4.22)

Fy [I m(yo)} (N > 0) is the quantum-mechanical amplitude corresponding to the sum of all dia-
grams in which N dipoles in the onium Fock state exchange color-singlet two-gluon states with the
nucleus at the rapidity yo. Meanwhile, Gy (Z) is unitarized,

» Gi(@)=1. (4.23)

With this property, Gy [I m(yo)] accepts a probabilistic interpretation: when choosing scattering
configurations with a weight given by their amplitude Fly [I (1)(3;0)}, it represents the probability
to pick those in which k& dipoles interact. Note that, both Fy and Gj are evaluated for a given
realization of the onium Fock state.

We can rewrite the cross sections in Eqs. (4.11), (4.17) and (4.18) in terms of Fy and Gy, in the
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single-exchange approximation. In particular, the total cross section reads
or(z.y) =2 (1= (Go [IDw)]), ;) =23 wn(w, 4 0), (4.24)
k=1

where wy, are the average weights (over all possible realizations) to select scattering configurations
with £ interacting dipoles,

wi(z,y; y0) = (Gy, [I(I)(yo)D

Note that, each weight, except for wgy, may a priori depend on yg. The weight wy should be boost

(4.25)

x,90

invariant since it is precisely the S-matrix element.

In the single-exchange approximation, the diffractive cross section can be rewritten as

op(z,y;90) = <1 — 91" (w0) + [6_1(1)(y°)]2> = <e‘1(1>(y°) (6_1(1)(%) + el wo) _ 2>>

z,90 z,90
7 k 4.26
= <2 Z #6_1(1)(110) =2 Z wk($7 Y; yO)a ( )
E>2 ’ E>2
k even z,70 k even

which is two times the weight of the graphs with even number of participating dipoles. This relation
suggests that the diffraction of a small dipole is dominated by an even number of exchanges at the
interaction time.
Lastly, the inelastic scattering can be expressed as twice the weight of having an odd number of
exchanges,
oin(T,y;%0) =2 > wi(x,y; yo)- (4.27)

k>1
k odd

We realize from this probablistic formulation that the calculation of the scattering cross sections
requires the average weights of selecting a particular number of interacting dipoles. We shall present
our estimation of the latter based on our aforementioned phenomenological picture of dipole distri-
bution, together with establishing an exact evolution equation of their generating function. Before
continuing with further calculations, we are going to show that, the representations of the diffractive
cross section op are egligible, i.e., they indeed obey the KL equation (4.5).

c. Connection to the Kovchegov-Levin equation

To the aim to recover the KL equation, let us introduce the probability S;,(r, y; yo) that there is no
inelastic scattering between the state of the onium at 75 and the nucleus at g,

Sin(ry390) = (SWo)]*), . (4.28)

7,90

where we have reused the original transverse size variable instead of the log transverse size notation.
Now we boost the scattering by an infinitesimal rapidity dy by assuming that the onium is
boosted while keeping the rapidity of the nucleus unchanged. We further put this infinitesimal boost
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at the begining of the QCD evolution of the onium. This is the technique we already employed
in the previous chapters to construct various evolution equations. By doing so, we are left with
two possibilities. In the first place, there is no dipole branching after dy; then S;,(r,y + dy; yo) =
Sin(r,1;90). Otherwise, the initial onium may branch into two daughter dipoles " and |rt — r't]|
after dy. In this case, for having no inelastic scattering between the state of the onium at g + dy
with the nucleus, the state of each daughter dipole after the evolution over g, should not scatter

inelastically. Gathering those two cases in one equation, we have

<[S<y0)]2>r,go+dg: (1 - dy/dpl—ﬂ(?“L»Td)) <[8(y0)]2>ngo

.

g

Sin (ry+dy;yo) Sin(T,y390) (4 29)
ey [ dpralrt o) (S, 5, S,y
Sm(:’fy;yo) Sin(Ir+ o l,y;90)

Letting dy — 0, we realize that 5;, obeys the S-type BK equation. Since S;,, = 1—0y,, it is followed
that the inelastic cross section solves the T-type BK equation.
Now we turn into diffraction. From Eqs. (4.17) and (4.28), S;, and op are related to each other
as
op(r,y;y0) = 1 = 2T1(r, y) + Sin (7, Y5 o). (4.30)

By taking the derivative with respect to y both sides of Eq. (4.30), using the facts that 77 and S;,
obey the T-type and the S-type BK equations, respectively, it is straightforward to see that op
solves the KL equation (4.5).

The remaining thing to deal with is the initial condition. At y = yg, or 7o = 0, the Fock state
of the onium is just itself. Therefore,

Sin(r, Y05 o) = S*(r, yo). (4.31)

Substituting this into Eq. (4.30), with y = o, we recover the initial condition for the diffractive
cross section in Eq. (4.6). Therefore, we have shown that, the representation (4.17) of the diffractive
cross section is valid.

In the above paragraph, we have considered an onium of generic size. Now we retrieve our
key assumption that the onium is picked in the scaling region, and hence, recall the probabilistic
representation (4.26) of the diffractive cross section. Let us define Wg(r, y; yo) to be the weight of
the graphs with an even number of participating dipoles,

1
We(r,yiye) = > w (x =In ﬁ,y;yo) : (4.32)
r2(0%

k>2
k even

Then for an odd number of exchanges,

Wo(r,y:y0) = Ta(r,y) — We(r, y; yo)- (4.33)
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The diffractive and the inelastic cross sections are just twice Wg and Wy, respectively.
I : I

) ) |
v M W, v w v W,

e > 7l
M ™ , M , ™ )
| [l [l 1
|

|
1 i - i N
| Yo dy Yo dy Yo

dy1| Yo dy
Figure 4.3: Contributions of dipole branching events to the evolution of Wg.

Using the well-known technique presented above, we can easily establish an evolution equation
for Wg. In particular, we advance the system by a rapidity step dy by boosting the onium from
its rest frame. If the onium does not branch, Wg(r,y + dy; yo) is just Wg(r,y; yo). In case it splits
into two offspring 7" and |r — r’|, one has following possibilities (see Fig. 4.3). If only one offspring
interacts, it should scatter an even number of times. Otherwise, if both offspring interact, to have
an even number of exchanges in the initial onium r boosted to gy + dy is equivalent to have in the
states of both offspring either an even or an odd number of interacting dipoles. Therefore, we have

We(r,y + dy;yo) = (1 — dy/dp1—>2(7”l,7"d)> Wg(r, y;y0)

+ dy/dpl—ﬂ(rLa T,L) {WE(T/79§ Yo) [1 - Tl(|7"L - T/L|7 y)] + VVE(|7"L - 7"&|7?J§ Yo) [1 — T1<T,7 y))

+ We(r', y; yo)We(|r™ — '], y; vo)

+N (' y) = W' y;90)) [Ti(lrt =" y) = Wa(lr =", y;9)] } -
(4.34)

Passing to the limit dy — 0, we obtain the following evolution equation for Wig:

O Wi(r,y; y0) = /dpmz(rﬁ'fd) (We(r, y;90) + We(|Ir™ = 7, 45 90) — We(r,y; o)

— 2We(r, y;yo) Ta(lr™ — v, y) — 2We(lr™ — v, y; 50) Ta(r', y)
+ 2We(r y yo)We(Ir™ — vy w0) + (', y) i (| — v, y)] -

(4.35)

Multiplying both sides of Eq. (4.35) by 2, we get the KL equation for op = 2Wg.
For the initial condition at y = g, since the Fock state of the onium at gy = 0 contains just one
dipole (the initial one), there is no way for this state to scatter more than once in the single-exchange

approximation we are considering. Consequently,
W(r, yo; yo) = 0. (4.36)

The term T?(r, 1) is consistently suppressed in 2Wg(r, yo; yo), due to the single-exchange approx-
imation. Therefore, we can conclude that we have recovered the KL evolution equation for the

98



Diffractive dissociation

diffractive cross section in the limit of interest.

Using the same technique, we can also establish the equation for Wp: it obeys the T-type BK
equation, with the initial condition Wo(r, yo; yo) = T1(7, yo); see Ref. [27].

The probabilistic representation in the single-exchange limit we are considering for diffraction
has just been shown to be consistent with the KL formulation. The basic building-blocks in this
representation are the average weights wy. In the next part, we are going to compute these weights,

which then enable us to deduce the desired quantities.

4.3.2 Calculation of the weights of the number of participating dipoles

a. Heuristic calculations using the phenomenological picture

We now compute the average weights wy based on their definition (4.25) as the probability to have
exactly k£ dipoles in the Fock state of the onium evolved to rapidity g, effectively interacting with
the nucleus at the rapidity 1, and on the phenomenological model for dipole distribution presented
in the previous chapter. It is always understood that the rapidities yy and g, are large, so that the
variables of asymptotic fronts can be properly used.

Let us first recap the main features of the phenomenological model, for which we shall also
reiterate some important formulae. The key assumption of the model is that the onium evolves
deterministically except for one single fluctuation consisting in one unusually large dipole produced
at some random rapidity gy, of log transverse size x + )?gl — 0, which subsequently evolves to the
rapidity 7o. In general, the deterministic evolution of an initial dipole of log size X in the rapidity
Ag results in a Fock state characterized by a mean-field dipole density n(z’ — X, Ag) for a dipole of
size 2/, which is the solution to the BFKL equation supplemented by a cut-off on the large-dipole
tail. This density reads

(ZL‘/ —-X - )?Ag
2X"(0) Ay

2
n(z' — X, Ag) = C, <x’ -X- )N(Ag) ero(e'=%-Xay) exp > S) (x' - X - )N(Ag> ,

(4.37)
where X a5 = —X (70)Ag+ % In Ay. In the current context, the dipole density is generated by both
the evolution of the initial onium {X = 2, Ay = o} and the evolution of the large dipole created
by the rare fluctuation {¥X = z + X@l —0,Ay = Yo — 1 }. At the scattering rapidity go, the number
density of dipoles of size 2’ is given by the sum of these two contributions,

n(z') = i(z' — z,750) + (2’ —x — Xy, + 0,50 — ). (4.38)

The size ¢, which is the difference between the log sizes of the large dipole by the fluctuation and
of the largest dipole in the typical mean-field configuration at ¢;, * + Xj,, is a random variable
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distributed according to the following probability distribution:

52
p(6,71) = Cde " exp (——N) O(d). 4.39
0.5 s ) ) (4.39)
Now we turn into the overlap 1™ (y,) in Eq. (4.20) between the dipole density n(z') and the nuclear
scattering amplitude T} (2, yp). Since the onium is small (in the scaling region), the nuclear overlap
of the mean density generated by the deterministic evolution of the initial onium (the first term in
Eq. (4.38)) is negligible in comparison to the contribution from the fluctuation. Therefore, in our

model, the overlap reads

Ié,lg)l (%, 43 90) = /dxln(l”/ — 2= Xy, + 0,90 — i) D1 (2, o), (4.40)

where T’ (2, o) is given by Eq. (3.19).

I é}g)l(x, Y;yo) is rigorously not boost invariant. The detailed calculation of the overlap depends
upon the choice of the reference frame, as presented in the previous chapter. For the frame in which
the nucleus is highly boosted, yo < (z — X,)?, and in the regime of interest, a calculation of the

overlap was presented in the previous chapter, and led to the following expression:

3/2
I{ g (@, 5 0) = 0102\/g[x"wo)]g/?e-%@—xw (i) " e, (4.41)
Y1y
see Eq. (3.34). It turns out that, in the frame with the slightly-boosted nucleus, the optimal overlap
is also of the form (Eq. (4.41)). Again, this does not mean that the overlap is boost invariant, but
reflect the requirement that the dominant configurations should optimize the overlap. In any case,
the optimal overlap (Eq. (4.41)) is effectively independent of yo. Therefore, we shall suppress the

1o dependence of [ (;1;1 in the following calculations.

In the phenomenological model, the weights wy of numbers of interacting dipoles, which is
defined in Eq. (4.25), is formulated as

Y +oo B 1 e .
wilyezion) = [dun [ dSp(0.5) g 18 (e e, (1.42)
Yo 0 :

where, again, the average over all possible configurations is replaced by the integrations over the
fluctuation size § and over the rapidity y; (measured from the nucleus) at which the fluctuation
occurs, weighted by the distribution p(d, 7).

We start by computing the integral over 9,

+o00 1 OIS
(2, Y5 y1) E/ dop(9, yl)g[fégl(%y)]ke loan (@), (4.43)
0 .

Replacing p(d, 1) by its expression in Eq. (4.39) and using [ (}y)l, which is now denoted I, as a new
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integration variable instead of d, the integral 7 (x, y;y1) becomes

2 (1)
o1 +oo / n? [ 1/1} |
(T, y;y1) = Ry 1S (x,y)/ dl In )—[k_Qe_I exp S s i (4.44)
1,

Wk e I () 236X (%0}

The integral in Eq. (4.44) is the integral Sj, (k > 1) defined and evaluated in Appendix B, with

A= Ié}ygl (z,y) and By = 292x" (7). Using Egs. (B.10) and (B.13), we find
1 (15}, (. ))
Tr=1 (T, Y5 91) = %x”(%)ngllé,lgl(x,y) [1 — €Xp <_#(70)?31 ) (4.45)
and
1)
C (1) 1 1 1112(10 U1 (x7y))
T2 (T, y591) = — 1o, (T, y In exp| ———— | . 4.46
k22l 2 Yo ( )k(k -1 Y (a,y) ( 270" (Y0) %1 (4.46)

Replacing I, é,lﬂ)l

density 7 (z,y;y1) of the rapidity y;:

(x,y) by its expression in Eq. (4.41), we obtain the following final expressions for the

(i) Case k= 1:

) — o X0 e,y Y (z = X,)°
7Tk:1(£lf, Y, 3/1) = C 76 y?/Qg%m 1-— exp —m . (447)

(ii) Case k > 2:

c 1 r— X,)e 0E=Xy) 3/2 r— X,)?
T (T, Y3 41) = — ( ) < y~ ) exp (—(,,—y}) ;o (4.48)
Y0 v/ 27x" (Y0) k(k—1) YY1 2X" (70)#

where

c= CCL 0 [x"(70)]% (4.49)

Now we move on to the weights wy. For k£ = 1, the integration over y; reads

y 3/2 v 2 v 2
Y (Z‘ Xy) = (x Xy)
dh—57m {1—6XP (——~ =2/ |1 —exp | ——7—=
/yo PR 2X" (70) 1 ’ 2X" (70) 90

. N (4.50)
') (v — X )erfc <—2X”(’yo)§o> :

In the scaling region, (z — X,) < /y ~ V/Jo, we get the following expression for the weight ws:
wy (Y5 y0) ~ c(x — X,)e "X, (4.51)
The integration over y; for the weights wy>2 can be written in terms of the error function and of
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the elementary functions as
Yy 3/2 X )2 ~ X )2
/ dyl ( y~ ) CXp <_ (x 1" yz ) =2 ﬂ eXp (_ (x " yz )
v i 2X" (70) 1 YYo 2x" (70) Yo

1" _ 2 _ _ 2
+ V21" () <1 — —(1‘” X) ) erfe [ 2 —2v_ X 20 ) exp (_—(:v - X) ) .
T — X, X" (70)y 2x" (7o) V Yo 2X"(70)y

In the scaling regime of interest, it boils down to two simple terms. Therefore, the weights w; with

(4.52)

k > 2 eventually read

c 1 2 r—X
" oy _c 1 + Yy 6—70(55—Xy). 453
k>2(Z, Y5 Yo) Yo k(k — 1) ( ™x"(7) Yo ) )

Interestingly enough, the k& dependence comes as an overall factor, from which we can deduce the

following simple expression for the ratio wy>q/ws:

Wi>2 . 2

Wo N k’(k’—l)

(4.54)

This ratio shows that the distribution of the number of partipating dipoles decays slowly at large k.
As a matter of fact, the mean participant number is formally infinite. Therefore, once the multiple
scatterings are relevant, the events which involve a large number of interacting dipoles are not rare
at all.

b. Generating function
We first observe that the set of weights {wy; k > 0} obey a hierarchy of evolution equations,

k

Oywi(r,y; Yo) = /dpla2(7“L,7"’L) [Z wj<7"/>y§ZJ())UJIH'(|7°L — "Ly yo) —wi(r,y;00) | (4.55)
j=0

with the initial condition w (7, yo;v0) = 0k.05(7,Yo) + Ok111(7,yo). This hierarchy can be proved
straightforwardly with the technique used to derive different evolution equations above, by noticing
that when the initial onium branches after an infinitesimal boost, one should take into account
all the cases in which the numbers of participating dipoles of two offspring add up to k. When
k = 0, this hierarchy degenerates into a closed equation: This is precisely the BK equation for the
S- matrix element S(r,y) = wo(r, y; yo).

One can construct the ordinary generating function for the weights wy,
WAy o) = Y Nww(r,y; o). (4.56)
k=0

This generating function satisfies the following properties. First, the condition that the sum of all
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possible values of participating dipoles should be unitary can be expressed in terms of the generating
function that wy=1(r,y;90) = 1. Second, the generating function at A = 0 coincides with the S-
matrix element, wWy—o(r, y;yo) = S(r,y). Third, the difference between the diffractive cross section
and the inelastic cross section is related to the difference between the values of the generating

function evaluated at two different values of A:

op(T,Y:%0) — Oin(1, Y3 Y0) = 2(Wr=—1(7, ¥; Yo) — Wr=o(7, Y: o)) (4.57)

Finally, and most interestingly, it turns out to solve the S-type BK equation,
B, (r, y; yo) = /dp1—>2(7"l, ) [oa (' ys yo)@alr — |,y o) — wa(r, y390)] - (4.58)
which can be proved using Eq. (4.55). The initial condition at y = yq is given by

(7,90 90) = 1= (1 = A)T(r, 4o)- (4.59)

Therefore, if we know the solution of the evolution equation (4.58), with the initial condition (4.59),
we can deduce the expressions of the weights, and hence, of the scattering cross sections. In the
following, we shall try to conjecture the solution to this equation based on the traveling wave
property of the asymptotic solution of the BK equation and on the above heuristic calculation of
the weights within the phenomenological model.

Traveling wave solution in the asymptotic limit

In the infinite-rapidity limit, the solution to the BK equation Eq. (4.58) converges to a traveling
wave. In particular, the generating function w,(z, y; o) at an asymptotic large rapidity y tends to
a function of x — X, + f,,(A\) only, where f, () is a “delay function” that vanishes for A = 0. The
term “delay” comes from the fact that, the position of the front X, is pulled back by the distance
fyo(A) with an initial condition of the form (4.59) when 0 < A < 1.

When furthermore = — X, + f,, () is taken finite but large, by choosing an appropriate value of

x well-located in the scaling regime, the analytic form for the shape of the traveling wave is given
by

L— (2,5 p0) = e [o = X, + (W] e 0l ], (4.60)

where ¢, is an undetermined constant of order unity.

For the delay function, we can guess its form from the above heuristics of the weights w;, from the
phenomenological model. Substituting the expressions of the weights wg>1(z,y;y0) in Egs. (4.51)
and (4.53), bearing in mind that wo(x, y;yo) = S(z,y) = 1 —c(z — X, )e™7°@=X) into the definition
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of the generating function, we get

1 2 r—X,\ [N Ak
l—wy~ed(1=-N(z—-X,)—— |1+ LN | pe e
A {( )( y) - < WX//(’YO) m ) = k(k _ 1)]}

2

1 2 r— X i 1 A

=c(l=-XN)q(@—-X,))+— |1+ 21 |In - ] e 0(@=Xy)

( ){< ) 70( ™" (%) Yo > | 1-=XA 1-2A }

1 1 2 1

~c(l—A T — X 1+—1In

( ){( ) < Y 1=A\ 7" (%) \/%>

—l—iln ! 1—i //2 L 1—|—iln 1 //2 ! e 0(z=Xy)

Y% 1—A Yo\l X" (70) /Yo Y 1=A\ 7 () VYo

S S R 1 1 1 9 1
= C(l - )\)1 7o ‘KXN(’YO) Vo T — Xy + — ln 1 _ —// [ e_VO(x_Xy)’
Y 1—A Yo \| 7X"(70) v/Yo

(4.61)

or

1 —wy( ) X+11 ! 1 1 2 1
—wy(z,y; ~c|x — —1In - — —
AT Y3 Yo Y Y 1—=A Yo WX”(”)’O)\/%
1

x X, -1 o2 2 1
exp | — x — —1In —— | ——— .
Pl VR D) Yo\l ™X"(Y0) /Yo
(4.62)

In Eq. (4.61), we have added and removed terms of order O(1/,/yo) compared to the leading term
(xr — X,) in the curly bracket, which is acceptable at this level of approximation. We have also used
the following relation:

1 AP
1—-X)1 =\— —_— 4.
(1= 3= Zk(k—l)’ (4.63)
k>2
and the expansion
_1 2 1 1 1 2 1 1
1—X) 0wV™xX"0ovi = 14+ —In —|—O(—> 4.64
( ) yo>1 Y%  1=X\ m™x"(7) /Yo Yo (4.64)

Comparing Eqgs. (4.60) and (4.62) in parallel, we conjecture that the delay function has the following

form
1 1 1 2 1
A= —1In 1 - — — . 4.65
fu () Y 1—A ( Yo \l ™" (70) \/yo) (4.65)

The approximations leading to this conjecture implies that this solution is valid for large 3, such

that |In(1 — A\)| < /Yo, which looks somehow very limiting for yy. However, as we are interested
in the expansion of the generating function around A = 0, this condition is not so restrictive. We
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shall present a check for the conjecture (4.65) of the delay function later, based on the numerical
solutions to the evolution equation of the generating function.

4.3.3 Diffractive cross sections

With the asymptotic expressions for the weights wy, in hand, we are now able to derive the physical
observables of interest. In particular, we are now going derive the expressions for the diffractive
cross section with a minimal gap ¥y, and the rapidity gap distribution. We shall then connect our
result to a recent study also on the diffractive gap distribution.

a. Analytical asymptotics

We first see that, the asymptotic formula of the total cross section for the onium log size x chosen
in the scaling region is given by

or(z,y) =2 Z wy, & 2wy = 2¢(x — X, )e 10X (4.66)

k>1

which completely agrees with the result obtained in Chapter 3. In Eq. (4.66), the sum is domi-
nated by w;: the weights wy>o are suppressed as they are of order O {min [1/(z — X,),1/(\/%)] }
compared to the leading contribution. This shows that, for the nuclear scattering of a small onium,
the total cross section is mainly due to one single exchange between the onium Fock state and the
nucleus.

The diffractive cross section can be obtained by doubling the weight of having an even exchange,
with the weight for no exchange being excluded. Using Eq. (4.53), the above expression for the

total cross section o7 and the identity

— = In2, (4.67)

we arrive at the following simple asymptotic expression for the diffractive-to-total cross section

w2 (1o [, 169

ratio:

or(z,y) Y% \z—X, X" (V0) /Yo

which is valid for x picked in the scaling region and 3y > 1.

Let us now interpret two terms in Eq. (4.68). The fluctuation creating a large dipole occurs
most likely either in the beginning of the evolution (leading to a dissociative but small mass event),
or close to the scattering rapidity o (leading to a gap size close to yy). The first configuration is
dominant when yo > (z — X,,)?, leading to the first term in Eq. (4.68). The second term would
dominate the diffractive cross section for the opposite ordering of yo and (z — X,)?, the case in
which the second configuration is most probable.

In the same manner, the distribution of rapidity gaps is obtained by doubling the sum of the
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densities m>o in Eq. (4.48) (with k even), then dividing the result by the total cross section or. It
eventually reads

In 2 y 3/2 (z — X,)?
(225 Yoan) = [ } exp | - . (4.69)
“ Yo/ 27X (7o) ygap(y - ygap) 2X"(0)(y — ygap)

As in the above cross sections, the distribution (4.69) is expected to be valid for a large total rapidity
y and for x chosen in the scaling region, 1 < z — X, < ,/y. Additionally, the gap ¥4, should
satisfy the condition Yyup, ¥ — Ygap > 1.

The rapidity gap distribution (4.69) is very similar to the distribution of the branching rapidity
of the last common ancestor of the set of dipoles which scatter in Eq. (3.51). The only difference
between these two distributions is an extra factor In 2 in the former, which comes from the fact that
two distributions are related to two different sets of the weight wy. While the gap distribution is
related to even numbers of participating dipoles, the distribution of the last common ancestor sums
up the contributions of all possible numbers & of dipoles which interact, starting from k = 2,

Gl yiy) _ ey (2,55 01)
T(r,y) 2 wel@ g3 0)

Consequently, the identity (4.67) is replaced, in this case, by > .-, 1/[k(k — 1)], which is unity.

(4.70)

b. Connection to a recent picture of rapidity gap events

As a matter of fact, for the rapidity gap distribution (4.69), our new result is the determination
of the overall constant. The functional form of the distribution was first found in Ref. [22], based
on a prototype of the phenomenological model presented in Chapter 3. We shall now relate the
reasoning leading to the (incomplete) asymptotic rapidity gap distribution used in the mentioned
reference to the probabilistic description of diffraction of a small onium presented in this chapter.

Let us first briefly revisit the picture of diffraction in Ref. [22]. We start by defining P(z,y; X)
the probability of having at least one dipole whose log size is smaller than X in the Fock state of
an onium x at rapidity y. As discussed in Chapter 2, it solves the T-type BK equation, with the
initial condition given by the step function,

P(z,y=0;%X) =0(X — z). (4.71)

We know that, when y — oo, the solution to the BK equation with the initial condition (4.71) tends
to a traveling wave. For z in the scaling region, 1 < (z — X,)? < y, P reads

(x "’Xy —X)?

Plx,y; X) = cp(x + X, — X)e 0@+X,—%) exp
( )= erl v =) 2X"(0)y

(4.72)

where cp is an unknown constant. We recall that, x + X'y is the log size of the largest dipole in a
typical configuration of the onium Fock state at the rapidity .

106



Diffractive dissociation

Now let us eyeball the onium-nucleus system at a rapidity 0 < y, < y counting from the nucleus.
The initial onium then evolves to the rapidity y —y,. We assume that both y, and y — y, are large
parameters. The Fock state of the onium at y — y,, which is a stochastic ensemble of dipoles,
may contain a few unusually large dipoles of log sizes smaller than the logarithm of the nuclear
saturation momentum at y,, i.e. in the saturation region, which is generated by a rare fluctuation.
These dipoles will be probed by the nucleus with a probability of order unity (7" ~ 1). Consequently,
the ratio of the elastic cross section to the total cross section reaches its maximal value,

Oel

(4.73)

ar

Y

N | —

which characterizes the scattering of quantum particles off a black disk (the black disk limit).
Furthermore, the elastic scattering corresponds to the diffraction of particles in the shadow of the
disk. Therefore, this configuration will result in a diffractive dissociation event with rapidity gap

Yg-

X, Initial onium z ~ X, + NG
Y- e B N 0
—
- =
2l [ ¢ =
< = =
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Figure 4.4: An illustration of the picture of diffractive dissociation event in Ref. [22]. The vertical
axis shows the rapidity of the nucleus (upward) and of the onium (downward) in such a way that
at each slice, the sum of their rapidities is the total relative rapidity y. The nucleus is represented
by the nuclear saturation scale (red line), which is the onset of the saturation regime (to the left
of that scale). The scaling region is close to the saturation line to the right (orange domain). The
blue line represents the largest dipole size in a typical realization of the Fock state of the onium x
at each rapidity during the evolution. Diffraction with a gap ¥4 is due to a rare fluctuation at vy,
creating a large dipole inside the saturation regime.

Within this picture, the diffractive cross section at a fixed rapidity gap ygqp is proportional to
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the probability of having a dipole whose log size is smaller than X, in the Fock state of the onium
at the rapidity y — ygqp. From Eq. (4.72), after dividing the diffractive cross section to the total
cross section, the rapidity gap distribution reads

. _ Y o2 (v — Xy)2
R v o] B e e i 4
where cp is a constant which cannot be determined from this picture. An schematic illustration of
the picture is presented in Fig. 4.4.

It should be noticed that, this picture of diffraction suggests a possible connection between the
rapidity gap distribution in diffraction and the genealogical distribution of the splitting time of the
last common ancestor of the dipoles which scatter [22, 23, 133-135]. This is a motivation for us to
study the genealogical problem in the dipole evolution.

To link to the probabilistic description of diffraction, we notice that the above picture is in the
rest frame of the nucleus. In this frame, the total cross section is dominated by the tip fluctuation
occuring at the very end of the evolution of the onium, sending exclusively a dipole into the satura-
tion regime; see Chapter 3. Since such fluctuation does not have enough rapidity to develop further,
it is unlikely to find more than one dipole to effectively interact with the nucleus. Consequently,
it is unlikely to have a diffractive dissociation event, since the latter is due to an even number of
participants. To have at least two interacting dipoles, we need a fluctuation at an intermediate
rapidity 0 < y, < y consisting a dipole inside the saturation region. This configuration of the dipole
evolution then favors the diffractive events.

4.3.4 Numerical check for the delay function

In the previous chapter, we already argued that it is technically not possible to use the numerical
solution to the original QCD evolution equations to check the asymptotics. Instead, one uses their
equivalent version for a BRW model introduced in the last two chapters. Using that model, we are
going to check that the conjecture of the delay function in Eq. (4.65) is consistent with numerical
calculations.

The function vy = 1 — w,, in the discrete model of BRW of interest, obeys the equivalence of
the T-type BK equation,

1
ox(@,y + 0y; yo) = 5(1 — 6y) [oa(x — 0z, y; yo) + va(z + oz, y; yo)] (4.75)

+ 0y va(z, ¥; v0)[2 — oA, ¥; 90)]-

with the initial condition given by vy(z,v0;y0) = (1 — A\)T1(z,40). The amplitude Ti(z,y) evolves
according to the same evolution equation (4.75), from the step initial condition T'(x,0) = ©(—x),
which is tantamount to the MV or the GBW amplitudes.

In order to measure the delay function with a parameter A\, the numerical strategy is to have
numerics for vy and vy, and then, to compute the difference in the position between these two
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fronts. We first advance the amplitude 77 from the step function at zero rapidity to yy according
to Eq. (4.75), with vy replaced by Tj. For vy, we further evolve T'(x,yy) to the final rapidity y.
Meanwhile, for vy, we multiply T'(z,y0) by (1 — A) and, then, advance the result to y. For each
front, the front position z, can be determined from the condition vy(z,,y;y0) = 1/2. We repeat
the calculation of the delay function for different values of A\, y and yy < y.
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1— fiwm(A)/ foo(A)
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Figure 4.5: Comparison of the delay function f,,(\) extracted from the numerical solutions to
the exact evolution equation and its conjectured formula (4.65), as a function of yy. The points

i (A)/ foo(A), which should tend to 7—10, /w%(%)\/%% (full red line) at
asymptotically large y, and for the difference [f%"(X) — f,o(A)]/foo(A). Two different values of
A are considered (0.9 and 0.01); and for each ), we pick three values of rapidity y (103, 10* and

represent the data for 1 —
Yoy
)

10°). We plot also functions proportional to 1/y, (dashed line) and Iny,/yo (dashed-dotted line)
for comparison. Figure is adapted from Ref. [27]

The results are shown in Fig. 4.5. We consider the two following quantities:

iy (A) oy (A) = fyo(A)
1— 2 Y2 and Yoy n 4.76
ey Ry 470
where we have added the y dependence to the numerical solutions, since they are evaluated numeri-

cally at a finite rapidity. According to Eq. (4.65), the former quantity should tend to % wx+(~yo)\/+170

at asymptotics. We see that, in the relevant parametric domain, 1 < 1y, < y, all numerical
points almost superimpose and approach the asymptotic conjecture (see the upper set of points).
Futhermore, at larger y, the agreement gets better.
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The lower set of points represent the second quantity in Eq. (4.76), which is the difference
between the numerical data at finite y and the asymptotic conjecture. For a fixed value of A, the
points in the domain yg < y for different y overlap. We see that, the mismatch is accordant with a
function that decreases with yo as 1/yo or Inyg/yo.

4.4 Numerical evaluation of diffractive cross sections of a

virtual photon

In this section, we are going to present a numerical study of the diffractive dissociation of a virtual
photon off a large nucleus, focusing on the rapidity gap distribution, at the rapidities which are
accessible at future electron-ion colliders. We will come back to the original variables for transverse
sizes and transverse momenta instead of log variables, and the rapidity (uppercase notation) instead
of the rescaled rapidity (lowercase notation). We shall start with a brief recall of the theoretical
framework and the choice of kinematics for the numerical calculation. A detailed study of the
diffractive onium-nucleus scattering for different onium sizes will be provided prior to presenting

predictions for the virtual photon-nucleus scattering.

4.4.1 Theoretical framework

The numerical study relies on the QCD dipole model of the nuclear scattering of a virtual photon of
virtuality Q% at high energy. In this model, the total cross section 0?5}“(@2, Y') and the diffractive
cross section o) ’;(Q{Y;Yb) with a minimal gap Y, can be factorized according to the dipole
factorization in Eqgs. (4.1) and (4.3), respectively.

At leading order, the onium forward elastic scattering amplitude T} (r,Y") obeys the T-type BK
equation (2.3), while the onium diffractive scattering cross section op(r,Y;Yy) with a minimal gap
Y} solves the KL equation (4.5). For the sake of convenience, instead of solving the KL equation for
op, we will solve the evolution equation for the dipole inelastic scattering cross section oy, (r, Y; Yy) =
op(r,Y) — op(r,Y;Yy), which can be shown straightforwardly to be the T-type BK equation. We
also refer this equation to as the KL equation for the inelastic cross section o;,. The initial condition
for o;, at Y =Y} is given by

Oin(r, Yo: Yo) = 2171 (r, Vo) — T2 (1, Yp). (4.77)

In the meantime, the MV amplitude (Eq. (2.4)) is chosen as the initial condition for the forward
amplitude 77.

The BK equation for the amplitude 77 is known not only at leading order but also at next-
to-leading order [58-65]. However, the KL equation beyond the leading order has not been es-
tablished. The only known subleading correction to the KL equation comes from the running of
the strong coupling [128, 129]. To include such corrections, we simply replace the dipole spliting
kernel adp;_,o(r*,r'%) at leading order by its theoretical-motivated running-coupling version. In
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the following, we will denote the former by dp*©(r,r’),
dp™C(rt — ') = adpy o (rt, ). (4.78)

Different prescriptions for the running-coupling kernel were proposed [58, 59, 136, 137]. In the

current analysis, we work with the following ones:

(i) the Balitsky prescription [58]:

2L r2 1 a(r’?)
Bal(, L 1L\ _ -~/ 2
dp”* (r=,r"") = a(r?) o {r’2|7’L—r’L|2 +772 (&(l?‘L—T’lP) _1)

4.79
L1 (Aot )
’TL _ T’J‘P d(T”Q) ’
(ii) the so-called “parent dipole” prescription [136]:
d2 /L 2
dpB () = a(r?) L (4.80)

1T 7“’2|TJ‘ _ T/J_|2'

Notice again that & is kept fixed at a predefined value in Eq. (4.78), while runs with transverse
scales in Egs. (4.79) and (4.80)

We follow Refs. [137, 138] to regularize the running-coupling constant @(r?) to avoid the issue
of the Landau pole. In particular, for the dipole sizes under some threshold r < r., the coupling is
given by

a(r?) = L2 (4.81)

(11Nc—2Nf)1n< e )

TQAQQCD

where the number of quark flavors Ny and the number of colors N, are fixed at the values N, =
Ny = 3. The constant C reflects the uncertainty in the Fourier transform from momentum space to
coordinate space. In the meantime, for larger dipole sizes, r > r., the coupling is frozen to a fixed
value &, = @(r.). This regularization is motivated by theoretical studies of the Schwinger-Dyson
equations for the gluon propagator in the infra-red regime (IR) and lattice QCD [139-141] results
which suggest that the strong coupling freezes to a constant value between 0.5 and 0.7 in the IR.

We also notice that, in case of the onium-nucleus scattering, the analytical asymptotic expression
for the rapidity gap distribution is now available with fixed coupling, as presented in the previous
section. However, there are still no analytical calculations for such quantity in the running-coupling
case. One motivation of this numerical analysis is to check whether the prediction (4.69) for the
asymptotic shape of the rapidity gap distribution already manifests at a finite rapidity, and whether
the running-coupling effects could significantly modify the shape of the distribution.

Since our aim is to produce predictions for future electron-ion colliders, we select kinematics
accessible at those machines. Therefore, we pick two values for the total relative rapidity: ¥ = 6
and Y = 10. The former value is accessible at BNL-EIC for low to moderate center-of-mass
energies, such as \/sca = 90 GeV or \/sca = 45 GeV (with A > 56) [3], and at CERN-LHeC for
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VSeps = 877 GeV [1]. Meanwhile, the latter is reachable for the electron-ion collisions with the
center-of-mass energy \/s.p, = 877 GeV at CERN-LHeC [1]. As for the photon virtuality Q?, we
choose pertubative values in the range 1 — 10 GeV?2. A detailed numerical set up is given in the
Appendix C.

4.4.2 Diffractive onium-nucleus scattering

The behavior of the nuclear scattering of an onium depends on its relative size compared to the
inverse saturation scale 2/Qs(Y") of the nucleus. The latter separates two regimes of interest: the
dilute regime (r < 2/Q4(Y")) in which the scattering probability is small, and the saturation regime
(r > 2/Qs(Y)) with the scattering amplitude of order unity. For this reason, it is convenient to
introduce the following scaling variable

2

NCak (4.82)

7=1n

Its name is from the fact that, at an asymptotically high rapidity and in the region 1 < 7 < VY, the
forward elastic amplitude 77 is effectively a function only of this variable; see the last two chapters.
The saturation momentum Q(Y’) can be extracted from the numerical solutions of the BK equation
for T} by using the condition T (r = 2/Qs(Y),Y) = 0.5. Positive values of 7 parametrize the dilute
regime, while its negative values encode the saturation region.

Let us start with onia of sizes larger than the inverse saturation momentum. Figure 4.6 displays
the rapidity gap distributions w(r,Y;Y,,,) for the diffractive dissociation of onia in the saturation
region (7 < 0). As the onium size goes more deeply inside the saturation regime, the nucleus
appears more likely to be a black disk. At this limit, there should be an equal probability of 1/2 for
the scattering to be purely elastic or inelastic. Such two contributions are excluded in the definition
of the diffractive dissociation distribution of gaps m(r,Y;Y,,,) (0 < Yy, < Y). Consequently, the
contribution from the diffractive dissociation is suppressed as 7 becomes more negative, or the
onium becomes larger in size, as shown in Fig. 4.6. The suppression is apparently stronger if one
takes into account the running of the strong coupling.

We now move on to the distributions for onia picked in the dilute regime, which are plotted
in Fig. 4.7. The shapes of the distributions between the fixed and the running coupling are not
similar. However, the distributions for both fixed and running coupling schemes are shown to share
some common properties. First, large-gap events are more probable for the sizes close to the inverse
saturation scale, while small-gap events are dominant for the sizes much smaller than 2/Q4(Y).
Viewing from the rest frame of the nucleus, this property can be explained qualitatively using the
phenomenological model, in which the diffractive dissociation of a small onium with a fixed gap
size Y4 is triggered by a large-dipole fluctuation in the onium Fock state at ¥ — Y, creating a
dipole larger than the inverse saturation scale 2/Q4(Y,4,). For onium sizes close to the saturation
line, the favored fluctuations are those of small width, which are easy to happen at the early stage
of the evolution. On the other hand, if the onium is far from the saturation boundary, the size of
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Figure 4.6: Rapidity gap distributions for the diffractive scattering of onia of different sizes in the
saturation region (7 < 0) at the total relative rapidities Y = 6 (first row) and Y = 10 (second row)
with both fixed and running coupling scenarios. Figure is adapted from Ref. [28].

the fluctuation should be large, and hence, it needs an enough rapidity span to develop. Therefore,
it is more likely for the fluctuation to occur at the downstream of the evolution. Another similarity
between two scenarios is the behavior of the distributions when approaching the color transparency
limit [31], » — 0. At such limit, the large fluctuation is less probable: a big price should be
paid to have a fluctuation with a very large size. Consequently, the contribution of the diffractive
dissociation should be suppressed. In this case, the inelastic contribution dominates the total cross
section, and even the total cross section rapidly approaches zero.

Interestingly, when the coupling is fixed, the shape predicted by the asymptotic distribution
(4.69) is already exhibited at realistic rapidities (Y = 6 and Y = 10). In order to check that this
peculiar shape corresponding indeed to the onset of the asymptotics in Eq. (4.69), we push the
calculation to a higher value of the total relative rapidity, in particular Y = 30 (see Fig. 4.8). Note
that this value of rapidity cannot be accessible at planned electron-ion colliders. Focusing on the
fixed-coupling panel, the convex shape of the distribution in the dilute region (see 7 = 3.4) looks
more similar to the predicted asymptotics. However, finite-rapidity corrections are still sizeable at
this rapidity, which would screen the asymptotic appearance. Furthermore, that convex shape also
is also seen in the distributions for onium sizes in the saturation region.

In summary, the rapidity gap distribution for the diffractive dissociation of an onium off a
large nucleus depends upon the regime (either dilute or saturation) where the onium resides, and is

suppressed when the onium size become very different from the inverse saturation momentum of the
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Figure 4.7: Rapidity gap distributions for the diffractive scattering of onia of different sizes in the
dilute region (7 > 0) at the total relative rapidities Y = 6 (first row) and Y = 10 (second row) with
both fixed and running coupling scenarios. Figure is adapted from Ref. [28].

nucleus. The running of the strong coupling modifies the shape of the distribution in comparison
to the fixed coupling scenarios, however, it is not very susceptible to the selection of the running
coupling prescription. We also checked that, in the case of fixed coupling, the peculiar convex shape
from the asymptotic prediction already shows in the distribution at finite, realistic, rapidities for

onium sizes in the dilute regime and not very distant from the inverse saturation line.

4.4.3 Predictions for the diffractive dissociation of a virtual photon

We start by plotting the diffractive cross section 0}; f}(QQ, Y;Yy) with a minimal gap Yy normalized
to the total cross section UZO*tA(QQ, Y') for the diffractive scattering of a virtual photon; see Fig. 4.9.
This quantity estimates the rate of the diffractive events, including the (quasi-)elastic contributions,
and how close to the black-disk limit we are. As shown in Fig. 4.9, this ratio decreases slowly with
the virtuality Q2. It is closer to the black-disk limit when the scale ratio Q?/Q?*(Y") gets smaller,
as the onium states of larger sizes, in the saturation region, are more probable to be probed. The
predictions with the running-coupling inclusion are a bit higher than those with the fixed-coupling
kernel, by a few percent; and the rates with the Balitsky prescription are closer to the latter. For
example, taking Q? = 2GeV 2, the fixed-coupling equations predict about 20% — 28% of total events
are diffractive at Y = 6, and about 25% — 34% at Y = 10, depending on which threshold Yj is
considered. Replacing the fixed-coupling kernel by the Balitsky kernel, such percentages rise to
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Figure 4.8: Rapidity gap distributions for the diffractive scattering of onia of different sizes in the
saturation region (7 < 0; first row) and the dilute region (7 > 0; second row) for the total relative
rapidity ¥ = 30 with both fixed and running coupling scenarios. In the case of fixed coupling
and 7 > 0, the analytical asymptotic prediction (4.69) is superimposed for comparison. Figure is
adapted from Ref. [28].

about 22% — 30% at Y = 6, and about 28% — 36% at Y = 10.

Figure 4.10 shows the numerical predictions of the rapidity gap distribution for different kine-
matics and scenarios. With the chosen set of the virtuality Q% the quantity In[Q/Qs(Y)], which
gives the typical value of the scaling variable 7 in Eq. (4.82), is not far from 0, which suggests that
the dominant contribution should come from the onium sizes close to the saturation line. We see
that the gap distribution also depends on the relative ratio between the virtuality and the nuclear
saturation momentum, Q?/Q,(Y)?. Unlike the diffractive-to-total cross section ratio, it decreases
when that momentum ratio becomes smaller, i.e. when getting closer to the scattering off a black
disk. As pointed out before, this is because only diffractive dissociation is included in the definition
of the distribution. We note however that, by the above discussion on the color transparency limit,
the distribution should also be suppressed at large Q2 such that Q > Q,(Y). The distribution in
such regime is not considered in this analysis.

With the current choices of kinematics, both fixed and running coupling scenarios predict a
inclination to have diffractive events with large rapidity gap Yj,, (close to the total relative Y).
However, there is a difference between the two cases: there is an enhancement for the distribution
of the gaps close to 0 for the fixed coupling case, which becomes more obvious at a higher rapidity.
This is the manifestation of the peculiar convex shape discussed previously, which reflects the

115



4.4. NUMERICAL EVALUATION OF DIFFRACTIVE CROSS SECTIONS OF A VIRTUAL
PHOTON

R QZ =1 GeV? QZ =2 GeV? ——— QZ —=4GeVZ e QZ =10 GeV?
05 black-disk limit black-disk limit black-disk limit
~ fixed coupling rc: pd rc : Bal
= 0.4+ Y =6,A =208 i Y=6,A=208 i Y=6,A=208
—_
5
~
=
S
>
0 2 4 6 2 1 6 2 1 6
Yo Yo Yo
05 black-disk limit black-disk limit black-disk limit
o)
- fixed coupling rc: pd rc : Bal
= 04l Y =10, A =208 i Y =10,A =208 i Y =10, A =208
. B N IR OO
ST e I ~—
. 0.3 = TS T~
S e
~—0.21 _ :
0.19 2 4 6 § 10 0 2 } 6 § 10 0 2 1 6 8§ 10

Figure 4.9: The diffractive-to-total cross section ratio (ogsy/ Umt)“/*A as a function of the minimal
rapidity gap Y; at different Q? considering two values of the total rapidity Y = 6 (first row) and
Y = 10 (second row). Figure is adapted from Ref. [28].

analytical prediction from the asymptotic calculations.

Since the gap distribution is shown to be sensitive to the scale ratio Q/Qs(Y"), and since Q4(Y) is
set to grow with the nuclear mass number A as Q?(Y) ~ A'Y/3 [30, 49, 142, 143] (see the appendix),
the distribution should depend on the nuclear mass number A, as reported in Fig. 4.11. In particular,
it is suppressed as the virtual photon of a fixed virtuality scatters off a larger nucleus. Owing to
the fact that the nuclear dependence of the saturation scale is mild, this suppression appears fairly
weak.

We can transform the distribution of the rapidity gap Y, into the distribution of the (squared)
invariant mass M#% of the inclusive set of final state particles X from the diffractive dissociation of
a virtual photon. This distribution reads

1 doy)fy  THQ2Y: Y
M ; Q,Y; M2 = _ if f _ sy Ly Lgap ’ 4.83
d ff(Q X) O'ZOtA dM)Q( M)2( + Q2 ( )
with 2 )
Yy =Y —1In %,ZQ (4.84)

We shall refer My, ¢¢ to as the diffractive mass spectrum. Figure 4.12 shows its behavior when
varying either Q? or A and keeping the remainder fixed. The spectra from both fixed and running
coupling equations have the same property: the low mass regime dominates over the high mass
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Figure 4.10: The rapidity gap distribution as a function of the rapidity gap Y, for the diffractive
dissociation of a virtual photon at different values of the kinematic variables Q? and Y. Figure is
adapted from Ref. [28].
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Figure 4.11: The rapidity gap distribution for two different nuclei A = 64 and A = 208. The
kinematic variables are fixed at Y = 6 and Q? = 4GeV?. Figure is adapted from Ref. [28].

regime. One can see that, as the photon becomes more virtual, the diffractive events with low
dissociated mass get suppressed significantly, while the high mass domain is slightly enhanced. And
if the nucleus becomes heavier, the mass spectra also go down, as in the case of the gap distributions.
However, the nuclear dependence of the mass spectum appears to be much milder compared to that
of the rapidity gap distribution.
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Figure 4.12: The diffractive mass spectra at different virtualities Q? when A is fixed (first row) and
at two different nuclear mass numbers A when Q? is fixed (second row) for the total rapidity Y = 6.
The former is adapted from Ref. [28].

4.4.4 Running of the strong coupling for diffractive dissociation

The inclusion of the running coupling correction amounts to slow down the dipole evolution by
suppressing the emission of small dipoles in the quantum state of the onium [136, 137]. Consequently,
in the wave function of an initial onium of size larger than the saturation line (7 < 0), the emissions
of large dipoles inside the saturation region are favoured. The scattering is then more elastic, leading
to the stronger suppression of the diffractive dissociation when moving deeply into the saturation
regime. In addition, at large onium sizes, the running-coupling kernels tend to a universal form.
Therefore, the rapidity gap distributions for the two chosen running-coupling prescriptions look

very similar deeply inside the saturation region.

In addition, with our choices of kinematics, the dominant domain for the size of the onium
state in the virtual photon-nucleus is in the vicinity of the saturation scale. With the suppression
of small-dipole emissions, the nuclear scattering of the onium states of the virtual photon is more
elastic. As a result, the diffractive-to-total cross section ratio gets closer to the black-disk limit
when taking into account the running-coupling correction. This could also explain the observation
that, the running-coupling equations lead to a more significant dominance of the large-gap domain

over the small-gap one.
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Let us now apply, in a very naive way, the aforementioned phenomenological model used in
Refs. [22, 23] for the running coupling case. We still base on the twofold representation of the BK
equation in which the latter controls the evolution of the probability P(r, Y; R) of having at least
one dipole of size larger than some scale R in the Fock state of the initial onium r at the rapidity

Y. In the scaling region, it reads

~ R2
: o [ 3¢, In (75)
. ~ 1/6 re : re
P(r,Y;R) ~C,.Y 72 Ai | &+ B T , (4.85)
where & = —2.338 -+ is the rightmost zero of the Airy function Ai(¢), and
3 l/( ) 1/3
Bo=2a | 22092 ) — 536 (4.86)
4 157X (70)

The function R,.(Y) is the typical largest dipole size of the Fock state (mean tip) in the running-
coupling scenario, which is expected to grow with Y in a similar way to the saturation momentum.
It reads

RE(Y) ~ r¥exp [ac(f/ 462 4 B+ 65) 0 (4.87)

where «a, = (8X'(70))/3 =~ 3.61, and ¢;5 encode finite-rapidity subleading corrections.
According to the phenomenological model for

diffraction, to have a diffractive event with ra- 095

there should be a large func- re, Y=30

— ln[l/(erg/m)] =038
---= In[1/(r*Q2,.)] = 1.0
== In[1/(r*Q2,)] =14

pidity gap Ygap,
tuation in the wave function of the onium at
Y —Y,,, sending particle to the nuclear sat-
uration regime at Y,,. For such argument

to be valid, the mean-field front of the onium

o
=
S

at Y — Y, and the saturation regime of the

C%CP(V/Y - anp; 1/QS,VC(YgﬂP))
o
—_
a1

o

o

G
1

nucleus at Yy, should necessarily not overlap

each other. This condition can be simply ex-

pressed as 0 5 10 15 20 25 30
Yap

R(Y ~Yiuy) < (4.88)

Q2 (Yyup)’ Figure 4.13: The probability P(r,Y —
7 Ygap: 1/Qsre(Yyap)) with the overall constant

where Qs,rc(Y) is the nuclear saturation scale excluded as a function of Ygap- Three different
onium sizes are selected. The total rapidity is

at Y with the running-coupling correction. Y — 30

The latter reads

ere(Yoap) = Adep exp [ac(Ygap + 02)'72 + Be(Yyap + 03)/°] (4.89)
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4.5. SUMMARY

where, as in Eq. (4.87), d2,3 are subleading corrections. In the spirit of the phenomenological model,
the gap distribution is given by

(13 Y5 Ygap) o< P(1Y = Yoap; 1/ Qs re(Yap)). (4.90)

Figure 4.13 shows the probability P(r,Y — Yyap: 1/Qsrc(Yyap)) of the form (4.85) as a function of
the rapidity gap Y, for Y = 30, with the overall unknown constant being ignored. We see that the
curves share some features with the numerics of the dilute regime in the running-coupling case, as
shown in Fig. 4.8. In particular, for the onium sizes close to the saturation boundary, the large-gap
domain are more favored. Meanwhile, the small-gap domain dominates the distribution for larger
onium sizes. Although this is just a naive estimation, it may suggest that, to a certain extent, one
could adapt the asymptotic calculation for the fixed-coupling case to that for the running-coupling

scenario.

4.4.5 Comparisons to other studies

A recent study [144] on diffractive scattering in electron-ion collisions also made predictions on the
diffractive-to-total cross section ratio. In particular, at Q* = 2 GeV? diffraction is predicted to
account for about 20% of the events in the ePb collisions, which does not vary much at different
momentum fractions = (or correspondingly at different rapidity V'), based on several models. In
fact, that prediction is rather close to our above prediction when the minimal gap Yj is large, with
the fixed-coupling or the running-coupling Balitsky kernels. For other cases, our predictions is fairly
higher than those of the cited study.

The shape of the mass spectra from our calculation is quite similar to that of the same quantity
shown in Ref. [3] based on the models of saturation [145, 146], and of leading-twist shadowing
(147, 148]. In comparison to the results of the former model, our results expose two differences.
First, the mass spectra from a model of saturation have a local maximum in the low-mass domain
[3], which does not appear in our predictions. Second, while our results predict a slight enhancement
in the high-mass regime at higher @2, the mass spectra from that saturation model appear to be
suppressed at all possible values of the invariant mass when increasing the virtuality.

Finally, we can comment on the nuclear dependence of the difractive distributions. The sup-
pression of the mass spectra when scattering off a larger nucleus seems to qualitatively agree with
the results from the leading-twisted shadowing model [3, 147, 148]. Consequently, our results may
reflect the nuclear shadowing effect on the diffractive gap (mass) distributions.

4.5 Summary

The dipole factorization of the high-energy nuclear scattering of a virtual photon allows to formulate
the diffractive scattering process in term of the more fundamental object, the onium, and hence,
promotes the study of the diffractive dissociation of the latter.
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Diffractive dissociation

We have presented that the diffractive scattering of an onium off a large nucleus at a large
rapidity, in such a kinematic regime that the total cross section is small, can be described by a
purely probabilistic formulation. In particular, it is twice the probability of having in the Fock state
of the onium at the scattering rapidity an even number of participating dipoles. This classical-like
formulation is unforeseen, since diffraction is typically a quantum mechanical phenomenon with no

classical counterpart.

Such probabilistic formulation and the phenomenological model of dipole distribution have en-
abled us to derive the complete expressions of the diffractive-to-total cross section ratio requiring a
minimal rapidity gap Yj, and of the distribution of rapidity gaps Y, for the scattering of an onium
of size r in the geometric scaling region at an asymptotic total relative rapidity Y. The former
reads

Y:Yy)  In2 1 2 1
on(r¥i¥o) _In [ , (4.91)

oY) |W/EQ )]\ mx () Vav,

where the nuclear saturation scale grows with Y as Q2(Y) = Q%eX (020 /(aY)3/(%0) " Meanwhile,

the asymptotic rapidity gap distribution is given by

e 1f ¥ ()
Yo 2wx”(vo)\/5[nap(Y—Ygap)} p( 2X”(%)54(Y—39ap))' (4.92)

7T(7’, Y: Y;mp) =

We have also found that the weight wy, of having k participating dipoles (for & > 2) decays gradually
like 1/[k(k — 1)]. This implies that, events with a large number of color singlet exchanges between
the onium and the nucleons constituting the nucleus are typical for diffraction, which is consistent

with the general expectation that diffraction is sensitive to the onset of saturation.

Employing the dipole model for diffractive dissociation, we have also performed a numerical
evaluation of the diffractive cross sections and of the rapidity gap distributions using both the fixed-
coupling and the running-coupling evolution equations for kinematics accessible at future electron-
ion machines. The results predict a significant ratio of diffractive events at the chosen kinematical
variables. Interestingly, at realistic rapidities, the numerics for the rapidity gap distributions in the
fixed-coupling case already exhibit the shape predicted by Eq. (4.92) at asymptotics. In addition,
while there is a siginificant difference between the distributions deduced within the fixed-coupling
scenario and those from the running-coupling equations, they are not very sensitive to the choice of
the prescription to taking into account the running of the strong coupling in the dipole kernel.

The predictions presented in Eqs. (4.91) and (4.92) may be viewed as a good starting point
for the construction of a model for diffractive dissociation in real electron-ion collisions at future
colliders. However, for the model to be realistic, it would be extremely useful to find a systematic
way to compute the next-to-leading order corrections, presumably of relative order InY/ VY or
1/ VY, which makes a potential future development. Another possible development is to extend the

current analytical calculation for the case of including the running-coupling correction.

Let us close this chapter by refering back to general branching random walk processes. In the
context of the latter, the weights w; could be interpreted as the rate to select exactly k particles
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4.5. SUMMARY

in the tip according to a particular distribution which is taken to be the initial condition for the
F-KPP equation. Therefore, a more rigorous derivation of the weights wy beyond the heuristics is of
great interest to understanding the tip region of a general branching random walk, which, as already
mentioned previously, has many applications in different fields of science. The generating function

method presented in Section 4.3.2 could pave a promising way for this potential development.
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Conclusions and outlooks

Each chapter has its own summary at the end. Here we would like to draw some main points from
what we have discussed through the whole of the thesis.

This thesis focused on the deep-inelastic virtual photon-nucleus scattering at high energy, which
is related to the nuclear scattering of an onium, a color-singlet quark-antiquark dipole, by the dipole
factorization. The latter process can be described, at large number of colors, by using the QCD
color dipole model in which soft-gluon emissions in the wave function of the onium is replaced
by a dipole branching process. Within this formulation, the dipole evolution is a peculiar one-
dimensional branching random walk. As a matter of fact, the Balitsky-Kovchegov (BK) equation
describing the rapidity evolution of QCD amplitudes is in the same universality class of the F-KPP
equation, which controls the time evolution of branching-diffusion processes on a line.

The nuclear scattering of an onium, in a frame in which the latter is highly evolved, is due to
the interaction of a particular subset of dipoles in the onium Fock state, which is generated by
dipole branching process, with the nucleus. In the scaling region, in which the probability for the
same dipole in the Fock state of the onium to scatter more than once is negligible, the scattering is
triggered by a large fluctuation which creates at least one dipole of large transverse size beyond the
typical configuration at a certain rapidity during the evolution. The dominant realization of the fluc-
tuation is selected in such a way that the overlap between the dipole density and the dipole-nucleus
amplitude, equiped with a probability density of the fluctuation size, is optimal, which eventually
guarantees the boost invariance of the forward elastic scattering amplitude. Consequently, the fluc-
tuation looks very different in different frames, from the rest frame of the nucleus to a frame in
which the nucleus is significantly boosted. Eventually, the dipole density at the scattering rapidity
is generated by the combination of the mean-field evolution and a rare fluctuation, which is the
essence of the phenomenological picture for dipole distribution in the onium-nucleus scattering.

The phenomenological model for dipole distribution allows the freedom to select a frame in which
one can derive the asymptotic distribution for the branching rapidity of the last common ancestor
of the set of dipoles which interact, when this set consists of at least two dipoles. This genealogical
problem for the QCD dipole evolution is in analogy to another one for more general one-dimensional
branching random walks: the probability distributions in the two problems are very similar in their
analytical forms.

In addition to the scattering configurations, we discussed also diffractive dissociation of onia for
which an equation was written down 20 years ago by Kovchegov and Levin (KL), but no analytical
solution had been found. We found that the diffractive cross section for a small onium is twice
the probability to have an even, non-zero, number of interacting dipoles in the onium Fock state,
and that, while the total cross section is dominated by one single exchange, the events with a large
number of participants are typical for diffraction. Interestingly, using the phenomenological model
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for dipole distribution, we are able to, from that probabilistic description of diffraction, derive the
parameter-free asymptotics expressions of the diffractive cross section with a minimum gap, and
of the rapidity gap distribution. Furthermore, within the dipole formulation, using the numerical
solutions to the original QCD evolution equations (BK and KL) and their extension taking into
account the running of the strong coupling, we investigated numerically diffractive dissociation of a
virtual photon for the kinematics accessible at future electron-ion colliders. Predictions on the shape
of the rapidity gap distribution and on the diffractive-to-total cross section ratio were presented.
As an interesting point, the analysis of the rapidity gap distribution showed a connection between
the distribution shape at realistic rapidities and the predictions of the phenomenological model at
asymptotics.

Since the investigation of the nuclear scattering of small onia indicated the importance to charac-
terize the dipole distribution in the region close to the largest dipole, and since the dipole evolution
belongs to the class of one-dimensional branching random walk, we established a Monte Carlo algo-
rithm to generate a tip region of an one-dimensional branching random walk evolved to large time,
which provides a numerical tool to study the particle distribution near a tip and genealogical struc-
ture of the evolution in both typical and rare realizations. The algorithm could also be adapted to
the continuous limit of the branching random walk - the branching Brownian motion, which offers
a starting point for analytical studies of the tip region.

Not only the works presented in the thesis answered some of our questions, they also opened
potential questions for further studies. As mentioned previously, in QCD, possible developments
include the extension of the analytical study to the sub-asymptotic regime, and to the running-
coupling case, which would be important for further phenomenological applications in future electron-
ion machines. One could also question on the possibility of extending the current analytical studies
to other dilute-dense systems, such as the proton-ion collisions. On the statistical side, the con-
struction of a theoretical formulation to calculate tip observables is a promising outlook.
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Appendix

Spinor matrix elements

The derivation of the color dipole model in Chapter 1 requires the following two matrix elements

in the eikonal limit:
Y (', p) = - (p")y"us(p),

(A.1)
(0, p) = 0.(p") 7 vs(p).

Here we will compute the first current, based on Eqs. (1.30) and (1.35). The expression for the
second term can be deduce directly from

i, (p)y"us(p') = (P )7 vs(p)- (A.2)

We can choose two particular basis vectors w, (r = £1/2) which satisfy the condition (1.30) as
follows:

wia(p) = 27/pt(1,0,1,0)7,

A3
w_12(p) = 274/p+(0,1,0,-1)7, (A3)

where T" stands for the matrix transpose operator. The novel normalization reads

wi(p')ws(p) = /20" p* . (A.4)

We also use the Dirac representation for the gamma matrices,

1 0 . 0 o
0= |72 = . A5
gl ( 0 _1M) . (_0, 0) , (A.5)

where o' (i = 1,2, 3) are the Pauli matrices,

01:<O 1),02:(9 _i>,03:<1 0). (A.6)
10 v 0 0 -1



Spinor matrix elements

“Plus” component

Substituting the expression of the spinor u in Eq. (1.35) into the expression of the I'f and keeping
only the plus component, we have

0+ +
/ — / / / ’y
I (', p) = @ (p) + wl () (=" - p™ + m)é—%} 7 [ws(p) + (et m)w(p) | (AT
P 2p
Since (y1)? = 0, the only surviving term is
LY, p) = w. (0 )y w,(p) = V2wl () Ay wi(p). (A.8)

Since w; is a vector of the subspace image of the projector A, then A, w, = w,. Using Eq. (A.4),
we obtain the following final expression for the plus component:

IY (0, p) = 2/ P/ *p*ors. (A.9)

“Minus” component

The minus component I'; reads

0+ +
. i sl v
Ly (' p) = [w.(0) + wi(p) (=" p* +m) 2p/+ } v [ws(P) o (v" -+ m)ws(p)

/ Il Vyty=yt, (A-10)
=wl(p) (=" p +m)W(7 -p + m)ws(p),

where other terms after the expansion vanish due to the fact that A_w, = 0, as w; is on the subspace

image of the projector A,. Using the properties y_v, = /2774 and (Ay)? = [(%%r)/\/ﬂz =
(Yo74)/V2, and the anticommutation relation of the gamma matrices, we get

(=t P4+ m)(yt - pt+m)

T w,(p). (A.11)

Iy (0, p) = wl(®)
Let us evaluate the numerator of the second factor by expanding it,

(=Pt +m)(yt - pt +m) = — Yl + mPLacs +mA (7 — p)

otol 0 S ) (A12)
B ( 0 giaj> Pip; + m*laes +my (p) — p).
Using o'cd = §91yy9 + i 0% (9% is the Levi-Civita symbol), Eq. (A.12) becomes
k
‘ o3 0 o .
(" pH)Lasa +i(p™* x pt) ( 0 03> + m*Laxa + my (p) — p7), (A.13)
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Spinor matrix elements

where the cross product of two transverse vectors p't and p* is a scalar, p't x pt = det(p'*, pt).
Now, using Egs. (A.3) to (A.5) we have

0 o3

wi ()Y P ws(p) = —/ 20 p2r(p' — 2irp*)s, .

(A.14)

3
w;[(p/> (0 O> ws(p) =V 2p’+p+27’ 57"3;

All in all, we obtain the following expression for the minus component:

57"5 2r§r,—s

— N AR 2 L 1L 1 o002\ (0 o 12
Fl(p,p)—\/p,+—p+[p p+m® +2ir(p™ x ph)] W[(p 2irp?) — (p" — 2irp™)] .
(A.15)
Transverse components
For the transverse components, we have
j L 1 Yyt oo
Ti(p',p) = [wr(p’HwI(p’)(—v P+ m) 2p,+}7’ {ws(p)vLQF(v P +m)ws(p)]
S 1 L 7i tro0 7i 1 1
= w, —y . +m)——w;s(p) —w) P+ m)ws A.16
) (="p ) NoTT (p) —wy(p) \@ﬁ(v p Jws(p) (A.16)

1 /1 € 1
Al e Yi VP m (1 1
= wi(p') (— - —) ws(p) + —= (p,—+ - ) wi(p')yiws(p),

PtoVv2 V2 ot V2 p*

where we have used the facts that w,, = A w,, and (y7)* = 0. Using Egs. (A.3) to (A.5), we

obtain

wi(p)y'ws(p) = —\/2p T 2r (6™ — 2ird™)s,, .,
wl(p )V P ws(p) = —/ 20 pt (p' + 2ire7p’)6,, (A17)

wl(p)y p Py ws(p) = —v/ 20 pt (0" — 2irep?)6,,

where €% is the Levi-Civita symbol. Substituting Eq. (A.17) into Eq. (A.16), one gets

Ti(p,p) = 6rs/P " |2 p,ZI LA e s — 0r—s2rmy/ppt (F——) (6" — 2ird™)

pr pr
(A.18)
We see that the spinor matrix element I (p/, p) contain both helicity-flip and helicity-non-flip terms
(except for the plus component). In the eikonal limit, its becomes

I (p, p) = 2p"0,s. (A.19)

That is, only the helicity-non-flip term survives.
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Appendix B

Some useful integrals

B.1 Integrals used in Chapters 3 and 4

The calculations presented in Chapters 3 and 4 involve some integrals which are defined as follows:

]ﬂAﬁélw%[L—me
L(A) = /OO % [1—(1+At)e ],
B ar (1 In*(1/A) o
R(ly) = /A zh (z) exp {‘W} ’
Sk>0(A) = /AOO d_[[m (%) e exp [_ln;(o#} '

We are going to evaluate them in the limit A < 1, keeping only the leading term. By a change of
variable u = At, the first two integral can be rewritten as

< du u _ 1
Il(A):A/A - =1-e 4 AT(0,4) = Al +0(4),

- (B.2)
_ du —u] __ _ -A 2
IZ(A)_A/A E[1—(1+u)e | =NL(A) = AT(0,A)=1—¢ AZ<1A+O(A ).
For the integral R, the integration by parts leads to
Bovr  Bolh /OO dl { In® ([/A)} Boyr  Botn /OO ¢ { t? ]
R(ly) = - —5 €Xp | — = = — dte " exp | ———
( 0) 2A 2 A 12 P B[)yl 2A 2A 0 P 503/1 (B 3)
_ Both ] V7Bt Both ) ; vV Both
oA 2 P Ty R '

The relevant limit is ¢; > 1, in which case we can use the following expansion of the error function:

ﬁogl) i { 2 : 1 ( ; )}
f =1-— — @) . .
. ( 2 ! VT VBt Botih vV Bon * Uih (B-4)

128




Some useful integrals

R then becomes

71>1 A U1

R(I) ~ - [1+o(1)]. (B.5)

Now we deal with the integral Sy (with an interger k£ > 0). They can be rewritten in the form of a

series as
VL e ()
= 31 (B A N A
- . (B.6)
B ; I 5091 QJH’
where ~ g7 ;
Y, = / 711123'“ (Z) I =te (B.7)
A

We will estimate the integral Héfll integral in three separate cases: k > 2 and k=1, k = 0.

Case k > 2. With the help of the incomplete gamma function I'(a, x), the integral Héﬁl reads

92i+1

Oa2i+1

HYY., = [A= x T(a+k—1,4)]. (B.8)
The value of a (before being eventually set to zero) can be restricted in a small interval (—¢, ¢)
around 0. So, for k > 2, as A < 1, we can approximate I'(aw + k — 1, A) by I'(a + k — 1,0). The
derivative in Eq. (B.8) then appears as a sum of terms containing powers of In(1/A). Keeping only
the leading log term, we get

11 1
(k) _
Hyy ~T(k—1)In¥*! 1= (k —2)!In**! T (B.9)
Substituting this into Eq. (B.6), and resumming the leading log series, the integral Sy for k& > 2
reads
Sisa(A) = (k — 2)!n In” 5 (B.10)
k>2 =~ . nAeXp 503]1 . .

Case k = 1. By integration by parts, we have

il N | 1 I
Hi} :/A dTInZJ“ <Z> el = 2]+2/ dI In?+? (A) e

1 82j+2 [ ( )]
- | [AoxT(a+1,4)].
2j +2 02 +2| _,

(B.11)

With the same argument to the case k > 2, we can approximate I'(a + 1, A) by I'(aw + 1,0). The
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integral H(M2+1 in the leading log approximation reads
W Lol
H2j+1 ~ m In J Z (B12)

Resumming the leading log series, we obtain the following expression for Si:

Si(A) = @ [1 — exp (-E}i)] | (B.13)

Case k = 0. By integration by parts, we get

0 dl ., I\ _
Héj)H:/A ﬁanJJrl 1)¢ !

1 <dl . . I <dl . I
— 1 2j+2 [ = —1 / iy | 2j+2 | —I B.14
el we () [T (G)e] e
_ 1 [ HO g } _ © 1 qousl
2j 42 L+ D AR 94 0 |22 9543 Al
From this, we have the following recurrence relation:
HO =mHY  — b In"*! 1 (m >1). (B.15)
m 41 A’ -
By induction, we can prove the following general formula for qY.
O — g0t — 5™ e ]
m’ = Om'_i;w—i)!“ A
e 4 =oml 1
=m! | —— —T(0,A)) — In™ = (B.16)
m(A (0, >> Z,Z_l(m—i)!n A
m/! 1 1 1
= —[1+0A)]-——Ih""— [1+0—
A e A{ " (m%)]
or,
25+ 1)! 1 o 1 1
aY :(— 1 A — —— ¥ — |1 — B.1

Resumming only leading log terms, while keeping only the term j = 0 for the first part (containing
1/A) of Eq. (B.17), Sy finally reads

- 2 1
So(A) = % - 50291 [1 — exp (_m A)] . (B.18)
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When keeping up to next-to-leading-log order, Sy reads

_ 1 B In® 4 1 In® 4
So(A) & 5 [1 exp( Boii lnAexp B ) (B.19)

B.2 Other integrals

In the thesis, we made use of the digamma function,

1 dl'(x)

= B.20
Vi) = F e (5.20)

and its following integral representation:

M1y

Y(z) = —vp + 1t dt. (B.21)

(ve = 0.57721 - - - is the Euler constant.)

The following integral was also needed:
2t ent g0 atent

/ 2r 2 e =i z? (B.22)

where [+, nt and 2t are two-dimensional transverse vectors. Let us now prove the latter. Denote

by ¢, and B the angle between those vectors measured counter-clockwise in reference to n' as

¢ = (z+,11),a = (n*,2t), and B = (nt,l+) (cos B = cos(¢ + ). We can rewrite the leff-hand side
of Eq. (B.22) as

dQZL lL . nl Lot > T d¢ il
=z ilx cos ¢
/ 2m 2 /0 di /_7r o O pe

= / dl / 2—¢n (cos ¢ cos o — sin @ sin ) e ¢s¢ (B.23)
0 —r 4T

xL-nL

9

= incosoz/ Ji(lx)dl =i
0

xr2

where Ji(x) is the first-order Bessel function of the first kind (qed).
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Appendix

Numerical setup for solving the

evolution equations

In this appendix, we present the numerical scheme to solve the BK equations for the 77 and o}, both
the fixed-coupling and the running-coupling scenarios, which is used for the numerical analyses in
Chapter 3. The equation for the latter is equivalent to the KL equation.

To solve such integro-differential equations, we use the fourth-order Runge-Kutta method with
rapidity step dY = 1072, The solutions are stored in a grid of the dipole size variable r in which
1000 points are spaced equally in the logarithmic scale in the range 107 < rAgeop < 102. Integrals
are computes using the mid-point quadrature scheme. For rAgep < 107! (the color transparency
limit), we use the power-law extrapolation, while for rAgcp > 102 (the saturation limit), we set the
solutions to 1.

Different parameters for the calculation are set as follows:

(i) The QCD parameter Agcp = 0.217 . This value is obtained by requiring that the value of
the running strong coupling at the mass of the Z° boson is a(r* = 4C?/MZ,) = 0.1104 [149],
with Mz ~ 91.18 GeV.

(ii) Fixed coupling & = 0.14.
(iii) The frozen value of the running coupling &, = 0.5.

(iv) The constant C' in the expression of the running coupling is set to the value C? = 6.5 [138].

2
p0?

number and @), is the saturation scale of the proton, which is assumed to be Agep . The

(v) Nuclear saturation scale at zero rapidity Q% = 0.26A4'Y3Q?,, where A is the nuclear mass

factor 0.26 leads to the smallness of the ratio Q% /sz which was interpreted as the weak

nuclear enhancement [146].

(vi) Quark masses m, = myg = m; = 140 MeV, m. = 1.5 GeV. Active quark flavors in the sums
appearing in Eq. (4.2) are determined from the condition Q% > 4mfc.

To check the validation of the numerical calculation, we extract the saturation momenta from
the numerical solutions for the forward elastic amplitude 7} and plot them as functions of the
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Numerical setup for solving the evolution equations

Fixed coupling

rc: Parent dipole presc.
rc: Balitsky presc.
— Fit

Qs (GeV)
T AT ....j\). vol o 1o

| | |
0 10 20 30 40

Y

Figure C.1: Saturation momenta from the solutions for the amplitude 77 in three different schemes.
The black lines are fitting results using Eqgs. (C.1) and (C.2).

rapidity (for A = 208) (see Fig. C.1). When the coupling is fixed, the following function is fitted to
the numerical data:
QYY) = asexp (bY —cfInY). (C.1)

In the case of running coupling, the fitting function reads
QU = a, exp (bf(Y + dyp)? — cr(Y + d,«g)l/G) . (C.2)

Fitting parameters are shown in Table C.1. The fitting values of the parameters by, c; and b, are
close to their established theoretical values [55, 56, 142], which reads by = ax’(70)/2 ~ 0.342,
cr =3/(470) ~ 1.195 and b, = /2 =~ 1.804, respectively.

Table C.1: Values of the fitting parameters in Egs. (C.1) and (C.2) obtained from the fits to the
corresponding numerical data for the saturation momenta.

Kernel af by cr

Fixed coupling 1.035 0.342 1.174

Kernel a, b, Cy d dyo

rc: parent dipole 0.419 1.805 3.374 7.862 11.131
rc: Balitsky 0.111 1.810 3.352 9.432 4.635
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électron-noyau a haute énergie.

Mots clés
dipbles de couleur, marches aléatoires branchantes.

Résumé : Dans cette thése, nous étudions les pro-
priétés statistiques des états quantiques d’'un quar-
konium, et nous en déduisons des prédictions pour
les sections efficaces de dissociation diffractive qui
seront mesurées aux futurs collisionneurs électrons-
ions.

Dans le cadre du modéle des dipdles de couleur de la
chromodynamique quantique (QCD), on montre que
de tels états peuvent étre représentés par un en-
semble de dipdles généré par un processus stochas-
tique défini par un branchement binaire particulier. En
premier lieu, les événements d’interaction d’un dip6le
de couleur avec un noyau lourd, dans le régime dans
lequel les parametres de la réaction sont définis de
sorte que la section efficace totale soit petite, sont
induits par des fluctuations partoniques rares, dont
la distribution dépend du référentiel choisi. Il s’avére
que la liberté de sélectionner un référentiel permet de
déduire une expression analytiqgue asymptotique de la
distribution de la rapidité du premier branchement du
dipdle parent le plus lent dans I'ensemble des dipdles
qui interagissent. Notre étude montre I'importance de

Titre : Propriétés statistiques des configurations partoniques et dissociation diffractive dans la diffusion

: chromodynamique quantique, diffusion électron-noyau, dissociation diffractive, modéle des

bien comprendre la distribution des dipbles et leurs
corrélations dans ces fluctuations particulieres, dont
les propriétés sont communes a une vaste classe de
modeles de marches aléatoires branchantes. Dans ce
but, nous développons un nouvel algorithme de Monte
Carlo pour générer la région frontaliere d’'une marche
aléatoire branchante unidimensionnelle.

De plus, notre approche nous permet de calculer la
section efficace diffractive conditionnée a un “gap”
de rapidité minimal Y, ou la distribution des “gaps”
de rapidité Yy, dans la dissociation diffractive d’'un
petit dipdle sur un noyau lourd, dans une région
paramétrique bien définie. Nous obtenons ainsi des
solutions asymptotiques a I'équation de Kovchegov-
Levin pour la section efficace de dissociation dif-
fractive nucléaire d’un dipdle a haute énergie. Enfin,
nous présentons des prédictions quantitatives pour la
distribution des “gaps” de rapidité dans le domaine
cinématique des futurs collisionneurs électron-ion, sur
la base de solutions numériques de I'’équation origi-
nale de Kovchegov-Levin et de son extension a une
constante de couplage forte courante.

nucleus scattering.

branching random walk.

Abstract : In this thesis, we study the detailed parto-
nic content of the quantum states of a quark-antiquark
color dipole subject to high-energy evolution, which
are represented by a set of dipoles generated by a
stochastic binary branching process, in the scattering
off a large nucleus. We also produce predictions for
diffractive dissociation in electron-ion collisions, ba-
sed on the dipole picture of quantum chromodynamics
(QCD). Our main results can be captured as follows.

First, the scattering events of a color dipole, when pa-
rameters are set in such a way that the total cross
section is small, are triggered by rare partonic fluc-
tuations, which look different as seen from different
reference frames. It turns out that the freedom to se-
lect a frame allows to deduce an asymptotic expres-
sion for the rapidity distribution of the first branching
of the slowest parent dipole of the set of those which
scatter. In another aspect, such study implies the im-
portance of the characterization of particle distribu-
tion in the frontier region in the states generated by

Title : Statistical properties of partonic configurations and diffractive dissociation in high-energy electron-

Keywords : quantum chromodynamics, electron-nucleus collision, diffractive dissociation, color dipole model,

the QCD dipole branching, and more generally, by
any one-dimensional branching random walk model.
To this aim, we develop a Monte Carlo algorithm to
generate the frontier region of a binary branching ran-
dom walk on a real line.

Furthermore, with the above statistical description, we
are able to calculate the diffractive cross section de-
manding a minimal rapidity gap Y, and the distribution
of rapidity gaps Y, in the diffractive dissociation of a
small dipole off a large nucleus, in a well-defined para-
metric region. They are the asymptotic solutions to the
so-called Kovchegov-Levin equation, which describes
the diffractive dipole dissociation at high energy. Ad-
ditionally, we present predictions for the distribution of
rapidity gaps in realistic kinematics of future electron-
ion machines, based on the numerical solutions of the
original Kovchegov-Levin equation and of its next-to-
leading extension taking into account the running of
the strong coupling.
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